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Abstract

In this paper, a new second-order accuracy, linear, decoupled and unconditionally

energy stable time-stepping numerical scheme is constructed for the phase field mod-

el with charge transport. Firstly, an ordinary differential equation with zero energy

contribution feature is introduced to handle the nonlinear coupling terms. Second-

ly, the scalar auxiliary variable method is used to deal with the nonlinear potential

function in the Cahn-Hilliard equation. The second-order backward differentiation

formula is used for temporal discretization. We strictly prove the unconditional ener-

gy stability of the proposed scheme and provide a detailed decoupling implementation

process. Finally, several numerical experiments are carried out to verify the accuracy

and effectiveness of the proposed scheme.
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1. Úó

>ÖÑ$�|�.´�«£ãá�¥ü�ØÓ��m�.¡1�±9>ÖÚ>|�m��

p�^�êÆ�.§§3)Ô[�ö� [1]!��N [2]!���� [3]!±9>³Ú-�>³E

â [4]�+�Ñu�X�©���^"�©�Ä�ü�>ÖÑ$�|�.´d Cahn-Hilliard�

§§d>Ö�Ý���>ÖÑ$�§§±9 Poisson�§ÍÜ¤���5XÚ§���§Xe

∂tφ = M∆µφ, (1a)

µφ = γ

(
−δ∆φ+

1

δ
f(φ)

)
− 1

2

∂ε

∂φ
|∇V |2, (1b)

∂tρe = K∆(λρe + V ), (1c)

−∇ · (ε∇V ) = ρe. (1d)
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·�Äk�Ñ�
½Â"3þã�§¥§φL«�|Cþ§M ´[£Çëê§µφ L«�Cþ φ�

zÆ³§γ �ü�m�L¡Üå§δ�.¡þÝ§¼ê f(φ) = F ′(φ) = (φ2 − 1)φ§Ù¥ F (φ)´V

²³¼ê§0>~ê ε�6u�Cþ φ§½Â� ε(φ) =
1 + rε

2
+
rε − 1

2
φ, Ù¥ rε L«ü�m0>

~ê�'Ç, V L«>³§ρe L«>Ö�Ý§K L«>�Ç§λ > 0´���Kzëê"XÚ (1)

�½±eÐ©^�Ú>.^�

φ(x, 0) = φ0, ρe(x, 0) = ρ0
e, −∇ · (ε(φ0)V (x, 0)) = ρ0

e,

±9

∇φ · n|∂Ω = ∇µφ · n|∂Ω = ∇ρe · n|∂Ω = ∇V · n|∂Ω = 0, (2)

Ù¥ φ0Ú ρ0
e ´�½�Ð©êâ§nL«>. ∂Ωþ�ü 	{�þ§Ω ⊂ Rd, d = 2, 3L«��Ý

/�"

>ÖÑ$�|�.´��pÝÍÜ���5XÚ§éJ��¼�Ù)Û)§Ïd�Ù�Op

��(� [5]�ê��ª´���©äk]Ô5�ó�"Ì��(J3u Cahn-Hilliard�§¥�

��5³�§±9�|�>|�pÍÜ¤�)���5�"�é1��(J§®²�3éõ�'

�ïÄ�{§Xà©�{ [6]§½z�Ûª{ [7]§UþØC�gz{ [8]§Iþ9ÏCþ (SAV)

{ [9] �"�X§�é1��(J§©z [10]mu
äk"Uþ�zA�� Q�{"T�{ÏL

�O��~�©�§5?n�3���5ÍÜ�"Ïd§3�©¥§·��8I´�>ÖÑ$�

|�.�E�«��!�5!)Í!Ã^�Uþ½��Y"¢y�å»´(Ü��5³�5z

� SAV�{Ú Q�{ò�.U���d/ª§�mþæ^�����© (BDF2)úªlÑ"lÑ

���.´Ã^�Uþ½�§¿�ÏLÚ\�9ÏCþ�±)Í¦)§é�§ÝþJp
O�

�Ç"��§�Ñ
°ÝÿÁ§Uþ½5��y±9ÄO¯K��[§�y
¤J�Y�O(

5Ú½5"

�©Ù{Ü©SüXe"31 2!¥§éü�>ÖÑ$�|�.?1Ãþjz"31 3!¥§

ÏLÚ\9ÏCþò�.U���d/ª§uÐ
��Uþ½��mÚ?�Y§¿î�y²T

�Y�Ã^�Uþ½5"31 4!¥§�[£ã
Ù)Í�¢yL§"31 5!¥§ÏLA�ê

��[�y
¤J�Y�k�5ÚO(5"��, 31 6!�Ñ�
o("

2. Ãþj/ª

Äk§·�éXÚ (1) Ãþjz§À��ÃþjCþ�µx∗ = x/l̂, t∗ = tû/l̂, µ∗φ = µφ l̂/γ,

δ∗ = δ/l̂ ε∗ = ε/ε̂, V ∗ = V/V̂ , ρ∗e = ρeλ/V̂ , Ù¥�kˆ�CþL«A�þ"�
�B·��ÑþI

∗§Ãþjz�XÚXe�Ñ
∂tφ = MO∆µφ, (3a)

