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Abstract

Let M be a perfect matching of a graph G, and S be a subset of M . S is called a forcing

set of M if S is not contained in other perfect matchings of G. The cardinality of a

forcing set with the least number of edges is defined as the forcing number of M . The

sum of forcing numbers of all perfect matchings of G is called the degree of freedom

of G. The forcing polynomial of a graph is a recently proposed counting polynomial

that characterizes the distribution of all forcing numbers. In this paper, the degrees

of freedom of all hexagonal systems generated by six benzene rings were calculated

using forcing polynomials, and their average degrees of freedom were compared.
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1. Úó

� G´��{üÃ�ã, ©O^ V (G)Ú E(G)L«ã G�º:8Ú>8. ã G¥���Õá

>8Ü½vkú�à:�>8Ü¡�´ã G�����, CX
ã G�¤kº:�����ã G

��{��. �{��´)û�
¢S¯K���., kX2��A^, LovászÚ Plummer [1]

�Í¶;Í¥XÚo(
��nØ�uÐ(J.

8�XÚ´��2-ëÏ²¡�Üã, Ùz��S¡>.´���8>/½��, ��±w�´

d�Ó��8>/©��¤�. nØzÆïÄ¥ò�a%�zÜÔ�%�fÚ��fÀ�º:, �

f�m�zÆ���>, 2í���f, T�.����a%�zÜÔ�%�f�e½©fã´�

�8�XÚ. �a%�zÜÔ¥%%V��8ÜTÐéAÙ©fã¥����{��, zÆ[¡Ù

�Kekulé(� [2]. KleinÚ Randić [3]uy�½��Kekulé(���þV��, ©fã¥Ù§V�

�©�´��(½�, (½�� Kekulé(�¤I�½���V�ê8�½Â�T Kekulé(��S

gdÝ, ©fã¥¤k Kekulé(�SgdÝ�Ú¡�T©fã�gdÝ, ©fã�gdÝ�Ù��

Uþ���', ´�N©f½5�ãØCþ. ��, Harary� [4]òSgdÝVgÿÐ�
��ã
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��{��þ, JÑ
�{���r½êVg.

� M ´ã G ����{��, S ⊆ M . e S Ø� G ¥Ù§�{��¤�¹, K¡ S ´ M

���r½8. �¹>ê���r½8¡�´ M ���r½8, Ù³½Â� M �r½ê, P�

f(G,M). ã G¥¤k�{���r½ê�Ú¡�ã G�gdÝ, P� IDF (G). ã G¥¤k�

{���r½ê���� f(G)Ú��� F (G)©O¡� G���r½êÚ��r½ê. Adams

� [5]y²
¦)��Ý�3��Üã¥ü��{���r½ê´ NP-���, Afshani� [6]?�Ú

y²
¦)��Ý�4��Üã���r½ê�´ NP-���.

ã¥�{��ê8Ï~´�ê?�, ¢Sþ��ã��{��Oê¯K´ #P-��� [1]. �ï

Äã¥¤k�{���r½ê�©Ù, Adams� [5]JÑ
ã G�r½Ì, §´ G¥¤k�{��

r½ê�8Ü. ?�Ú�Är½Ì¥r½ê�ê, ÜÚ²� [7]½Â
ã G�r½õ�ª:

F (G, x) =

F (G)∑
i=f(G)

w(G, i)xi, (1)

Ù¥ w(G, i)L«ã G¥r½ê�u i��{��ê8.

�ã G¥¤k�{���8Ü�M(G), Kúª(1)�U��µ

F (G, x) =
∑

M∈M(G)

xf(G,M). (2)

�âúª(1), �� F (G, x) |x=1= Φ(G), Ù¥ Φ(G)´ G¥�{���ê, ±9gdÝO�ú

ª IDF (G) = d
dx
F (G, x) |x=1. @Ï KleinÚ Randić [3]|^=£Ý
�{��
 Zigzag8�ó½

Fibonacene8�ó�gdÝO�úª. /ÏO�Å, ©z [8–10]��
LVLã C60, C70, C72 �g

dÝ. C
c, |^r½õ�ªO���
�
ãa�gdÝ, ~X cata-.8�XÚ [7], ²1o>

/8�XÚ [11], �XÚ [12], polyominoã [13], �5æ�ÄXÚ [14]�. �©òO�8���)¤

�¤k8�XÚ�gdÝ.

