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Abstract

In this paper, we investigate the generic unfolding of planar Filippov systems with

codimension-2 saddle-visible fold singularity. Firstly, the bifurcation diagrams are

given completely by means of normal forms and sliding mode dynamics. Secondly, it

is proved that there are pseudo boundary saddle bifurcation and collisions of visible

two-fold singularity V V1 bifurcation near saddle-visible fold singularity. In particular,

we shown that there exist two codimension-1 bifurcation curves in the parameter space

of β1 < 0. Finally, our results indicate the saddle-visible fold singularity branching

phenomenon in some special piecewise linear differential systems also hold for general

planar Filippov systems.
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ïÄEäk]Ô5, ¿�du��6/�K�, (JE,�õk�. Äu [16]¥©ã�5�ª�ó�

L², éuQ-òÛ:, du�3Ã¡õ^�Û©
��QfXÚäké��5Ü©, Ù©
Äå

Æ��E,. ,	Tó�¥�?Ø
Q-òÛ:��«a., ¯¢þ, ·�uy�ko«ÿÀØ�d

�{� 2Q-òÛ:. 'u��²¡ FilippovXÚ�Q-ò©
¯K, 8c�vkõ�ïÄ.

Äuù�ÄÅ, 3�©¥·��\/?Ø
Ù¥�«ÿÀØ�d�{� 2Q-òÛ:, =Ð©�

���Ø�B��{� 2>.Q:-�Àò:NC�©
¯K. ÏLòXÚz{�5�.¿|^w�

ÄåÆ, ·�uylQ:-�Àò:NC�±�)�>.Q:Ú V V1 ùü«a.©|±9ü^¦�

XÚk��ë�Q:Ú�Àò:�©���©
�. Ó���/�Ñ
©
ã9©
��L�

ª.

�©�Ù{Ü©|�Xe. 31 2!¥, ·�?Ø
²¡ FilippovXÚ��
ÎÒ¿�Ñ
�

�#�5�.. 31 3!¥�Ñ
¤ïÄXÚ�²ï:Úw�ÄåÆ. ·��Ì�(JÚy²9�

A�©
ãò31 4!¥?Ø. ���Ü©é¤���(Ø?1
o(.

2. ý��£Ú5�.

�©�Ä±e²¡ FilippovXÚ(
ẋ

ẏ

)
=

{
X(x, y), h(x, y) > 0,

Y (x, y), h(x, y) < 0,
(2.1)

Ù¥ h : R × R → R´± 0��K��1w¼ê, �þ| X : R2 → R2 Ú�þ| Y : R2 → R2 ´

Cr(r ≥ 2)¼ê (Cr L«ëY��� r��¼ê8).

�XÚ (2.1) ���� Σ =
{

(x, y)T ∈ R2 | h(x, y) = 0
}
´�^1w�, Ùò²¡ R2 ©�

Σ+ =
{

(x, y)T | h(x, y) > 0
}
Ú Σ− =

{
(x, y)T | h(x, y) < 0

}
ü�«�. �½ p = (x, y)T ∈ R2, �â

�þ| X Ú Y ���?�Ú�ò Σ©�n�Ü©:

(i) B��: Σc = {p ∈ Σ | Xh(p) · Y h(p) > 0};

(ii) w��: Σs = {p ∈ Σ | Xh(p) < 0, Y h(p) > 0};

(iii) <º�: Σe = {p ∈ Σ | Xh(p) > 0, Y h(p) < 0};

Ù¥ Xh(p) = X(p) · gradh(p)Ú Y h(p) = Y (p) · gradh(p)©O½Â� h�éu X Ú Y 3 p?�

��o�ê, �«� Σc, Σs, Σe3 Σþ´m«�.

du3 Σs Ú Σe þ, XÚ (2.1) �);,�U÷X Σ w1. Ïd�â Filippov à�{, éu

p ∈ Σs ∪ Σeþ�);,�d±e�§(½

Zs(p) =
Xh(p)Y (p)− Y h(p)X(p)