µφ = −δ∆φ+
1

δ
f(φ)− Bo

2

∂ε

∂φ
|∇V |2, (3b)

∂tρe = KO∆(ρe + V ), (3c)

−∇ · (ε∇V ) = CHρe, (3d)
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Ù¥§Ãþjëê½ÂXe

MO =
Mγ

ûl̂2
, Bo =

ε̂V̂ 2

γl̂
, KO =

Kλ

ûl̂
, CH =

l̂2

λε̂
,

Ù¥MO´Ãþj[£Xê§Bo´��ê§KO´>�ÇXê§CH ´>ÖXê"Ãþjz��>

.^� (2)�±ØC§Ð©^�UC�

φ(x, 0) = φ0, ρe(x, 0) = ρ0
e, −∇ · (ε(φ0)V (x, 0)) = CHρ

0
e.

ÃþjXÚ (3)�gdU½Â�

E(φ, ρe, V ) =

∫
Ω

(
δ

2
|∇φ|2 +

1

δ
F (φ) +

BoCH
2
‖ρe‖2 +

Bo

2
|
√
ε∇V |2

)
dx. (4)

éª (4)'u�m t¦�§¿|^>.^� (2)Úª (3)§·�k

dE

dt
= −MO‖∇µφ‖2 −BoCHKO‖∇µρe‖2.

3. ê��ª

3�!¥§·��>ÖÑ$�|�.mu
�«#��mÚ?�ª§T�ª´���m°Ý!

�5!)ÍÚÃ^�Uþ½�"�
Buê��{��O§·�òXÚ (3)=���d�/ª§

äN?nXe

Äk§Ú\���ÛÜ9ÏCþ Q(t)9Ù�'�~�©�§§½Â�


Qt =

∫
Ω

(
−Bo

2
∂φε|∇V |2 · ∂tφ−

Bo

2
∇ · (∂tε · ∇V ) · V

)
dx,

Q(0) = 1.

(5)

ÏLéþª¦^©ÜÈ©§N´��ª (5)�)�µQ(t) = 1"

�X§ÄuIþ9ÏCþ{§Ú\,��9ÏCþ U(t)?n Cahn-Hilliard�§¥���5³

¼ê§½Â�

U(t) =

√∫
Ω

1

δ
F (φ)dx + C,

ª¥§C ´���ê±��
∫

Ω
1
δ
F (φ)dx + C > 0"

òª (3d)é�m t¦�¿¦^©ÜÈ©§ª (3d)�n�Xe/ª
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−∇ ·
(√

ε∂t(
√
ε∇V ) +

1

2
∂tε · ∇V

)
= CH∂tρe. (6)

(Üü�9ÏCþ QÚ U Úª (6)§XÚ (3)�d�U��

∂tφ = MO∆µφ, (7a)

µφ = −δ∆φ+HU − Bo

2
Q∂φε|∇V |2, (7b)

∂tρe = KO∆(ρe + V ), (7c)

−∇ ·
(√

ε∂t(
√
ε∇V ) +

Q

2
∂tε · ∇V

)
= CH∂tρe, (7d)

Ut =
1

2

∫
Ω

H∂tφdx, (7e)

Qt =

∫
Ω

(
−Bo

2
∂φε|∇V |2 · ∂tφ−

Bo

2
∇ · (∂tε · ∇V ) · V

)
dx, (7f)

Ù¥

H(φ) =
1
δ
f(φ)√∫

Ω
1
δ
F (φ)dx + C

.

�dXÚ (7)�Ð©^��

φ(x, 0) = φ0, ρe(x, 0) = ρ0
e, −∇ ·

(
ε(φ0)∇V (x, 0)

)
= CHρ

0
e,

U(0) =

√∫
Ω

1

δ
F (φ0)dx + C, Q(0) = 1.

½n1. XÚ (7)äkXeUþÑÑÆ

dE

dt
= −MO‖∇µφ‖2 −BoCHKO‖∇µρe‖2,

Ù¥§oUþ E ½Â�

E(φ, ρe, V, U,Q) =

∫
Ω

(
δ

2
|∇φ|2 +

BoCH
2
‖ρe‖2 +

Bo

2
|
√
ε∇V |2

)
dx + |U |2 +

1

2
|Q|2 − C.

y². ò µφÚª (7a)� L2SÈ§��

(∂tφ, µφ) = −MO‖∇µφ‖2. (8)
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ò −∂tφÚª (7b)� L2SÈ§��

− (µφ, ∂tφ) = − d

dt

∫
Ω

δ

2
|∇φ|2dx− U

∫
Ω

H∂tφdx +Q

∫
Ω

Bo

2
∂φε|∇V |2 · ∂tφdx. (9)

�X§·�-

µρe = ρe + V. (10)

ò BoCH · µρe Úª (7c)� L2SÈ§��

BoCH(∂tρe, µρe) = −BoCHKO‖∇µρe‖2. (11)

ò −BoCH · ∂tρeÚª (10)� L2SÈ§��

−BoCH(µρe , ∂tρe) = −BoCH
2

d

dt
‖ρe‖2 −BoCH(V, ∂tρe). (12)

