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Abstract: An algorithm for computing the approximate Hausdorff distance as well as its error value between two alge-
braic surfaces is proposed based on dividing and conquering subdivision technique and interval arithmetic. Theoreti-
cally, as long as the size of the voxels is small enough, the computed approximate Hausdorff distance can reach any
precision, however, the CPU time used may be overwhelming.

Keywords: Hausdorff Distance; Algebraic Surface; Interval Arithmetic; Subdivision Algorithm

PO B @ 2 18) Hausdorff PR ESf &

AR FARWA L, BHW L, SR, EWES
MR TR, B
U TR SHURRE SEOR B, B

SWIT Tk K S e, B
Email: shh@zjut.edu.cn

R HW: 2013429 H 27 H: &EHY: 2013410 A 29 H; FHAHM: 2013411 H 10 H
i B AT ERAXIEEAR, AR —FhrH 5K R 1Y) Hausdorff PE 2 1 5% 2 EIETETHE W
Hausdorff 05 ME MR BEZA B iR ZEEH. W L, HREREMEREKANEEAN, S DHESTFEH R
Hausdorff #5 25 UT ME 58 HE 2 [ R ZE R BIME R DN o (H BRSO I e, fn SRS P S8 SR 4 vy DU s 1) g A 2 A

R

X$i7: Hausdorff fEE%; ARl XIME AR 4050 H%

il

1.5l EUHIH 5 Hausdorff B0 T fF— MeAb b4

Hausdorff Ji B M4l s 2 oAz e —Fp  RUR(EIER). ZILTERURS ol S0 2 1 9t Ok
BEE, TE R T AN AR A A T R R . T3 Rucklidge % %) 2 4EEMGHR T —Fh s 2
Hausdorff ¥ 3 7E H- ML 2% .+ B LT - Hausdorff 5 B 115771, (HiZI7 i ARMEHE ™ 21 3 4k,
ML PR b TR A AT A7 43 28 g i Y, AtallahBVet s JEAHAS P 2 AR T — R S
TEH 4 5 AR5 4 (No. 61272300, 61070135). [F1] Ay 25 1 B B 1 Hausdorff 25 551152 77 5= . Barton 251

Open Access 407



sk AR B b T 22 18] Hausdorff 25 25 ()35

X 20 AR SR T — i BRI Hausdorff 7R &9
(771, AR BEAR S, kAN B SE R 150 H (1. Tang
BB T BVH HARIEH T — R 2 10 W% 2 18]
Hausdorff PR i A ih 50 7732, AR, AT LUk 2|
SER PRI R . Kim U Bl XUR IR R 247
HARSEH T —MitE S8t 4 2 7] Hausdorff FHE5
J7i% . Bai VAT BT I AMER T — Rt 5 250
£k 2 18] Hausdorff PEES #1575, Chen 2B T —
Fhit5 B KRS 4L 2 18] Hausdorff #5551 77 k. 339,
Hanniel %:Mi il GPU A R T —FeH 4t
NURBS i i () Hausdorff #2145 77k, DL Eix s
RV B BRI TH 2 171 (1) Hausdorff BE 2S5
). Juttlert Vx5 1 £ 2 1] 8% 5 B 4 2 11 1Y
Hausdorff #EEg i 5 AT 720 ERgfliah, (R0 T
FaaC 282 18] Hausdorff 2R 25¥A 45 BRI S5
%o