Xh(p)− Y h(p)
. (2.2)

e p ∈ Σs ∪ Σe �÷v Zs(p) = 0, K¡Ù��²ï:. e p ∈ Σ+ (½ö p ∈ Σ−)� X(p) = 0

(½ö Y (p) = 0), @o p�¡�¢²ï:; XJ p ∈ Σ− (½ p ∈ Σ+)�÷v X(p) = 0 (½ Y (p) = 0),
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K¡ p�J²ï:; XJ p ∈ Σ�X(p) = 0 (½ Y (p) = 0), @o p�¡�>.²ï:. AO/, �


��¡/©Û²ï:©|, ·�ò?�Ú«©ü«ØÓa.��²ï:.

- X(x, y) = (X1(x, y), X2(x, y))
T

, Y (x, y) = (Y1(x, y), Y2(x, y))
T
¿� h(x, y) = x, ¤±3ù

«�¹e, XÚ (2.1)�w�)�

ẋ = 0, ẏ = gs(y) =
X1(0, y)Y2(0, y)− Y1(0, y)X2(0, y)

X1(0, y)− Y1(0, y)
. (2.3)

Ïd, �â3©z [10] ¥�½Â, e p ∈ Σs � g′s (y∗) < 0, K�²ï: p = (0, y∗)
T
½Â�½

��(:; e p ∈ Σe � g′s (y∗) > 0, K�²ï: p ½Â�Ø½��(:; XJ p ∈ Σs �÷v

g′s (y∗) > 0, ½ö p ∈ Σe ¿÷v g′s (y∗) < 0, @o�²ï: p ´���Q:.

éu p ∈ Σ, e÷v Xh(p) · Y h(p) = 0, K¡ p´���: ( pQØ´ X �Ø´ Y �Û:).

�e5, ·��Ñ�:¥��«~��ò:, Ù½ÂXe.

½Â2.1. � p´XÚ (2.1)��:. e Xh(p) = 0 � (X)2h(p) > 0 (½ (X)2h < 0), K¡ p �

XÚ (2.1)'u X ��À (½Ø�À)ò:; e Y h(p) = 0 � (Y )2h(p) < 0 (½ (Y )2h > 0), K¡ p

�XÚ (2.1)'u Y ��À (½Ø�À)ò:.

/Ï½Â 2.1, ·�k±eA«a.��:.

½Â2.2. éuXÚ (2.1), ·�½Â:

(i) XJ p´d��>.Q:Ú��ò:-E/¤�, @o¡ p ´��Q-òÛ:;

(ii) XJ p´dü�Ø�À (½�À)ò:-E/¤�, @o¡ p´��Ø�À (½�À)�-ò

Û:;

(iii) XJ p ´d���Àò:Ú��Ø�Àò:-E/¤�, @o¡ p ´���À-Ø�À

�-òÛ:.

£Á�©8I´�ïÄQ-òÛ:�©|, Ïd3XÚ (2.1)¥·�Ú\ü�ëê α = (α1, α2).

XÚ (2.1) ò��

(
ẋ

ẏ

)
=



(
X1(x, y;α)

X2(x, y;α)

)
, x > 0,(

Y1(x, y;α)

Y2(x, y;α)

)
, x < 0,

(2.4)

Ù¥ Xi : R2 × R2 → RÚ Yi : R2 × R2 → R´ Cr ¼ê, i = 1, 2. -

J(α) =

(
a+

11(α) a+
12(α)

a+
21(α) a+

22(α)

)
=

(
∂X1(0,0;α)

∂x
∂X1(0,0;α)

∂y
∂X2(0,0;α)

∂x
∂X2(0,0;α)

∂y

)
b+1 (α) = X1(0, 0;α), b+2 (α) = X2(0, 0;α)

b−1 (α) = Y1(0, 0;α), b−2 (α) = Y2(0, 0;α), a−12(α) =
∂Y1(0, 0;α)

∂y

(2.5)

e α = (0, 0)�, �XÚ (2.4)k��Q-òÛ: O = (0, 0). Ø���5, ·�b�Ð©����Ø
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�B�, � O = (0, 0)´�þ| (X1, X2)
T
���>.Q:Ú (Y1, Y2)

T
����Àò:-E/¤�,

=Xã 1¤«.