ò Bo · V Úª (7d)� L2SÈ§��

− Bo

2
Q(∇ · (∂tε · ∇V ), V ) +

d

dt

Bo

2
‖
√
ε∇V ‖2 = Bo(CH∂tρe, V ). (13)

3ª (7e)¥, �ªü>Ó�¦± 2U§·�k

d

dt
|U |2 = U

∫
Ω

H∂tφdx. (14)

3ª (7f)¥, �ªü>Ó�¦± Q§��

d

dt

(
1

2
|Q|2

)
= −Bo

2
Q

∫
Ω

∂φε|∇V |2 · ∂tφdx−
Bo

2
Q

∫
Ω

∇ · (∂tε · ∇V ) · V dx. (15)

(Üª (8)-(15)§��UþÑÑÆXe

d

dt
E(φ, ρe, V, U,Q) = −MO‖∇µφ‖2 −BoCHKO‖∇µρe‖2, (16)

Ù¥

E(φ, ρe, V, U,Q) =

∫
Ω

(
δ

2
|∇φ|2 +

BoCH
2
‖ρe‖2 +

Bo

2
|
√
ε∇V |2

)
dx + |U |2 +

1

2
|Q|2 − C.

½ny."

�e5§·�ò BDF2 �mÚ?�ªA^u�dXÚ (7)"-�mÚ� ∆t > 0§1 n Ú
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tn = n∆t§Ù¥ 0 ≤ n ≤ N§Kªà�m T = N∆t"�±��Xe��mlÑ�Y

aφn+1 − bφn + cφn−1

2∆t
= MO∆µn+1

φ , (17a)

µn+1
φ = −δ∆φn+1 +

S

δ
(φn+1 − φ̃n+1) + H̃n+1Un+1 − Bo

2
Qn+1∂φε|∇Ṽ n+1|2, (17b)

aUn+1 − bUn + cUn−1 =
1

2

∫
Ω

H̃n+1(aφn+1 − bφn + cφn−1)dx, (17c)

aρn+1
e − bρne + cρn−1

e

2∆t
= KO∆(ρn+1

e + V n+1), (17d)

−∇ ·
(√

ε̃n+1(a
√
ε̃n+1∇V n+1 − b

√
ε̃n∇V n + c

√
ε̃n−1∇V n−1)

)
− Qn+1

2
∇ ·
(

(aεn+1 − bεn + cεn−1) · ∇Ṽ n+1
)

= CH(aρn+1
e − bρne + cρn−1

e ), (17e)

aQn+1 − bQn + cQn−1 = −Bo
2

∫
Ω

[
∂φε|∇Ṽ n+1|2 · (aφn+1 − bφn + cφn−1)

+∇ ·
(

(aεn+1 − bεn + cεn−1) · ∇Ṽ n+1
)
· V n+1

]
dx, (17f)

ª¥§a = 3, b = 4, c = 1Ú S > 0´ýk�½�½5ëê"d	§éu?¿Cþ ψ§k

ψ̃n+1 =


ψ0 if n = 0,

2ψn − ψn−1 if n ≥ 1.

�Y (17)¥§��þ (φ, µφ, ρe, V )n+1÷v±e>.^�

∂nφ
n+1|∂Ω = ∂nµ

n+1
φ |∂Ω = ∂nρ

n+1
e |∂Ω = ∂nV

n+1|∂Ω = 0. (18)

e¡y²¤JÑ��Y (17)´Ã^�Uþ½�"

½n2. �m�lÑ�ª (17)äkXeUþÑÑÆ

1

∆t
(En+1 − En) ≤ −MO‖∇µn+1

φ ‖2 − CHBoKO‖∇µn+1
ρe
‖2 ≤ 0, (19)

Ù¥

En+1 =
1

2

(
δ

2
‖∇φn+1‖2 +

δ

2
‖2∇φn+1 −∇φn‖2 +

CHBo

2
‖ρn+1

e ‖2 +
CHBo

2
‖2ρn+1

e − ρne ‖2

[.3cm] +
Bo

2
‖
√
ε̃n+1∇V n+1‖2 +

Bo

2
‖2
√
ε̃n+1∇V n+1 −

√
ε̃n∇V n‖2

[.3cm] +|Un+1|2 + |2Un+1 − Un|2 +
1

2
|Qn+1|2 +

1

2
|2Qn+1 −Qn|2 +

S

δ
‖φn+1 − φn‖2

)
− C.

(20)
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Proof. ª (17a)� 2∆t · µn+1
φ � L2SÈ¿A^©ÜÈ©§·��±��

(3φn+1 − 4φn + φn−1, µn+1
φ ) + 2MO∆t‖∇µn+1

φ ‖2 = 0. (21)

ª (17b)� −(3φn+1 − 4φn + φn−1)� L2SÈ¿A^©ÜÈ©§��

− (µn+1
φ , 3φn+1 − 4φn + φn−1) + δ(∇φn+1,∇(3φn+1 − 4φn + φn−1))

[.35cm] +
S

δ
(φn+1 − φ̃n+1, 3φn+1 − 4φn + φn−1) + Un+1

∫
Ω

H̃n+1 · (3φn+1 − 4φn + φn−1)dx

[.35cm]− Bo

2
Qn+1

∫
Ω

∂φε|∇Ṽ n+1|2 · (3φn+1 − 4φn + φn−1) = 0.

