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Abstract

For a class of (1 + 2)-dimensional nonlinear Schrédinger equations, 8-dimensional subalgebra of
the infinite Lie algebra is found and its one optimal system is constructed. By further reduction
with its symmetry we obtain the corresponding ordinary differential equations. Solving the ordi-
nary differential equations, one finds some exact invariant solutions of the Schrédinger equations.
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#()=1£(1)=2,7(1)=5(1) =0
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Table 1. Commutation of the Lie algebra L* [7]
3% 1 Lie ¥ L° g932#83R[7]

V.V, ] v, v, v, v, v, v, v, v,
vV, 0 0 0 v, v, v, , 0
v, 0 0 0 0 0 -V, v, 0
v, 0 0 0 v, 0 0 v, 0
v, -V, 0 -V, 0 0 0 -V, 0
v, -V, 0 0 0 0 0 = 0
v, -V, v, 0 0 0 0 -V, 0
v, = -V, -V, v, 2V, v, 0 0
v, 0 0 0 0 0 0 0 0

WIFRV 5V ZEREBERE TS5, 12V =V .
L, 7272 2 sttty T ARBIE B A (exp(aV,))V, > ST (i, ) 27 Ad (exp(&V]))V, ©
BATVRIFH SCHR[41R 45 7 i, TR A ROT@) M 1-4E A RS, IR W Lie £R% L AAEAT
FEFITLER
V =kV, +kV, + KV, + KV, + KV + KV + KV, + KV s

PEFHFEBERER T B WAL R ALK S RIVEH (V) =12(k; )" 7EFEBEBEMEH FUR AR 1, 1
n(Ad(g)V)=n(V), Vel*, geG, MMFHMTMZALRAFITEHHEL.

W 1. #k, =0, Agikk, =1, LA Ad (exp(-kV,/2)) fEFIEV L, FIG)ERV, fi i RECH
%, .

V = Ad (exp(—kyVs/2)) = kY, + KV, + KV, + KV, + KoV + KV, + KV o

FIRE, UGBV, .V, V.V, RV, AR REBERE A FRIARV, . V, .V, V, RIV, BOFEA), AT
PIHERV 1V, V,, Vg, VRV RTH RS ik, 57V SMTV =V, +aV,, #faeR.
1HIE 2: #k, =0, ik 20, AWk =1. K@y, , v, v, 7IEH, aTEMERY,, V, fly,
WM RECNE, BV S0 TV =V, +KV, + KV, +kV, . BV, fEHTV 115
V = Ad (exp(aV, )V =€V, +e kY, + ek, +e KV, »

BIV =V, + 62KV, +e KV, +e KV, » BV, i RE N +1, 180 0. XPERAIE 3
V=V, +&V, +aV; +bV,, HabeR, £=+18(0.

15K 3: £k, =k =0, ik, =0, Agkk, =1. KKBV,, V,, V,FEV a5
V=V, +&V,+aV, +bV,, HrfabeR, £=+18(0.

THIE 4: #7k, =k =k, =0, kg =0, AP kg =1 AKXV, , V, , V, (EHTV 013V =V, + &V, +aV;,
HaeR, e=+18(0,

T 5: Fk, =k =k, =k, =0, k, 20, Rkt k, =1 MKKHEV, , V, (EFTV 7HV =V, + &V, +aV;,
HrraeR, e=+1800.

T 6: 47k, =k =k, =k =k, =0, k, 20, AWtk k, =1 KKV, , V, (EFHTV 0[BV =V, + &V,
Hir e =+184 0.
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Table 2. Adjoint representation of basis element of Lie algebra

3% 2. Lie REBET R MR R

Ad v, v, v, v, v, A v, A
A v, v, v, V, - &V, V, eV, V, &V, V, - 2sV, v,
v, v, v, v, v, v, V, +&V, V, - &V, v,
v, v, v, v, V, -V, v, A V, -V, v,
v, V, +eV, +&V, /2 v, V, + ¢V, v, \'A v, V, +é8V, vV,
v, V, +&V, v, v, v, A v, V, +2¢V, v,
A V, +8V, -V, /2 V, - &V, v, A v, v, V, + 8V, v,
v, eV, eV, eV, eV, A eV, A v,
v, v, v, v, v, A v, v, v,
B T: #k, =k =k, =ks=k, =k, =0, k; 20, A@ikks=1. HV,/EHTV IRV =V,.
JE— ML, Mk =k =k, =k, =k, =k, =k, =0, V FIV, ZZA 1,
Rk, BATAFBIL T3 48 L (78 L i — et RGAERUT A
VI=V, +aVy; V2=V, +eV, +aVv, +bVg; V3=V, +&V, +av, +bV,; ®)