Figure 1. O ∈ ∂Σs ∩ ∂Σe,
the boundary saddle-visible
fold singularitiy of System
(2.4)

ã 1. O ∈ ∂Σs ∩ ∂Σe�, XÚ
(2.4)�>.Q:-�Àò:.

Ó��
�y{� 2Q-òÛ:��3, ·�7L�\±e�{¿^�: Q:�A��m7Lî�u

Σ, ¿�Q:�A����7LØÓ. ù¿�b�

(H0) b+1 (0) = b+2 (0) = b−1 (0) = 0, a+
12(0) < 0,det(J(0)) < 0, tr(J(0)) > 0, b−2 (0) < 0, a−12(0) > 0

3�©¥©ª¤á.

du b+1 (0) = X1(0, 0; 0) = 0 ±9 a+
12(0) = ∂X1(0,0;0)

∂y
6= 0, K�âÛ¼ê½n���3�� Cr

¼ê

y = τ1(α) (2.6)

¦�éu¿©�� ‖α‖ =
√
α2

1 + α2
2 k τ1(0) = 0Ú X1 (0, τ1(α);α) ≡ 0. É©z [10]éu, e¡Ï

L�EÓ�N� (
x̃

ỹ

)
=

(
1 0

a+
22(α) −a+

12(α)

)(
x

y − τ1(α)

)
(2.7)

éXÚ (2.4)?�Úz{, ¿- µ(α) = a+
12(α)b+2 (α), K�òXÚ (2.4)�mfXÚz{� Liénard 5

�.: {
ẋ = tr(J(α))x− y +O (x2 + y2) ,

ẏ = det(J(α))x− µ(α) +O (x2 + y2) ,
x > 0. (2.8)

½Â

γ(α) =
tr(J(α))

2
√
− det(J(α))

, µ̂(α) =
µ(α)√

− det(J(α))
(2.9)
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¿�CþO�

(x, y, t)→

(
x√

−det(J(α))
, y,

t√
−det(J(α))

)
, (2.10)

?�Úò5�. (2.8)=z�Xe/ª
ẋ = 2γ(α)x− y +O (x2 + y2) ,

ẏ = −x− µ̂(α) +O (x2 + y2) ,

x > 0. (2.11)

aq/, 3Ó� (2.7)ÚCþ (2.10)�C�e, ��é(2.4) ��fXÚ?1z{.db� (H0)�

�, Y1(0, 0; 0) = 0, ∂Y1(0,0;0)
∂y

= −a−12(0)

a+12(0)
> 0, u´dÛ¼ê½n, �3�� Cr ¼ê

y = τ2(α) (2.12)

¦� τ2(0) = 0±9 Y1 (0, τ2(α);α) ≡ 0,=¿�X (0, τ2(α))
T
©ª´ (2.4)��fXÚ�ò:.

b� û(α)Ú τ2(α)©Odª (2.9) Ú (2.12)½Â. � β = (β1, β2)
T
±9

β = ϕ(α) = (û(α), τ2(α))
T
, (2.13)

@o3Q:-�Àò:NC, ·�kXe·K¤ã�5�..

·K2.3. � (H0)¤á, ±9∣∣∣∣∣∣∣
∂X1(0,0;0)

∂α1

∂X1(0,0;0)
∂α2

∂X2(0,0;0)
∂α1

∂X2(0,0;0)
∂α2

∣∣∣∣∣∣∣ 6=
a+

12(0)

a−12(0)

∣∣∣∣∣∣∣
∂Y1(0,0;0)

∂α1

∂Y1(0,0;0)
∂α2

∂Y2(0,0;0)
∂α1

∂Y2(0,0;0)
∂α2

∣∣∣∣∣∣∣ , (2.14)

Ù¥, | · |L«1�ª, K

(i) (2.13)ª¥�ëêC�´Ó��;

(ii)3ª (2.7), (2.10)Ú (2.13)�C�e, XÚ (2.4)C�XeÿÀ�d5�.

