
Advances in Applied Mathematics A^êÆ?Ð, 2024, 13(4), 1210-1216

Published Online April 2024 in Hans. https://www.hanspub.org/journal/aam

https://doi.org/10.12677/aam.2024.134111

Caputo©ê��©�§)���5

MMM������§§§��� LLL∗§§§999���rrr

�§�ÆêÆ�ÚOÆ�§ìÀ �§

ÂvFÏµ2024c3�9F¶¹^FÏµ2024c4�1F¶uÙFÏµ2024c4�11F

Á �

�©Ì�ïÄ�aäkRiemann-Stieltjes>�^��Caputo©ê��©�§"|^Green¼ê

�5�§BanachÂ �n§y²
�§)���5"

'�c

Caputo©ê��©�§§��5§)

Uniqueness of Positive Solutions for the
Caputo Fractional Differential Equation

Chaoyu Xu, Ying Wang∗, Yumei Zi

School of Mathematics and Statistics, Linyi University, Linyi Shandong

Received: Mar. 9th, 2024; accepted: Apr. 1st, 2024; published: Apr. 11th, 2024

Abstract

In this paper, we consider a class of the Caputo fractional differential equation with

Riemann-Stieltjes integral boundary conditions. Making use of the properties of the
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Green function, the Banach contraction principle, uniqueness result of the equation is

proved.

Keywords

Caputo Fractional Differential Equation, Uniqueness, Solution

Copyright c© 2024 by author(s) and Hans Publishers Inc.

This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

1. Úó

�©ïÄäkRiemann-Stieltjes>�^��Caputo©ê��©�§(BVP):


cDαx(t) + a(t)f(t, x(t)) = 0, 0 < t < 1,

x(0) = x′′(0) = 0, x(1) =

∫ 1

0

b(s)x(s)dA(s),

(1.1)

Ù¥2 < α < 3, Dα
0+´Caputo �©.

∫ 1

0
b(s)x(s)dA(s)L«äk2ÂÿÝ�Riemann-StieltjesÈ©,

A : [0, 1]→ (−∞,+∞)´k.C�¼ê, a : (0, 1)→ [0,+∞), f : [0, 1]× [0,+∞)→ [0,+∞)ëY.

3êÆ��µe, �ÃuCc5��5©ÛnØ�¯�uÐ, �9ØÓ>.^��©ê��©

�§�5�ÚåÆö�,� [1–7]. ©ê��©�§>�¯K�ïÄ, �õ�Ä�´©ê��ê½Â

e�õ:, È©>�¯K, éuRiemann-StieltjesÈ©½Âe�È©>�¯K�ïÄ, �é��. Ï

d, �©ïÄ��§´�©k¿Â�.

2. ý��£

½Â2.1 [8, 9] (Riemann-Liouville) α �È©½Â�

Iα0+x(t) =
1

Γ(α)

∫ t

0

(t− s)α−1x(s)ds,

Ù¥n− 1 ≤ α < n, n ��ê.

½Â2.2 [8, 9] (Riemann-Liouville) α ��ê½Â�
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Dα
0+x(t) =

1

Γ(n− α)

(
d

dt

)n ∫ t

0

(t− s)n−α−1x(s)ds,

Ù¥n− 1 ≤ α < n, n ��ê.

Ún2.1 [8, 9] eα > 0, x ∈ L(0, 1), Dα
0+x ∈ L(0, 1), K

Iα0+D
α
0+x(t) = x(t) + c1t

α−1 + c2t
α−2 + · · ·+ cnt

α−n,

Ù¥ci ∈ (−∞,+∞), i = 1, 2, ..., n, n− 1 < α ≤ n.

Ún2.2 b�h ∈ C(0, 1) ∩ L(0, 1) K


cDαx(t) + h(t) = 0, 0 < t < 1,

x(0) = x′′(0) = 0, x(1) =

∫ 1

0

b(s)x(s)dA(s)

(2.1)

k���L�ª

x(t) =

∫ 1

0

G(t, s)h(s)ds, (2.2)

Ù¥

G(t, s) =
1

Γ(α)


t

(1− χ)

(
(1− s)α−1 −

∫ 1

s

b(t)(t− s)α−1dA(t)

)
− (t− s)α−1, 0 ≤ s ≤ t ≤ 1,

t

(1− χ)

(
(1− s)α−1 −

∫ 1

s

b(t)(t− s)α−1dA(t)

)
, 0 ≤ t ≤ s ≤ 1,

χ =

∫ 1

0

tb(t)dA(t).

y² dÚn2.1 Ú^�

x(0) = x′′(0) = 0,

BVP(2.1) �due¡�È©�§

x(t) = −
∫ t

0

(t− s)α−1

Γ(α)
h(s)ds+ ct, (2.3)

(Ü^�

x(1) =

∫ 1

0

b(s)x(s)dA(s),

�±��
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c = x(1) +

∫ 1

0

(1− s)α−1

Γ(α)
h(s)ds.