(22)

�X§-

µn+1
ρe

= ρn+1
e + V n+1. (23)

ª (17d)� 2CHBo∆t · µn+1
ρe
� L2SÈ¿A^©ÜÈ©§��

CHBo(3ρ
n+1
e − 4ρne + ρn−1

e , µn+1
ρe

) + 2CHBoKO∆t‖∇µn+1
ρe
‖2 = 0. (24)

ª (23)� −CHBo · (3ρn+1
e − 4ρne + ρn−1

e )� L2SÈ§��

− CHBo(µn+1
ρe

, 3ρn+1
e − 4ρne + ρn−1

e )

[.35cm] = −CHBo(ρn+1
e , 3ρn+1

e − 4ρne + ρn−1
e )− CHBo(V n+1, 3ρn+1

e − 4ρne + ρn−1
e ).

(25)

ª (17e)� Bo · V n+1� L2SÈ¿A^©ÜÈ©§��

Bo
(

3
√
ε̃n+1∇V n+1 − 4

√
ε̃n∇V n +

√
ε̃n−1∇V n−1,

√
ε̃n+1∇V n+1

)
−Bo

2
Qn+1

(
∇ ·
(

(3εn+1 − 4εn + εn−1) · ∇Ṽ n+1
)
, V n+1

)
=BoCH(3ρn+1

e − 4ρne + ρn−1
e , V n+1).

(26)

òª (17c)¦± 2Un+1§��

|Un+1|2 + |2Un+1 − Un|2 − |Un|2 − |2Un − Un−1|2 + |Un+1 − 2Un + Un−1|2

[.35cm] = Un+1

∫
Ω

H̃n+1 · (3φn+1 − 4φn + φn−1)dx,
(27)

Ù¥§·�|^
Xe��ªµ

(3a− 4b+ c, 2a) = a2 + (2a− b)2 − b2 − (2b− c)2 + (a− 2b+ c)2. (28)
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òª (17f)¦± Qn+1¿|^ª (28)§·�k

1

2

(
|Qn+1|2 + |2Qn+1 −Qn|2 − |Qn|2 − |2Qn −Qn−1|2 + |Qn+1 − 2Qn +Qn−1|2

)
=− Bo

2
Qn+1

∫
Ω

∂φε|∇Ṽ n+1|2 · (3φn+1 − 4φn + φn−1)dx

− Bo

2
Qn+1

∫
Ω

∇ ·
(

(3εn+1 − 4εn + εn−1) · ∇Ṽ n+1
)
· V n+1dx.

(29)

Ïd§(Üª (21)-(29)¿|^ª (28)§·��±í�Ñ

δ

2

(
‖∇φn+1‖2 + ‖2∇φn+1 −∇φn‖2 − ‖∇φn‖2 − ‖2∇φn −∇φn−1‖2

)
+
CHBo

2

(
‖ρn+1

e ‖2 + ‖2ρn+1
e − ρne ‖2 − ‖ρne ‖2 − ‖2ρne − ρn−1

e ‖2
)

+
Bo

2

(
‖
√
ε̃n+1∇V n+1‖2 + ‖2

√
ε̃n+1∇V n+1 −

√
ε̃n∇V n‖2

−‖
√
ε̃n∇V n‖2 − ‖2

√
ε̃n∇V n −

√
ε̃n−1∇V n−1‖2

)
+
S

δ

(
‖φn+1 − φn‖2 − ‖φn − φn−1‖2

)
+ |Un+1|2 + |2Un+1 − Un|2 − |Un|2 − |2Un − Un−1|2

+
1

2

(
|Qn+1|2 + |2Qn+1 −Qn|2 − |Qn|2 − |2Qn −Qn−1|2

)
+

{
δ

2
‖∇φn+1 − 2∇φn +∇φn−1‖2 +

CHBo

2
‖ρn+1

e − 2ρne + ρn−1
e ‖2

+
Bo

2
‖
√
ε̃n+1∇V n+1 − 2

√
ε̃n∇V n +

√
ε̃n−1∇V n−1‖2 +

2S

δ
‖φn+1 − 2φn + φn−1‖2

+ |Un+1 − 2Un + Un−1|2 +
1

2
|Qn+1 − 2Qn +Qn−1|2

}
= −2MO∆t‖∇µn+1

φ ‖2 − 2CHBoKO∆t‖∇µn+1
ρe
‖2,

(30)

Ù¥§·�^�
�ªµ(a− 2b+ c)(3a− 4b+ c) = (a− b)2 − (b− c)2 + 2(a− 2b+ c)2"

��§lª (30)¥�K�)Ò {}¥���§��ª (19)"½ny."