(
ẋ

ẏ

)
=



(
F+(x, y;β)

G+(x, y;β)

)
, x > 0,(

F−(x, y;β)

G−(x, y;β)

)
, x < 0.

(2.15)

Ù¥

F+(x, y;β) = 2γβx− y +O
(
x2 + y2

)
,

G+(x, y;β) = −x− β1 +O
(
x2 + y2

)
,

F−(x, y;β) = Y1

(
x√

−det (Jβ)
, τ1

(
ϕ−1(β)

)
+

(
a+

22

)β
x−

√
− det (Jβ)y(

a+
12

)β√− det (Jβ)
;ϕ−1(β)

)
,
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G−(x, y;β) =

(
a+

22

)β√
−det(Jβ)

Y1

(
x√

−det (Jβ)
, τ1

(
ϕ−1(β)

)
+

(
a+

22

)β
x−

√
−det (Jβ)y(

a+
12

)β√−det (Jβ)
;ϕ−1(β)

)

−
(
a+

12

)β√
− det(Jβ)

Y2

(
x√

−det (Jβ)
, τ1

(
ϕ−1(β)

)
+

(
a+

22

)β
x−

√
−det (Jβ)y(

a+
12

)β√−det (Jβ)
;ϕ−1(β)

)
,

γβ = γ
(
ϕ−1(β)

)
,
(
a+

12

)β
= a+

12

(
ϕ−1(β)

)
,
(
a+

22

)β
= a+

22

(
ϕ−1(β)

)
, Jβ = J

(
ϕ−1(β)

)
;

(iii) γ0 = γ(0) > 0, G−(0, 0; 0) > 0, F− (0, β2;β) ≡ 0, ∂F
−(0,0;0)
∂y

> 0, ∂F
−(0,0;0)
∂β2

< 0 � (0, β2)
T

©ª´XÚ (2.15)'u�þ| (F−, G−)
T
��Àò:.

y². �â (2.9)Ú (2.13)ª�±wÑ{
β1 = a−12(α)b−2 (α)/

√
− det(J(α)),

β2 = τ2(α).

qd b+2 (0) = 09 b+2 (α) = f+
2 (0, 0;α)��

∂β1

∂α1

∣∣∣∣
α=0

=
a+

12(0)√
−det(J(0))

∂X2(0, 0; 0)

∂α1

Ú
∂β1

∂α2

∣∣∣∣
α=0

=
a+

12(0)√
−det(J(0))

∂X2(0, 0; 0)

∂α2

. (2.16)

£� τ1(·)�½Â (2.6)ª±9 a+
12(α) = ∂X1(0,0;α)

∂y
, k

∂τ1(0)

∂α1

= − 1

a+
12(0)

∂X1(0, 0; 0)

∂α1

Ú
∂τ1(0)

∂α2

= − 1

a+
12(0)

∂X1(0, 0; 0)

∂α2

.

Ïd, ÏL (2.12)ª½Â� τ2(·), ·�?�Ú���

∂β2

∂α1

∣∣∣∣
α=0

= −∂X1(0, 0; 0)

∂α1

+
a+

12(0)

a−12(0)

∂Y1(0, 0; 0)

∂α1

(2.17)

Ú
∂β2

∂α2

∣∣∣∣
α=0

= −∂X1(0, 0; 0)

∂α2

+
a+

12(0)

a−12(0)

∂Y1(0, 0; 0)

∂α2

. (2.18)

l(Ü (2.14), (2.16), (2.17) Ú (2.18)ª, k∣∣∣∣∣ ∂β1

∂α1

∂β1

∂α2

∂β2

∂α1

∂β2

∂α2

∣∣∣∣∣
α=0

=
a+

12(0)√
−det(J(0))

(∣∣∣∣∣ ∂X1(0,0;0)
∂α1

∂X1(0,0;0)
∂α2

∂X2(0,0;0)
∂α1

∂X2(0,0;0)
∂α2

∣∣∣∣∣− a+
12(0)

a−12(0)

∣∣∣∣∣ ∂Y1(0,0;0)
∂α1

∂Y1(0,0;0)
∂α2

∂Y2(0,0;0)
∂α1

∂Y2(0,0;0)
∂α2

∣∣∣∣∣
)
6= 0

¤á. Ïd, (2.13)ª¥�ëêC�´Ó��. e¡·�y² (ii)Ú (iii) .