¤±

c =
1

Γ(α) (1− χ)

(∫ 1

0

(1− s)α−1h(s)ds−
∫ 1

0

∫ t

0

b(t)(t− s)α−1h(s)dsdA(t)

)
, (2.4)

ò(2.4)ª�\(2.3)ª, ·�k

x(t) =
t

Γ(α1) (1− χ1)

(∫ 1

0

(1− s)α1−1h1(s)ds

−µ1

∫ 1

0

∫ 1

s

b1(t)(t− s)α1−1h1(s)dA1(t)ds

)
− 1

Γ(α1)

∫ t

0

(t− s)α1−1

Γ(α1)
h1(s)ds.

=, (2.2)ª¤á. �

dGreen ¼êG(t, s)�L�ª, �±y²e¡�Ún2.3¤á.

Ún2.3

(1)

G(t, s) ≥ 0, G(t, s)3[0, 1]× [0, 1]Y .

(2)

G(t, s) ≤ (1− s)α−1

Γ(α)(1− χ)

.
= Φ(s), t, s ∈ [0, 1].

b�X = C[0, 1], ½Â�ê

‖x‖ = max
t∈[0,1]

|x(t)|.

KX´Banach �m. é?¿�(x) ∈ X, ½ÂT : X → X

T (x)(t) =

∫ 1

0

G(t, s)a(s)f(s, x(s))ds, 0 ≤ t ≤ 1.

Kx´BVP(1.1)�)��=�x´T�ØÄ:.

3. Ì�(J

�©, ·�b�e¡�^�(H1) ¤á.

(H0)
∫ 1

0
Φ(s)a(s) < +∞.
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(H1) �3ζ ≥ 0,k

|f(t, u1)− f(t, u2)| ≤ ζ|u1 − u2|, t ∈ [0, 1], u1, u2 ∈ [0,+∞).

dAscoli-Arzela ½n, ��e¡�Ún3.1¤á.

Ún3.1 b�(H0) ¤á, KT : X → X´�ëY�f.

½n3.1 b�(H0)(H1) ¤á, ∆ζ < 1, where

∆ =

∫ 1

0

Φ(s)a(s)ds. (3.1)

KBVP(1.1)k��).

y² b�

sup |f(t, 0)| = $ < +∞,

d(H1)��

|f(t, u)| ≤ $ + ζ|u|.

-

r =
∆$

1−∆ζ
, Pr = {x ∈ X : ‖x‖ < r}.

�e5, ·�y²TPr ⊂ Pr. é?¿�x ∈ Pr,

|Tx(t)| ≤ max
t∈[0,1]

∣∣∣∣∫ 1

0

G(t, s)a(s)f(s, x(s))ds

∣∣∣∣
≤

∫ 1

0

Φ(s)a(s)f(s, x(s))ds

≤
∫ 1

0

Φ(s)a(s)($ + ζ|x|)ds

≤ ∆ ($ + ζ‖x‖) ,

Ïd

‖Tx‖ ≤ ∆ ($ + ζ‖x‖) .

‖T (x, y)‖ = ‖T1(x, y)‖+ ‖T2(x, y)‖
≤ ∆1 ($1 + ζ1‖x‖+ η1‖y‖) + ∆2 ($2 + ζ2‖x‖+ η2‖y‖)
≤ r.

é?¿�x1, x2 ∈ X, t ∈ [0, 1], dÚn2.3Ú(H1),
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|Tx2(t)− Tx1(t)|

≤
∫ 1

0

G(t, s)a(s) |f(s, x2(s))− f(s, x1(s))| ds

≤
∫ 1

0

Φ(s)a(s) |f(s, x2(s))− f(s, x1(s))| ds

≤ ∆ζ‖x2 − x1‖.

¤±

‖Tx2 − Tx1‖ ≤ ∆ζ‖x2 − x1‖.

du∆ζ < 1, T k���ØÄ:,=BVP(1.1)k��). �

4. (Ø

�©ïÄ
Caputo�©�§�), |^BanachØ �n, �Ñ
)��3��5(½n3.1). d

uf´Ä�¼ê, 3¢S¥, �3�þ÷v�©^��¼ê, `²
½n�k�5.
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