4. ¢�L§

5¿��Y (17)¥���þE´�ÛÜÍÜ�§I�UY¦^ QÚ U ü�9ÏCþò�Y

(17)©)�eZ��5fXÚ§l����)Í�8�"äN�Ú½Xeµ

1�Ú§|^9ÏCþ Qn+1ò��þ (φ, µφ, U)n+1©)��5|Ü�/ª§=
φn+1 = φn+1

1 +Qn+1φn+1
2 ,

µn+1
φ = µn+1

φ,1 +Qn+1µn+1
φ,2 ,

Un+1 = Un+1
1 +Qn+1Un+1

2 .

(31)
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òù
�5|Ü�\�§ (17a)-(17b)§��
a

2∆t
(φn+1

1 +Qn+1φn+1
2 ) = MO∆(µn+1

φ,1 +Qn+1µn+1
φ,2 ) +

1

2∆t
(bφn − cφn−1),

µn+1
φ,1 +Qn+1µn+1

φ,2 = (−δ∆ +
S

δ
)(φn+1

1 +Qn+1φn+1
2 )

+H̃n+1(Un+1
1 +Qn+1Un+1

2 )− S

ε
φ̃n+1 − Bo

2
Qn+1∂φε|∇Ṽ n+1|2.

(32)

þã�ª (32)�±ÏL Qn+1©)�ü�fXÚ§=
a

2∆t
φn+1

1 = MO∆µn+1
φ,1 +A1,

µn+1
φ,1 = (−δ∆ +

S

δ
)φn+1

1 + H̃n+1Un+1
1 +B1,

(33)

Ú 
a

2∆t
φn+1

2 = MO∆µn+1
φ,2 +A2,

µn+1
φ,2 = (−δ∆ +

S

δ
)φn+1

2 + H̃n+1Un+1
2 +B2,

(34)

Ù¥ A1, A2, B1 Ú B2´wª�§P�

A1 =
1

2∆t
(bφn − cφn−1), B1 = −S

δ
φ̃n+1,

A2 = 0, B2 = −Bo
2
∂φε|∇Ṽ n+1|2.

�X§�
¦)�ª (33)§A?nCþ Un+1
1 "Ïd§|^Cþ Un+1

1 2gòCþ (φ1, µφ,1)n+1

©)�Xe��5|Ü φ
n+1
1 = φn+1

11 + Un+1
1 φn+1

12 ,

µn+1
φ,1 = µn+1

φ,11 + Un+1
1 µn+1

φ,12.
(35)

òª (35)�\ª (33)§¿^Cþ Un+1
1 éXÚ?1©)��� 2�fXÚ§=

a

2∆t
φn+1

11 = MO∆µn+1
φ,11 +A1,

µn+1
φ,11 = (−δ∆ +

S

δ
)φn+1

11 +B1,
(36)

Ú 
a

2∆t
φn+1

12 = MO∆µn+1
φ,12,

µn+1
φ,12 = (−δ∆ +

S

δ
)φn+1

12 + H̃n+1,
(37)

Ù¥§�ª (36)Ú (37)�>.^�Xe

∂nφ
n+1
11 |∂Ω = 0, ∂nµ

n+1
φ,11|∂Ω = 0, ∂nφ

n+1
12 |∂Ω = 0, ∂nµ

n+1
φ,12|∂Ω = 0. (38)

Ïd§��þ (φ11, φ12, µφ,11, µφ,12)n+1�±éN´/l�ª (36)Ú (37)¥¦)"
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·�^aq��{¦)�§ (34)§|^Cþ Un+1
2 ©� (φ2, µφ,2)n+1�Xe��5|Ü

φn+1
2 = φn+1

21 + Un+1
2 φn+1

22 ,

µn+1
φ,2 = µn+1

φ,21 + Un+1
2 µn+1

φ,22.

(39)

·��±N´��� 
a

2∆t
φn+1

21 = MO∆µn+1
φ,21,

µn+1
φ,21 = (−δ∆ +

S

δ
)φn+1

21 +B2,

(40)

Ú 
a

2∆t
φn+1

22 = MO∆µn+1
φ,22,

µn+1
φ,22 = (−δ∆ +

S

δ
)φn+1

22 + H̃n+1.

(41)

XÚ (40)Ú (41)>.^�Xe

∂nφ
n+1
21 |∂Ω = 0, ∂nµ

n+1
φ,21|∂Ω = 0, ∂nφ

n+1
22 |∂Ω = 0, ∂nµ

n+1
φ,22|∂Ω = 0. (42)

ÏL¦)þãfXÚ (40)Ú (41)§=�����þ (φ21, φ22, µφ,21, µφ,22)n+1�)"I�5¿�, d

u�§ (37)Ú (41)´�Ó�§·��±�Ñµ φn+1
12 = φn+1

22 , µn+1
φ,12 = µn+1

φ,22"

1�Ú§�#Cþ (U1, U2)n+1"òª (17c)U��Xe/ª

Un+1 =
1

2

∫
Ω

H̃n+1φn+1dx + dn, (43)

Ù¥ dn = 1
a
(bUn − cUn−1)− 1

2a

∫
Ω
H̃n+1(bφn − cφn−1)dx´wª�"

òª (31)¥��5/ª�\ª (43)§·���

Un+1
1 +Qn+1Un+1

2 =
1

2

∫
Ω

H̃n+1 · (φn+1
1 +Qn+1φn+1

2 )dx + dn. (44)

?�Ú§�âCþ Qn+1éþã�§?1©§��
Un+1

1 =
1

2

∫
Ω

H̃n+1φn+1
1 dx + dn,

Un+1
2 =

1

2

∫
Ω

H̃n+1φn+1
2 dx.