ÏL��O�±9|^b� (H0) , ·��±��

γ0 = γ(0) > 0, G−(0, 0; 0) > 0, F− (0, β2;β) ≡ 0,
∂F−(0, 0; 0)

∂y
= −a

−
12(0)

a+
12(0)

> 0.

Ïd, (0, β2)
T o´�éu�þ| (F−, G−)

T
´���Àò:. ,	d F− (0, β2;β) ≡ 0 ��,

�3�� Cr ¼ê F̃−(x, y;β) ¦� F−(x, y;β) = (y − β2) F̃−(x, y;β). ù¿�X ∂F−(0,0;0)
∂β2

=
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−∂F−(0,0;0)
∂y

< 0,y.. �

w,, XÚ (2.15)��XÚ (2.4)3ÿÀþ�d. Ïd3�©��{Ü©, ·�Ì�ïÄ5�.

(2.15)�ò F±(x, y;β)Ú G±(x, y;β)©O�� F± (x, y;β1, β2)Ú G± (x, y;β1, β2).

3. ²ï:©|

�
ïÄäkã 1ù«a.�>.Q:–�Àò:�©|(J, I©ÛXÚ (2.15)�²ï:�¹

Úw�ÄåÆ, Ù(Jde¡�·K�Ñ.

·K3.1. � (H0)¤á, éuv
�� ‖β‖ , éXÚ (2.15)±e(Ø¤áµ

(i) e β1 > 0 , �: O´��'u�þ| (F+, G+)
T
��Àò:; e β1 < 0 , K�: O´�

�'u�þ| (F+, G+)
T
�Ø�Àò:.

(ii) � β1 < 0�, XÚ (2.15)k��¢Q: S, � β1 > 0�, XÚ (2.15)k��JQ:. d

	, � β1 < 0�, ¢Q: S äk��ÛÜ½6/Ú��ÛÜØ½6/, §�©O3 (0, ys(β))
T

Ú (0, yu(β))
T ?� Σ��, ¿�

ys(β) = β1

(
y0
s +O

(√
β2

1 + β2
2

))
, yu(β) = β1

(
y0
u +O

(√
β2

1 + β2
2

))
, (3.1)

Ù¥

y0
s =

√
1 + (γ0)

2 − γ0, y0
u = −

√
1 + (γ0)

2 − γ0. (3.2)

y². (Ø (i)��â©z [12]��O���, e¡Ì�y²(Ø (ii).

d·K 2.3 (ii)O��∣∣∣∣∣∣∣
∂F+(0,0;0,0)

∂x
∂F+(0,0;0,0)

∂y

∂G+(0,0;0,0)
∂x

∂G+(0,0;0,0)
∂y

∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
2γ0 −1

−1 0

∣∣∣∣∣∣∣ = −1,

±9 F+(0, 0; 0, 0) = 0, G+(0, 0; 0, 0) = 0, u´�âÛ¼ê½n��ª (2.15) ��fXÚk�

�Q: S = (x∗ (β1, β2) , y∗ (β1, β2))
T

. Ï� F+ (0, 0; 0, β2) ≡ 0 Ú G+ (0, 0; 0, β2) ≡ 0, ·�k

x∗ (0, β2) ≡ 0±9 y∗ (0, β2) ≡ 0. ùV¹X�3 Cr ¼ê x̃∗ (β1, β2) Ú ỹ∗ (β1, β2)¦� x∗ (β1, β2) =

β1x̃
∗ (β1, β2) � y∗ (β1, β2) = β1ỹ

∗ (β1, β2). qdÛ¼ê¦�5¿� ∂x∗(0,0)
∂β1

= −1 ±9 ∂y∗(0,0)
∂β1

=

−2γ0, ·�k

x∗(β) = x∗ (β1, β2) = β1

(
−1 +O

(√
β2

1 + β2
2

))
, y∗(β) = y∗ (β1, β2) = β1

(
−2γ0 +O

(√
β2

1 + β2
2

))
.