2. 8���)¤�8�XÚ

�½ê8���)¤�ØÓ8�XÚ�Oê´²;�[�)�¯KÚ�a%�zÜÔÓ©É

�NïÄ�Ì�SN, TOê¯K8cE,´úm�, �[�0��wë�©z [15]9Ù¤�ë�

©z. XJ�¹���ê���ü�8�XÚ, ²L^=!é¡!²£�C��±Ü, @o¡§�

´�Ó�.

XJ��8�XÚ�Séóã´��ä, @o¡ù�8�XÚ´ cata-.8�XÚ(=vk3�8

�/�^��º:), cata-.8�XÚÑk�{��. XJ cata-.8�XÚ�Séóã´�^´(v

k3Ýº:), @o¡Ù�8�ó. XJ8�ó�Séóã´�^��, @o¡Ù��58�ó(�ã 1

H1). /Xã 1¥ H24 �8�ó�� Zigzagó. XJ cata-.8�XÚ¥���5f8�óØU�¹

uÙ§�58�ó, @o¡Ù�4��58�ó. cata-.8�XÚ¥���8>/�õ�3�Ù§

�8>/��, =���Ù§8>/�����"à8>/. XJ��8>/TÐ�ü�Ù§8>
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/��, �Ùü^KÜ>UÓ�3,��{��¥, @o¡ù�8>/´ kink. XJ��8>/T

Ð�n�Ù§8>/��, @o¡ù�8>/´©��(éASéóã���3Ýº:). Ø cata-.

	, Ù§Ñ¡�´ peri-.8�XÚ.

d8���)¤�¤kØÓ8�XÚ�ê8´81�, Ù¥k�{���51� [16], cata-.

k36� [17]. ã 1¥´d8���)¤�¤kØÓ�36� cata-.8�XÚ, Ù¥c24�´8�

ó,�12�´k©��. ã 2¥´k�{����Ü15� peri-.8�XÚ.

Figure 1. All cata-condensed hexagonal systems generated by six benzene rings

ã 1. 8���)¤�¤kcata-.8�XÚ
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Figure 2. All peri-condensed hexagonal systems generated by six benzene rings

ã 2. 8���)¤�¤k peri-.8�XÚ

XJ8�XÚ H ¥��^>áuÙ,��{��, @o¡ù^>´ H ¥��^#N>, ÄK

¡�B�>. H ¥¤k#N>�Ñ�fã�ëÏ©|¡� H �Ä�©|. ã 2¥���3�8�X

Ú¥kB�>, Ù¥�\o>´B�>.

3. gdÝ�O�

�M ´ã G����{��, XJ G¥���� C �>3M Ú E(G) \M ¥�OÑy@o
¡ C ´M -���. - c(M)L«ã G¥pØ���M -�������ê, PachterÚ Kimy²


e¡�4�4�½n.

½n3.1 [18] � G´²¡�Üã, M ´ G����{��, K f(G,M) = c(M).

²¡ã���¡�>.¡�´¡�, ÜÚ²�Ü4Äy²
e¡�(J.

Ún3.1 [19] �M ´²¡Ä��Üã G����{��, C ´ G���M -���, K C �

SÜ�¹��M -��¡�.

½n3.2 � H ´��d8���)¤�8�XÚ, M ´ H ����{��, K f(H,M) =

h(H,M), Ù¥ h(H,M)´ H ¥Ø��M -��8>/����ê.

y �A´��dØ�M -����¤�8Ü,� |A| = c(M). �â½n3.1,k f(G,M) = |A|.
� C ∈ A ´���8>/�, dÚn3.1�, M -��� C �SÜ�¹�� M -��8>/ b.