(45)

�X§òª (45)¥�(φ1, φ2)n+1O��ª (35)¥��5/ª§·���
Un+1

1 =
1

2

∫
Ω

H̃n+1(φn+1
11 + Un+1

1 φn+1
12 )dx + dn,

Un+1
2 =

1

2

∫
Ω

H̃n+1(φn+1
21 + Un+1

2 φn+1
22 )dx.

(46)
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ò�§ (46)¥���þ�n��à§��

Un+1
1 =

1
2

∫
Ω
H̃n+1φn+1

11 dx + dn

1− 1
2

∫
Ω
H̃n+1φn+1

12 dx
, (47)

Un+1
2 =

1
2

∫
Ω
H̃n+1φn+1

21 dx

1− 1
2

∫
Ω
H̃n+1φn+1

22 dx
. (48)

�e5§·�y²
 Un+1
1 Ú Un+1

2 ��)5"òª (37)¥1���§� −µn+1
φ,12 � L2 SÈ§

��

− a

2∆t
(φn+1

12 , µn+1
φ,12) = MO‖∇µn+1

φ,12‖
2. (49)

òª (37)¥1���§� a/2∆t · φn+1
12 � L2SÈ§��

a

2∆t
(µn+1
φ,12, φ

n+1
12 ) =

aδ

2∆t
‖∇φn+1

12 ‖2 +
aS

2δ∆t
‖φn+1

12 ‖2 +
a

2∆t

∫
Ω

H̃n+1φn+1
12 dx. (50)

(Üª (49)Ú (50)§·�k

− a

2∆t

∫
Ω

H̃n+1φn+1
12 dx = MO‖∇µn+1

φ,12‖
2 +

aδ

2∆t
‖∇φn+1

12 ‖2 +
aS

2δ∆t
‖φn+1

12 ‖2 ≥ 0. (51)

dþª��§�§ (47)¥�©1´�"�§= Un+1
1 o´�)�"Un+1

2 ���Ìaq�L§�y

²´�)�"²LO� Un+1
1 Ú Un+1

2 §·��±lª (35)¥��(φ1, µφ,1)n+1§lª (39)¥��

(φ2, µφ,2)n+1"

1nÚ§·�?n�ª (17d)-(17e)"2g|^ Qn+1ò��þ (ρe, V )n+1©)�Xe��5|

Ü ρ
n+1
e = ρn+1

e,1 +Qn+1ρn+1
e,2 ,

V n+1 = V n+1
1 +Qn+1V n+1

2 .
(52)

òþª��5|Ü�\�§ (17d)-(17e)§·�k

a

2∆t
(ρn+1
e,1 +Qn+1ρn+1

e,2 )

= KO∆
(
(ρn+1
e,1 +Qn+1ρn+1

e,2 ) + (V n+1
1 +Qn+1V n+1

2 )
)

+
1

2∆t
(bρne − cρn−1

e ),

−∇ · (aε̃n+1∇(V n+1
1 +Qn+1V n+1

2 ))− CHa(ρn+1
e,1 +Qn+1ρn+1

e,2 )

= −∇ · (
√
ε̃n+1 · (b

√
ε̃n∇V n − c

√
ε̃n−1∇V n−1)− CH(bρne − cρn−1

e )

+
Qn+1

2
∇ · ((aεn+1 − bεn + cεn−1) · ∇Ṽ n+1).

(53)

þãXÚ (53)�±ÏL Qn+1©)�ü�fXÚ§=
a

2∆t
ρn+1
e,1 = KO∆(ρn+1

e,1 + V n+1
1 ) + C1,

−∇ · (aε̃n+1∇V n+1
1 )− aCHρn+1

e,1 = D1,
(54)
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Ú 
a

2∆t
ρn+1
e,2 = KO∆(ρn+1

e,2 + V n+1
2 ) + C2,

−∇ · (aε̃n+1∇V n+1
2 )− aCHρn+1

e,2 = D2,
(55)

Ù¥

C1 =
1

2∆t
(bρne − cρn−1

e ), D1 = −∇ · (
√
ε̃n+1 · (b

√
ε̃n∇V n − c

√
ε̃n−1∇V n−1))− CH(bρne − ρn−1

e ),

C2 = 0, D2 =
1

2
∇ · ((aεn+1 − bεn + cεn−1) · ∇Ṽ n+1).