(3.3)

ù¿�Xéuv
�� ‖β‖, � β1 < 0�Q: S ´¢�, � β1 > 0�Q: S ´J�. �â©

z [18]¥�½n 3.2.1, Q: S äk��ÛÜØC½6/ y = hs(x)Ú��ÛÜØCØ½6/

y = hu(x), Ù¥

hs (x∗(β)) = hu (x∗(β)) = y∗(β), h′s (x∗(β)) = −y0
u, h′u (x∗(β)) = −y0

s .
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Ïd

hs(x) = y∗(β)− y0
u (x− x∗(β)) +O

(
(x− x∗(β))

2
)

(3.4)

Ú

hu(x) = y∗(β)− y0
s (x− x∗(β)) +O

(
(x− x∗(β))

2
)
, (3.5)

ù`²ÛÜ½6/ÚØ½6/ò©O3 (0, ys(β))
TÚ (0, yu(β))

T?� Σ��. �?�Ú, ©O

3 (3.4)Ú (3.5)ª¥- x = 0, Kk

ys(β) = y∗(β) + y0
ux
∗(β) +O

(
(x∗(β))

2
)

(3.6)

Ú

yu(β) = y∗(β) + y0
sx
∗(β) +O

(
(x∗(β))

2
)
. (3.7)

ò (3.3)�\�ª (3.6)Úª (3.7)¥��

ys(β) = β1

(
y0
s +O

(√
β2

1 + β2
2

))
Ú yu(β) = β1

(
y0
u +O

(√
β2

1 + β2
2

))
. (3.8)

y.. �

�e5, 'uXÚ (2.15)�w�ÄåÆ©Û, ·��ÑXe·K.

·K3.2. éuv
�� ‖β‖� β2 6= 0, KéuXÚ (2.15)k±e(Ø¤áµ

(i) XJ β2 > 0, K�3��B��� Σc =
{

(0, y)T | 0 < y < β2

}
, d�<º�E� Σc ={

(0, y)T | y < 0
}

, w��C� Σs =
{

(0, y)T | y > β2

}
;

(ii) XJ β2 < 0, K�3��B��� Σc =
{

(0, y)T | β2 < y < 0
}

, d�w��E� Σc ={
(0, y)T | y > 0

}
, <º�C� Σs =

{
(0, y)T | y < β2

}
.

y². d·K 2.3 (ii)O���

Xh(0, y) = (1, 0)

(
F+(x, y;β)

G+(x, y;β)

)
= −y (3.9)

Ú

Y h(0, y) = (1, 0)

(
F−(x, y;β)

G−(x, y;β)

)
= (b−1 )β + (a−12)βτ1

(
ϕ−1(β)

)
− (a−12)β

(a+
12)β

y (3.10)

u´�âB���½Â±9 Y1 (0, τ2(α);α) ≡ 0, β2 = τ2(α), e β2 > 0, w,��XÚ (2.15)�

3��B�� Σc =
{

(0, y)T | 0 < y < β2

}
; e β2 < 0KB��C� Σc =

{
(0, y)T | β2 < y < 0

}
.Ó

n�©OO�w��Ú<º�.y.. �

4. Ì�(J9Ùy²

�!ò/Ï±þ©Û�²ï:Úw��¹50�·��Ì�(J9Ùy². (JL², 3ã
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1ù«a.�Q–òÛ:NC, ¬u)©z [15] ¥ïÄ��>.Q:©|Úü��Àò:�-E