Xã 1Úã 2¤«, b ��k�^>3 H �	¡>.þ, Ïd C � b ��k�^ú�>. -

A′ = (A\{C}) ∪ {b}, K A′E´��Ø�M -����8Ü, � |A′| = |A|, �´ A′¥8>/���
ê' A¥õ1�. ±daí, �±é������Ø�M -����8Ü¦�Ù¥z�M -���Ñ

´��8>/, d½n3.1�� f(H,M) = h(H,M), y..
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~3.1 ã 1¥ H1 ´�58�ó, Ù�{���ê Φ(H1) = 7, �z��{��)¤�Ø�

��8>/����ê´1. �â½n3.2, H1 �z��{���r½êÑ�u1, dúª(1)�

F (H1, x) = 7x, � IDF (H1) = 7.

éu��5ó cata-.8�XÚ, |^ kinkÚ©�8>/, ©z [7]Ú [19]©O�Ñ
O�r½

õ�ªÚgdÝ�4íúª. � s´��5ó cata-.8�XÚ H ¥���"à8>/, �¹ s�

4��5óP� H(s), H(s)�,��"à8>/P� s′, K s′ ´ H ¥��� kink½©�8>/.

-H(s)L«dØ3H(s)¥�¤k8>/�¤�H �fã, H 	 s′L«lH ¥í� s′�º:±9

dd�)�¤k1Ý:9Ù��:, ��vk1Ý:�����ã. � H(s)¥�¹ r�8>/, K

ke¡�(Ø.

½n3.3 [7] � H ´�� cata-.8�XÚ, s´��"à8>/, K

F (H,x) = F (H 	 s′, x)x + rF (H(s), x)x.

~3.2 Xã 1¤«, 8�ó H2 ¥�¹"à8>/ s�4��5ó H2(s)k5���, H2(s)´

ü���, Ùr½õ�ª�2x. H2 	 s′ ´�ã, �ã�±w�´k���{���ã, �½Ùr½

õ�ª�1. d½n3.3�íÑ, F (H2, x) = 10x2 + x, Ù�{��ê Φ(H2) = F (H2, 1) = 11, gdÝ
d

dx
F (H2, x) |x=1= 21.

½n3.4 [7] � G1, G2, . . . , Gk ´ã G�ëÏ©|½Ä�©|, K F (G, x) =
k∏

i=1

F (Gi, x).

~3.3 Xã 1¤«, cata-.8�XÚH26¥�¹"à8>/ s�4��5óH26(s)k3���,

H26(s)´d����Ú���¹ü�����5ó��ëÏ©|�¤�ã,d½n3.4�Ùr½õ�

ª� 2x×3x = 6x2. H26	s′´ü���, F (H26	s′, x) = 2x. �â½n3.3, F (H26, x) = 18x3 +2x2,

Ïd Φ(H26) = 20, gdÝ d
dx
F (H26, x) |x=1= 58.

�~3.1, ~3.2Ú~3.3�O�aq, A^½n3.2, ½n3.3Ú½n3.4, ÏL¦)r½õ�ª�±

���Ü cata-.8�XÚ�gdÝ, �NL 1.

~3.4 Xã 2¤«, peri-.8�XÚ H37 ¥8>/ h3 �ü^> e Ú g �oÓ�Ñáu,

��{��, �oÑØ3,��{��¥. Ïd�±rM(H37) y©¤ü�f8M1 = {M ∈
M(H37)|e, g ∈ M}, M2 = {M ∈ M(H37)|e, g /∈ M}. N´�y, M1 =�¹���{��, �

¦� h3 ´ H37 �����8>/, �â½n3.2, T�{���r½ê�u1. e M ∈ M2, ò

8>/ h1 Ú h2 �¤��5óP� L2, 8>/ h4, h5 Ú h6 �¤� Zigzag óP� Z3, K M 3

L2 Ú Z3 þ��� M |L2
Ú M |Z3

©O´§���{��, � H37 ¥?���Ø� M -��

8>/�8Ü¥ÑØ�¹ h3. Ïd h(H37,M) = h(L2,M |L2
) + h(Z3,M |Z3

). �â½n3.2,

f(H37,M) = f(L2,M |L2
) + f(Z3,M |Z3

). dúª(2)�,

F (H37, x) =
∑

M∈M(H37)

xf(H37,M) =
∑

M∈M1

xf(H37,M) +
∑

M∈M2

xf(H37,M)

= x +
∑

M∈M2

xf(L2,M |L2
)+f(Z3,M |Z3

) = x + F (L2, x)F (Z3, x)

= x + 3x(4x2 + x) = 12x3 + 3x2 + x,
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� Φ(H37) = F (H37, 1) = 16, gdÝ d
dx
F (H37, x) |x=1= 43.