AR BE A THENLTE SRR I KRS T, At
28 i T E T SHL R 2 A L AT g 78 o () 3 ok ik
Z2 M, AR K 26 T R) ) Hausdorff 85 25 (3151
WAL R EE L SR BT AR T R A
— oL NIRRT S50k, BT CAE E AT R
T2 (8] Hausdorff 258 15038 B AT o Sk )
AR SCAE DX 1) 43 T R0 43 B39 1 ety et A 5 o T
Z 8] Hausdorff PEEGTHE @ X3e s 7 — Mt
Jri e B FEA AR PG IE 4 S SR DA 4K
Bl AT B, SRR IS T R R S I — A
INSEIT AR (MR AT Hausdorff 25 B SR AR 2 40 5k
A Hausdorff FEES, TESRFFEFEFER) T\
PN IX (A AEAT IS o B 0 3R B AT s th i A
B A AL B AR E vk S gk AR H0 i T 2 TR
Hausdorff 555 I ME, I HBEZETHE H T ALME 1) [F]
25 R ZEJE o H2 0 B SR = IRk, R[]
TR R,

2. B
Pk ARE T S, F1 S, 1F] ) Hausdorff PR 5 & S
H(S,.S,)=max{h(S,,S,).h(S,.S,)} »
Heh(s,s,)= max min [p—af xS, 2 S, i 5

8 Hausdorff B, h(S,,S,)=maxmin||p—qg| FiAse
pesS; e

408

'S, 3 S, [fJ #.1) Hausdorff BEES, || p —qf| AR
i X(H % HL Euclidean #E ), HX 3| Hausdorff 51K
FXFTFR N Hausdorff 5% o

B¥L £, (xy,2)=0, f(xy.2)=
AR, K f(xy.z), f(xy,
T, Fﬁ%ﬁﬂ’]frﬁ@iﬁi%[z,ﬂxu, Jx
IR E N & o FIERIEE— AR B P IR A&t T
r%j*ﬁlﬂc. AR FH )\ SO AITX (] SEA 23 T 48 AL 2

KA ARE T R = AN RS

A= Uﬂéa][ b ]x[c.c])

~—

Al
A, ZQ{[QJ"JJ']X[EJ’EJ}X[L'f_i]} °

B SRBE S O SAT S 1, (X, ,2) =0
fELF S x, %]y, 7 ] x

¥,y zzimmﬁﬁlﬁf]
IR M [ | REEE 0, k| f, T | Ao,

VW [ X]x[y Y x[2,Z] AR AR T
guyz)o MRFE X, AR £ s
0, W [x.X]x[ v,V |x[2.Z] # T fig 43 4 48 K M
(%Y z)=0, JPREIZA B XA Ak —20 )\,
SER3et )\ SRS I i 1S A0 15 40 1 X 0
WN, BN BRI KN R K S
INFE TR NI 2 N1k, SR H R A,
MHZXIAEN A FEETTAS A, o % SRS —
BRAG R WA\ SRS 45, T4 A
ANKITPRHEAT T, ECBe St 6] T 56\ SR
gy, WML AEE 0, BA K
[ X]x[ v, ¥ %[z, 2] A LAt 755 B A X B
/NIRRT PR3 — 25 I8, T R A — A
AR T 19 5 350 2 D 400 ST T T A 11X
ST ARHORETOIE , 2 4 Bl T P AR R
EIE OSSR IR . 2 )\ SUREHAR 25 H FIAR X L
A0 9 X 0 A T LU BB IS £ F -
GUNOPREPS 25 P X P ata AU
T PRI A A T A, 1 B R IOA P 8 i 7 ]
i) Hausdorff Bf25. HILREHR0 S5 R 18] A BE i 2 it
O SEPANJ5  2 A  IX 1] B B B 4 ) Hausdorf

XIIBEE h (A, A) = max min R~ R, |- Hri AR A,

Open Access



sk AR B b T 22 18] Hausdorff 25 25 ()35

S TF R PIAR KT B O 5 H 7 T (91 %, Ry
SRFTR AR A, RIISETHE, R —Ry| Fm A
S5 2 TR DX TR B 7 1 3777 4 X 3,
S ERAR AR AL
Ry = (%o, Ko ][ Yo Vi | <[220 2] M R IX S A
2 I X [ B 7 XN

IR ~Ral =[8.8]={([x % ]-Dx %)
A(lpen -] +(aa-a)]