V V1 ©|. d	, 3 β1 < 0�ëê�m¥, �3ü^{� 1©|� η1 (β1)Ú η2 (β1). ùü^©

|��Ù¦n^{� 1©|� l1 = {(β1, β2) | β1 = 0, β2 > 0}, l2 = {(β1, β2) | β1 > 0, β2 = 0},
l3 = {(β1, β2) | β1 = 0, β2 < 0}9 l0 = {(β1, β2) | β1 < 0, β2 = 0}òëê�my©�±eA�«�:

R1 = {(β1, β2) | β1 > 0, β2 > 0} ,

R2 = {(β1, β2) | β1 < 0, β2 > η1 (β1)} ,

R3 = {(β1, β2) | β1 < 0, 0 < β2 < η1 (β1)} ,

R4 = {(β1, β2) | β1 < 0, η2 (β1) < β2 < 0} ,

R5 = {(β1, β2) | β1 < 0, β2 < η2 (β1)} ,

R6 = {(β1, β2) | β1 > 0, β2 < 0} ,

(4.1)

��Bå�, ·�^ Cij = (∂Ri ∩ ∂Rj) \{(0, 0)}L« Ri � Rj (i, j ∈ {1, 2, . . . , 6})�m�>., K

3ù«�¹e, � β2 = ηi(β1) (i ∈ {1, 2})©OéA C23Ú C45. ëê�mÚ©
ãXeã 2¤«.

Figure 2. Parameter regions, bifurcation curves and bifurcation
diagram of the system (2.15) near the saddle–visible fold singu-
larity O

ã 2. XÚ (2.15)3Q:-�Àò: ONC�ëê�m!©|�
9©
ã

e¡·�ÏLA�½n5�ãT«Q-òÛ:a.©
ã�(J.

½n4.1. � |β| 6= 0, �� ‖β‖¿©�, @oéuXÚ (2.15)Ù²{±e©
:
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(i) e β2 > 0 , (β1, β2) ∈ C12, K3 l1 = {(β1, β2) | β1 = 0, β2 > 0}ù^©|�þ, ¬u)�

>.-Q:©|;

(ii) e β1 > 0 , (β1, β2) ∈ C61, K3 l2 = {(β1, β2) | β1 > 0, β2 = 0}ù^©|�þ, ¬u)ü

��Àò:�-E V V1 ©|;

(iii) e β2 < 0 , (β1, β2) ∈ C56, K3 l3 = {(β1, β2) | β1 = 0, β2 < 0}ù^©|�þ, ¬u)

�>.-Q:©|.

y². d·K 3.1Ú·K 2.3��, éuëê«� {(β1, β2) | β1 < 0, β2 > 0}, XÚ (2.15)k��

¢Q: S!���Àò: (0, β2)
T

. �X β1 Øä~�, 3 C12 >.þ, ¢Q: S Ú�: O-E/¤

��>.Q:. éuëê«� R1 = {(β1, β2) | β1 > 0, β2 > 0}, K�3���Àò: O, ÙO�

>.Q:. Ó�ùpvkáÚf. Ïd, �â©z [15]¥�ïÄ, 3 l1 = {(β1, β2) | β1 = 0, β2 > 0}
ù^©|�þu)
�>.-Q:©|, ùÒy²
(Ø (i).

e¡·�y²(Ø (ii). éuv
�� ‖β‖, e β1 > 0, Kd·K 3.1 (i)Ú·K 2.3 (iii)��,

�þ| (F+, G+)
T
k���Àò: O ∈ Σ, �þ| (F−, G−)

T
k���Àò: (0, β2)T ∈ Σ. ?

�Ú, 3>. C61 þ, ùü��Àò:-E, = O = (0, β2)T = (0, 0)T. ,	, d·K 3.2��, 3

C61 >.þ, XÚ (2.15) k���¹ÛÉwÄ:�w�ã. � β2 6= 0, β1 > 0 �, �Àò: O Ú

(0, β2)Ty½
���þ��ãB��, Ù;��l Σ+B� Σ−, � β1 > 0�, Ù;�C�l Σ−

B� Σ+. Ïd, �â©z [15]¥�ïÄ, 3 l2 = {(β1, β2) | β1 > 0, β2 = 0}ù^©|�þu)

ü��Àò:�-E V V1 ©|. =(Ø (ii)¤á.