~3.5 Xã 2¤«, Uì peri-.8�XÚ H44 ¥8>/ h4 �> e´Äáu,��{��, �

±rM(H44)y©�ü�f8M1 = {M ∈ M(H44)|e /∈ M}, M2 = {M ∈ M(H44)|e ∈ M}. e
M ′ ∈ M1, K> e�ü^��>ÑáuM ′. N´�y, �k h1 Ú h4 ´M ′-��8>/, �â½

n3.2 f(H44,M
′) = 2, � | M1 |= 2, ÏdM1 ¥�¤k�{��ér½õ�ª��z´ 2x2. P

H44¥d8>/ h1, h2, h3, h5, h6�¤� Zigzagó� Z5. eM ′′ ∈M2, KM ′′3 Z5þ���´ Z5

����{��. 5¿�, Φ(Z5) =| M2 |, �H44 ¥?¿���¹�õØ�M ′′-��8>/�8Ü

¥ÑØ�¹h4,�M2¥�¤k�{��ér½õ�ª��z´F (Z5, x) = 8x3+5x2. dúª(2)�,

F (H44, x) =
∑

M ′∈M1

xf(H44,M
′) +

∑
M ′′∈M2

xf(H44,M
′′) = 2x2 + (8x3 + 5x2) = 8x3 + 7x2,

� Φ(H44) = F (H44, 1) = 15, gdÝ d
dx
F (H44, x) |x=1= 38.

�~3.4Ú~3.5�O�aq, A^½n3.2Ú½n3.4, |^r½õ�ª�±�� H38 �H43, ±9

H45Ú H46�gdÝ, �NL 2.

~3.6 Xã 2¤«, H47 ´��²1o>/8�XÚ, |^©z [11]¥�½n2.5��Ùr½õ

�ª F (H47, x) = 8x2 + 2x, ÏdΦ(H47) = F (H47, 1) = 10, gdÝ d
dx
F (H47, x) |x=1= 18.

~3.7 Xã 2¤«,M(H48)�±y©�ü�f8M1 = {M ∈M(H48)|e ∈M},M2 = {M ∈
M(H48)|e /∈ M}. N´�y, M(H48) ¥�¹> e ��{�� M ´���, �¦� h6 ´���

M -��8>/, d½n3.2� f(H48,M) = 1, ÏdM1 ¥��{��ér½õ�ª��z´ x. P

M(H48)¥d8>/ h1, h2, h3, h4, h5 �¤�8�ó� L5. eM ∈ M2, KM 3 L5 þ��M |L5

´ L5 ����{��, � Φ(L5) =| M2 |. 5¿�, H48 ¥?¿���¹�õØ�M -��8>/�

8Ü¥ÑØ�U�¹ h6, �M2¥�¤k�{��ér½õ�ª��z´ F (L5, x) = 8x3 + 5x2. d

úª(2)�, F (H48, x) = 8x3 + 5x2 + x, � Φ(H48) = F (H48, 1) = 14, gdÝ d
dx
F (H48, x) |x=1= 35.

~3.8 Xã 2¤«, H49, H50, H51 ÑkB�>, í�B�>���(�{ü�Ä�©|, |^

½n3.4N´��§��r½õ�ª9gdÝ, �N¹L 2.

4. (Ø

ã�gdÝO�gé�a%�zÜÔ�½5ïÄ, 8�XÚ´�a%�zÜÔ�©fã.