BEERITTERR e A, ifEL5n 20, FAA
A n, LR, AT A FRETE n, AL R
%ﬁﬁmﬁgmﬁ%ﬁ%b”f] j=12,n,
/%[gi,gj {rr:in{g } mln{ }} KA A HA n ANSL
Jitk, FIT A TR ST AR R, /l‘[ g‘]
FERFIX g A DX I) 43 1) B A i Rt P 5 KA AN A S )
B RAB P o] #5331 ) Hausdorff IXTRIZEET h(A, A, ) »
Ep

y2 °©

h(A, A,)=max min

RieA Ryehy

R —R,|= {mn%x{gi},mr;x{g_i}},

FEA R h(ALA) .

Eh(AA)FIh(AA) —FERALE, Ba
H(A, A, ) S S EBCR X ] 5 = A 505, B
AH(ALA) FECh(ALA) RN (A, A) =3 A2 5
A KE LA h(ALA) FIh(A, A) 3 A3 2
B T X 8] . BRI 4nR

1) i N 7 5k A i 22 T R B3R A

fL(xy.z), f,(xy.2), BARBTETHE R X8
[K,Y]X[X,ﬂx[;,f]%D%Jb%ﬁ:go

2) I IE 0 5 SEAR 52 £, (x,y,2) £E X 350
[ X]x[y. ¥ |x[2,7] L i e s | £, F ]
[ £ 0 [R5 0, WHGZIK AR, 50K 1% X
Fertt g 4309 /AN, AN I T A2 3
(20, — B EIRIRA KN RN T4 T4 2 1%
PR e ik, WRERHBRA, WAGIHAEA A, R
&

A=Ullaalx[b.5 ][5l -

i=1

Open Access

3) [FHAT1S
A = WDd][ g <[

4) THSPIAS LT A 18] X8 3K B A P A
Jrik AR, Ho - Rps o BRI IX () is 5
R

o537 - He AT
el [n ,f—j})Z}w

i=12,--,n, j=12,,n,5 H—FIEEEET S5
ﬁﬁ&jﬁWEMAAﬁ£WME%iﬁﬁﬁ$MM
AP DSE R R MR A X RS g9, |1

g, Uk KA K 5 | g, 0, | K47
stie +[,0])=| minfou} min (@, =12

RMWM[ @WMﬂoﬁ@ﬂﬁ

h(A,A)-

5) WA h(A,A)FIh(A,A)RHZE, B s E
BRMENHAA): MR ZHEFALE, B4
H(A,A)BELh(ALA)FIh (A, A) =3 e S £
BRMEULKN(ALA) R (A, A) = A i R 5
KAEFTA B IX A, FkEs .

BT IX (AL S A PR ST 1, 9 S AR5l T 2 ] f
i Hausdorff BE 2 H (A, A)) — € £ D48 X a5
ARG 4y Bk v 545 3% Hausdorff  [X [ R B4

H(ALA) 2z e BrodRATAT DU H (A, A)) B A
NH(AA) BEERME, 10 HiRZE— Al X 5
H(AA) KR — . 2 3 AT 78 7 5
Hausdorff 2 &5 Fr I A E 1 [F I 25 H TR 2248, X2 1R
Z H B % Hausdorff PR BT R EE A B & B0
Ao A, MERR BpFR B e BN, W LMER T
S Hausdorff B B8 iR 22X TR, (HEART
AR P BT o R SR AR ZE AR /N TS 4 T BB T B A 2
AAFAEHE K.