éu(Ø (iii),Ùy²aqu(Ø (i)�y²,��Ñ.y.. �

XJ�3��¢Q: S, = β1 < 0, K�±�)ü^�Û©|�. ù�¯¢d±eü�½n5

`², ÙéA�©
ãXã 3Úã 4¤«.

Figure 3. Bifurcation diagram of the
system (2.15) with β1 < 0 and β2 > 0

ã 3. β1 < 0� β2 > 0�XÚ (2.15)�
©
ã

½n4.2. � β1 < 0±9 β2 > 0 , @oéu¿©�� ‖β‖, �3�� Cr ¼ê

η1 (β1) = y0
uβ1 +O

(
β2

1

)
, (4.2)
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Figure 4. Bifurcation diagram of the
system (2.15) with β1 < 0 and β2 < 0

ã 4. β1 < 0� β2 < 0�XÚ (2.15)�
©
ã

¦�XÚ (2.15)k��ë�Q: S Ú�Àò: (0, β2)
T �©��.

y². � β1 < 0, β̃2 > 0, Ù¥ β̃2 = β2/β1. -

ỹu(β1, β̃2) = yu(β1, β1β̃2)/β1, (4.3)

Kd·K 3.1��

ỹu(β1, β̃2) = y0
u +O (β1) . (4.4)

�Ä�§ Γ(β1, β̃2) = 0, Ù¥

Γ(β1, β̃2) = ỹu(β1, β̃2)− β̃2. (4.5)

d (4.4)ª�� Γ(β1, β̃2) = y0
u − β̃2 +O(β1), Ïd Γ(0, y0

u) = 0�
∂Γ(0,y0u)
∂β̃2

= −1. u´dÛ¼ê½

n, �3�� Cr ¼ê β̃2 = η̃1 (β1) ¦�

η̃1 (0) = y0
u, η̃1 (β1) = y0

u +O (β1) . (4.6)

¤á. ù¿�Xe β̃2 = η̃1 (β1), K ỹu(β1, β̃2) = β̃2.

�e5, - η1 (β1) = β1η̃1 (β1), ò (4.6)ª�\k

η1 (β1) = y0
uβ1 +O

(
β2

1

)
= (4.2)ª¤á� β̃2 = ỹu(β1, β̃2), ù`²XÚ (2.15)Q:�Ø½6/� Σ��: (0, yu(β))

T Ú

�Àò: (0, β2)
T -E, =3 η1 (β1)ù^{� 1©|�þ, XÚ (2.15)�3��ë�Q: S Ú�

Àò: (0, β2)
T�©��.y.. �
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½n4.3. � β1 < 0±9 β2 < 0 , @oéu¿©�� ‖β‖, �3�� Cr ¼ê

η2 (β1) = y0
sβ1 +O

(
β2

1

)
, (4.7)

¦�XÚ (2.15)k��ë�Q: S Ú�Àò: (0, β2)
T �©��.

y². T½n�y²�½n 4.2�y²aq,Ïd�Ñ.y.. �

5. (Ø

�©|^5�.Úw�ÄåÆé��²¡ Filippov XÚ¥�w����þ�{� 2 >.Q

:-�Àò:©|?1
�[�©Û. (JL², 3Q:-�Àò:NC�±�)�>.-Q:©|Ú

ü��Àò:�-E V V1 ©|. d	, ·����
3 β1 < 0�ëêf«�S, ¬�)ü^©|

�, ¦�¤ïÄXÚk��ë�Q:Ú�Àò:�©��. ��, �©�ïÄ(J�y¢
©z [16]

¥©ã�5XÚ�Q:-ò:©|�(Ø�·^u��²¡ FilippovXÚ. AT�Ñ�´, �©¥·

�ò5¿å��3Ù¥�«ÿÀØ�dQ-òÛ:a.þ. ¯¢þ, Ù¦�¹��±?1aq�ï

Ä, ùò3�·��5�ó�.
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