8c=k�þAÏa.�8�XÚ�gdÝ´®��, ~X cata-.8�XÚ [7], ²1o>/8�

XÚ [11], �XÚ [12]�. 3�©¥, ·�|^r½õ�ª�{O���
d6���)¤�¤kk

�{���8�XÚ�gdÝ. d n���)¤�ØÓ8�XÚ�Oê´[�)�¯KÚ�a%�

zÜÔÓ©É�NïÄ�Ì�SN, ®k�(JL²�X n�O\ØÓ8�XÚ��ê¥�ê.O

�, TOê¯K8cE,´úm�. �«g,��{´^8B��ª, k�Ä¤k n���)¤�

8�XÚ�gdÝ, 2V\����é n + 1���)¤�8�XÚ?1?Ø, �Ïêþã�, ùò

´���©�¡�L§.
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Table 1. The degrees of freedom of all cata-condensed hexagonal systems generated by six benzene rings

L 1. 8���)¤�¤k cata-.8�XÚ�gdÝ�L

r½õ�ª �{��ê Φ gdÝ IDF ²þgdÝ IDF
Φ

F (H1, x) = 7x 7 7 1

F (H2, x) = 10x2 + x 11 21 21
11

F (H3, x) = 12x2 + x 13 25 25
13

F (H4, x) = 12x3 + 5x2 17 46 46
17

F (H5, x) = 12x3 + 4x2 16 44 11
4

F (H6, x) = 12x3 + 4x2 16 44 11
4

F (H7, x) = 14x2 14 28 2

F (H8, x) = 14x2 14 28 2

F (H9, x) = 15x2 15 30 2

F (H10, x) = 12x3 + 5x2 17 46 46
17

F (H11, x) = 15x2 15 30 2

F (H12, x) = 12x3 + 6x2 18 48 8
3

F (H13, x) = 16x3 + 3x2 19 54 54
19

F (H14, x) = 16x3 + 3x2 19 54 54
19

F (H15, x) = 12x3 + 6x2 18 48 8
3

F (H16, x) = 12x3 + 6x2 18 48 8
3

F (H17, x) = 16x3 + 3x2 19 54 54
19

F (H18, x) = 16x3 + 3x2 19 54 54
19

F (H19, x) = 18x3 + 3x2 21 60 20
7

F (H20, x) = 6x3 + 12x2 18 42 7
3

F (H21, x) = 18x3 + 3x2 21 60 20
7

F (H22, x) = 18x3 + 3x2 21 60 20
7

F (H23, x) = 18x3 + 3x2 21 60 20
7

F (H24, x) = 20x3 + x2 21 62 62
21

F (H25, x) = 16x3 + x 17 49 49
17

F (H26, x) = 18x3 + 2x2 20 58 29
10

F (H27, x) = 18x3 + 2x2 20 58 29
10

F (H28, x) = 16x4 + 4x3 + 2x2 22 80 40
11

F (H29, x) = 18x3 + x 19 55 55
19
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F (H30, x) = 16x3 + 3x2 19 54 54
19

F (H31, x) = 22x3 22 66 3

F (H32, x) = 22x3 22 66 3

F (H33, x) = 16x4 + 8x3 24 88 11
3

F (H34, x) = 22x3 22 66 3

F (H35, x) = 16x4 + 4x3 + 3x2 23 82 82
23

F (H36, x) = 16x4 + 4x3 + 3x2 23 82 82
23

Table 2. The degrees of freedom of all peri-condensed hexagonal systems generated by six benzene rings

L 2. 8���)¤�¤k peri-.8�XÚ�gdÝ�L

r½õ�ª �{��ê Φ gdÝ IDF ²þgdÝ IDF
Φ

F (H37, x) = 12x3 + 3x2 + x 16 43 43
16

F (H38, x) = 12x3 + 5x2 17 46 46
17

F (H39, x) = 16x4 + 4x2 20 72 18
5

F (H40, x) = 12x3 + 4x2 16 44 11
4

F (H41, x) = 16x3 + x 17 49 49
17

F (H42, x) = 8x3 + 5x2 + x 14 35 5
2

F (H43, x) = 11x2 + x 12 23 23
12

F (H44, x) = 8x3 + 7x2 15 38 38
15

F (H45, x) = 13x2 13 26 2

F (H46, x) = 8x3 + 7x2 15 38 38
15

F (H47, x) = 8x2 + 2x 10 18 9
5

F (H48, x) = 8x3 + 5x2 + x 14 35 5
2

F (H49, x) = 9x2 9 18 2

F (H50, x) = 12x3 + 3x2 15 42 14
5

F (H51, x) = 12x2 12 24 2
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