3. 3B
FATH Mathematica 8.0 4w S B _L i 52, IF

409



sk AR B b T 22 18] Hausdorff 25 25 ()35

HAERLE M Intel Core Duo CPU E7500 @2.93 GHz 4t
BLARNAT N 2 GB HITHENL IS AT %A P AT T AR
R SEB 5

s TFE UL KUl T 7E [-2, 2] % [-2,2]x[ -2, 2]
X 4=kt B 9 1) Hausdorff £ 25 :

1 1 1
f(x,y,2)==x>+=y?—=72,
1(x3.2) 4 27 79

1 1 1
f,(xy,2)=—x*+=y*-=7°
: (%y:2) 16" 27 9

fE LR R A & :6_14= 0015625 , i1 570
45 HL45 3 Hausdorff [X ] 25 N

Jﬁ 103
A2 A2 |~ [0.7288689868,0.8070437559]

BATHGZ X 8] 1 54l 0.81295637135 1F HiX AN
it (a] Hausdorff PEES L ME, A4 1R ZEA
Z X R B — 2B 0.08408738455. 1 H4E %% E H
CPU I Ay 789694 #b. iR Eilt— LIt kL,

4 & BOAZECE /NHUE, HTHE [R]85 0 2
%o AN SR EH TR, B R SN U A
e GPU S8 AT I A2 FRAT T — 20 5 B TAE .

4, #hig

M EL SRR RIS 7] DU, AR M
VEAT DA RO S R kAR it T 2 1R) Hausdorff R
EEAME, HFHAETHEH Hausdorff E 5 1 LUE 1
[FI 25 H TR 220 . AR SC YR PR T B IREFRHREL
i [ Hausdorff FEESZAH T —Fpit 5 51%,

410

T B H AT A 1 B B AR T 22 A
Hausdorff FE &5 (5 I, FRATEIE T LU 7L .
R SCBELE R SR R R A R I R £,
XA ] A Aok i S AL B R GPU s
AT B

BEHk (References)

[1] Kim, Y.-J.,, Oh, Y.-T,, Yoon, S.-H., et al. (2013) Efficient Haus-
dorff distance computation for freeform geometric models in
close proximity. Computer Aided Design, 45, 270-276.

[2]  Rucklidge, W. (1996) Efficient visual recognition using the
Hausdorff distance. Lecture Notes in Computer Science, 1173, 1-
161.

[3] Atallah, M. (1983) A linear time algorithm for the Hausdorff
distance between convex polygons. Information Processing Let-
ters, 17, 207-209.

[4] Barton, M., Hanniel, 1., Elber, G, et al. (2010) Precise Hausdorff
distance computation between polygonal meshes. Computer
Aided Geometric Design, 27, 580-591.

[5] Tang, M., Lee, M. and Kim, Y.-J. (2009) Interactive Hausdorff
distance computation for general polygonal models. ACM Tran-
sactions on Graphics, 28, 1-9.

[6] Kim, Y.-J., Oh, Y.-T., Yoon, S.-H., et al. (2010) Precise Haus-
dorff distance computation for planar freeform curves using
biarcs and depth buffer. The Visual Computer, 26, 1007-1016.

[7] Bai, Y.-B., Yong, J.-H., Liu, C.-Y,, et al. (2011) Polyline ap-
proach for approximating the Hausdorff distance between two
planar free-form curves. Computer Aided Design, 43, 687-698.

[8] Chen, X.-D., Ma, W., Xu, G, et al. (2010) Computing the Haus-
dorff distance between two B-spline curves. Computer Aided
Design, 42, 1197-1206.

[91 Hanniel, 1., Krishnamurthy, A. and McMains, S. (2012) Com-
puting the Hausdorff distance between NURBS surfaces using
numerical iteration on the GPU. Graphical Models, 74, 255-264.

[10] Juttler, B. (2000) Bounding the Hausdorff distance of implicitly
defined and/or parametric curves. Mathematical Methods in
CAGD, 1-10.

[11] Li, Q.-D. and Tian, J. (2009) 2D piecewise algebraic splines for
implicit modeling. ACM Transactions on Graphics, 28, 1-13.

[12] Shou, H.-H., Lin, H.-W., Ralph, M., et al. (2003) Modified af-
fine arithmetic is more accurate than centered interval arithmetic
or affine arithmetic. Lecture Notes in Computer Science, 2768,
355-365.

Open Access