�X§¦)XÚ (54)Ú (55)5�#Cþ (ρe,1, ρe,2, V1, V2)n+1"

1oÚ§¦)9ÏCþ Qn+1"|^Cþ φn+1, V n+1 3ª (31)Ú (52)�©/ª§òª (17f)

U��

(a− ϑ2)Qn+1 = (bQn − cQn−1) + ϑ1, (56)

Ù¥ ϑ1, ϑ2´dc¡Ú½¥¤k�®���¤§½Â�

ϑ1 = −Bo
2

∫
Ω

(
∂φε|∇Ṽ n+1|2 · (aφn+1

1 − bφn + cφn−1) +∇ · ((aεn+1 − bεn + cεn−1) · ∇Ṽ n+1) · V n+1
1

)
dx,

ϑ2 = −Bo
2

∫
Ω

(
∂φε|∇Ṽ n+1|2 · aφn+1

2 +∇ · ((aεn+1 − bεn + cεn−1) · ∇Ṽ n+1) · V n+1
2

)
dx.

e¡ÏL�y a − ϑ2 6= 05y²�§ (56)��)5"òª (34)¥1���§� µn+1
φ,2 � L2 SÈ§

��
a

2∆t
(φn+1

2 , µn+1
φ,2 ) = −MO‖∇µn+1

φ,2 ‖
2. (57)

òª (34)¥1���§� −a/(2∆t) · φn+1
2 � L2SÈ§��

− a

2∆t
(µn+1
φ,2 , φ

n+1
2 ) =− aδ

2∆t
‖∇φn+1

2 ‖2 − aS

2δ∆t
‖φn+1

2 ‖2

− aUn+1
2

2∆t

∫
Ω

H̃n+1φn+1
2 dx +

aBo

4∆t

∫
Ω

∂φε|∇Ṽ n+1|2 · φn+1
2 dx.

(58)

�X§-

µn+1
ρe,2

= ρn+1
e,2 + V n+1

2 . (59)

òª (55)¥1���§� BoCH · µn+1
ρe,2
� L2SÈ§��

aBoCH
∆t

(ρn+1
e,2 , µn+1

ρe,2
) = −BoCHKO‖∇µn+1

ρe,2
‖2. (60)

òª (59)� −aBoCH/2∆t · ρn+1
e,2 � L2SÈ§��

− aBoCH
2∆t

(µn+1
ρe,2

, ρn+1
e,2 ) = −aBoCH

2∆t
‖ρn+1

e,2 ‖2 −
aBoCH

2∆t
(V n+1

2 , ρn+1
e,2 ). (61)
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òª (55)¥1���§� Bo/2∆t · V n+1
2 � L2SÈ§��

aBo

2∆t
‖
√
ε̃n+1∇V n+1

2 ‖2 − aBoCH
2∆t

(ρn+1
e,2 , V n+1

2 )

=
Bo

4∆t

(
∇ ·
(

(aεn+1 − bεn + cεn−1) · ∇Ṽ n+1
)
, V n+1

2

)
.

(62)

(Üª (57)-(62)§·�k

aBo

4∆t

∫
Ω

∂φε|∇Ṽ n+1|2 · φn+1
2 dx +

Bo

4∆t

∫
Ω

∇ ·
(

(aεn+1 − bεn + cεn−1) · ∇Ṽ n+1
)
· V n+1

2 dx

=MO‖∇µn+1
φ,2 ‖

2 +
aδ

2∆t
‖∇φn+1

2 ‖2 +
aS

2δ∆t
‖φn+1

2 ‖2 + CHBoKO‖∇µn+1
ρe,2
‖2 +

aBoCH
2∆t

‖ρn+1
e,2 ‖2

+
aBo

2∆t
‖
√
ε̃n+1∇V n+1

2 ‖2 +
aUn+1

2

2∆t

∫
Ω

H̃n+1φn+1
2 dx.

(63)

lª (45)¥������ª§·�í�Ñ Un+1
2

∫
Ω

H̃n+1φn+1
2 dx = 2(Un+1

2 )2 ≥ 0"Ïd§·��

� −ϑ2 ≥ 0§=§�§ (56)´�)�"

��§dª (31)�#(φ, µφ)n+1§dª (52)�#(ρe, V )n+1"

Table 1. Temporal errors and convergence rates ( hx = hy = 2.5 × 10−3)

L 1. �mØ�ÚÂñ� ( hx = hy = 2.5 × 10−3)

∆t ‖eφ‖2 EOC ‖eρe‖2 EOC ‖eV ‖2 EOC

1/8 3.53e−04 - 3.15e−04 - 3.14e−04 -
1/12 1.57e−04 2.007 1.40e−04 2.007 1.38e−04 2.019
1/16 8.80e−05 2.005 7.84e−05 2.005 7.72e−05 2.030
1/32 2.20e−05 2.004 1.96e−05 2.004 1.83e−05 2.075

Figure 1. (a) The evolution of the discrete total energy for different time steps (b) The evolution of the
variable Q for different time steps

ã 1. (a)ØÓ�mÚ��lÑoUþ�üz(b)ØÓ�mÚ�eCþ Q�üz
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5. ê��[

3�!¥§·�ÏLA�ê��[±�y¤JÑ�ª (17)�O(5Úk�5"Äk§·�ÿ

Á
¤k��þ3�mþ�Ø�Ú¢�Âñ�"�X§�y
ØÓ��mÚ�e�Ã^�Uþ

½5"��§·�?1
���©)�ÄO�ý¢�"�mþæ^k��©lÑ"¤k�DÕ

�5XÚæ^�ÝFÝ{½2Â��í�{¦)§ÙS�Ø�� 10−10"

Figure 2. Snapshots of phase function φ at different times t

ã 2. �¼ê φ3ØÓ�� t�¯ìã

5.1. °ÝÿÁ

Äk§·��1Âñ�ÿÁ5�y¤JÑ�ê��ª (17)�O(5"ÏLéXÚ (3)V\�


�§¦�XÚkXe�°()

φ(x, y, t) = ρe(x, y, t) = V (x, y, t) = cos(πx) cos(πy) sin t.

O����� Ω = [0, 1]2§ªà�m��� T = 0.5"¤këêÀ�Xe

MO = 5× 10−5, δ = 0.08, S = 0.1, Bo = 1,

KO = 5× 10−5, CH = 1, rε = 1, C = 50.
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L 1Ð«
�Cþ φ!>Ö�Ý ρe Ú>³ V � L2- �êØ�Ú�mÂñ�"�
ÿÁ�mÂñ�§

�m©EÇ�½� Nx = Ny = 400§·�5¿�¤k�CþÑ´äk���m°Ý�"

Figure 3. Snapshots of phase function φ at different times t with φc = 0

ã 3. � φc = 0�,�¼ê φ3ØÓ�� t�¯ìã

5.2. ½5ÿÁ

�X§·�u�¤JÑ�ª (17)3��«� Ω = [0, 2π]2þ�Ã^�Uþ½5"�m��À

�� hx = hy = 2π/150§ªà�m��� T = 15"¤kCþ�Ð©^����
φ0 = 1 +

2∑
i

tanh

(
ri −

√
(x− xi)2 + (y − yi)2

1.5δ

)
,

ρ0
e =

1

π
cos(x) cos(y),

Ù¥ r1 = 1.4, r2 = 0.5, x1 = π − 0.8, x2 = π + 1.7, y1 = y2 = π"ëêÀ�Xe

MO = 5× 10−2, δ = 0.05, S = 2, Bo = 1,

KO = 5× 10−3, CH = 1, rε = 1, C = 100.

3ã 1¥§·�O�
ØÓ�mÚ�elÑoUþÚ Q�ê�)"dã 1(a)�±*	�ØÓ

�mÚ�eoUþÑ¥y4~�ª³§=lÑ�oUþ÷vUþ½5"d	§dã 1(b)�±w

DOI: 10.12677/aam.2024.132078 821 A^êÆ?Ð

https://doi.org/10.12677/aam.2024.132078


4g4§�²�

Ñ§Cþ Q�ê�)�°()Cq��§= Q ≈ 1"��§·�æ^�mÚ��∆t = 8× 10−4¦

�Cþ φüz��"φ3ØÓ���©ÙXã 2¤«"�±wÑ§3oz�^e§��Åì��

�áÂ"

Figure 4. Snapshots of phase function φ at different times t with φc = 0.5

ã 4. � φc = 0.5�,�¼ê φ3ØÓ�� t�¯ìã

5.3. �©)

��§·�ïÄ
�©)�ÄO�ý¢�(� [11, 12]¤"�Ä���m«� Ω = [0, 2π]2§ª

à�m� T = 150§�m��º�� hx = hy = 2π/200"Ð©^����Xe φ0 = φc + 10−3rand(x),

ρ0
e = cos(x) cos(y)),

ª¥§φc ´��~ê§L«Ð©²þ�§rand(x)L« [−1, 1]��SÑl��©Ù��Å¼ê"

ëê���

MO = 5× 10−2, δ = 0.04, S = 10, Bo = 1,

KO = 5× 10−4, CH = 1, rε = 1, C = 100.

3ã 3Úã 4¥§·�?1
Ð©²þ�©O� φc = 0Ú φc = 0.5�üg�["ã 3Úã 4�Ñ


φ3ØÓ���¯ìã"·�*	�§üg�[3Åìªu²ï)�L§¥©O¥yÑ�G�Ú�

/�"�X§3ã 5¥§·��Ñ
üg�[�oUþÚCþQê�)��müzã"�±*	�
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Uþ���m4~§ùy¢
¤JÑ�ê��ª´Ã^�½�"d	§ê�)Ñ�± Q ≈ 1§

ù�nØ©Û´���"

Figure 5. (a) The evolution of total energy with different initial values (b) The evolution of the variable Q
with different initial values

ã 5. (a)ØÓÐ�elÑoUþ�üz(b) ØÓÐ�eCþ Q�üz

6. (Ø

�©é>ÖÑ$�|�.JÑ�«äk���m°Ý!�5!)ÍÚUþ½��mÚ?ê

��Y"·�î�y²
T�Y�Ã^�Uþ½5§¿�Ñ
äN�)Í¢�L§"3z��

mÚ§·��I�¦)eZ�~Xê�5�§§ù3é�§Ýþ~�
O�¤�"��§ÏL�


ê��~�¢y§�y
ê��ª�O(5Úk�5"

� �

3da�I[g,�ÆÄ7�8(12101177)§à��g,�ÆÄ7�8(A2021202001)�|

±"

Ä7�8

I[g,�ÆÄ7�8(12101177)§à��g,�ÆÄ7�8(A2021202001)�|±"
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