V=V +eV, +aVy; Vo=V, +&V, +aV,; Vo=V, +eV; VI =V V8 =V,
y\:l:':‘ a, b %’fﬂ?%ﬁﬁi&’ & :i'lgz 0.
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KA R R S(6), THEH 2D-CNLS A Q) I FRLM /328 T BRI, &R
LAV =V, +aV, il it Sd i, AR B 4 R
N SR TTRRA, BA VLSRR AL T, ARIERHET L. W, EROTV =V, +aV,

X RLERFE R SN
dt _dx dy  du  dv

2 - N - (7)
t X 'y -—u+iau -2v
KipZ T REABEV AL R
1 1 1-ia
z(txy)=xt 2, z,(txy)=yt 2, H(z,2,)=ut?, H,(z,2)=1t.
/Q"\
ia;l
u=H,(z,2,)t 2, v=H,(z.2,)/t (8)
(@) AN E R LML T FEN
o*H, &*H,) .[_ oH oH 2 .
2 L Ll- i § L H,{2p|H,| —1—a—-4H,)=0,
(825 8212 J '(Zz oz, +7 521J+ 1( ,0| 1| ! 2) o
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asz + 02H2 _562 (|Hl|) —
o2 oz oz?

EATIFAHLL Q)P T —A A
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Table 3. The first reductions of (1) by optimal system (6)
7 3. FREO)XTMURG(O)HE—RAKL
AT L4 7 12 AL &
2(62H1—62H1]—i[z H, aHlj
2 1
oz oz} oz, oz,
2 .
ViV, +ay, +H, (2p]H,[ ~i-a-4H,) =, A
aZHZ aZHZ 62(‘H1‘)2
sty 05— =0
0z, 0z, 0z,
0’H, ©o°H
e H, (262, - 2bz, +2H, - p|H,[') =0,
1 2
V? =V, +eV, +aV, +bV, , B
oH, &H, _0*(H.])
— t o 0 =0,
0z, 0z, 0z,
2 2 2
i l—zh + | E+bz, | -1 0 }jl +(2bz, —4az,) (& + 2bz, )i o,
0z, 2 0z, oH,
2 2 2 212 H H ih2 _
VP2V, 46V, +aV, +bY, +Hl[4pz1 [H,| +b z+b.s|+2|zl+2|b zl+4abzlzzj—0, c
2 2 & (|H.[
(£+bzlj +17 a Ffz —57(‘ zl‘ )=0;
2 0z, 0z,
2
(42} —52)6 'jl +4iz| z, H, 4 5
oz, 0z, oz,
VSV, 4V, v, w221, (i+22,0[H[ + 202, ~ 42 H,) =0, 5
2 & (IH,[
(4zf+gz)L 'jz —8257(‘ 21‘ )=0;
Z, 0z,
2
(1—&12)a 'jl i +4asz, o,
0z, 0z, .
H, (p[H,[ +472 —2H, ) =
VE=V, +éV, +av, + 1(/" | +4e2] z) 0, .
2
2H o (|H
(1+a2)6 2 _a257(‘ 21\ )=0;
0z, 0z,
0°H, .oH 2
e 621—H1(p‘H1‘ ~42'7; ~2H,) =0,
2 1
Ve =V, 44V, 2 F
oH, o(Hl)
oz oz’ '
A=A N ol iy G
1 1 =3 gvt(ZaHAbztzf3hx+3Ly74L2IZ)
H: Ar z=xt?, z,=yt?, u=H,(z,z)t7 , v=H,(z,z)/t: B: z=x-20t*, z,=y-2¢t’, u=H,(z,2)¢e ,
y 2bt+€ iy(sat® 4btx<i;y»21ybz<shy) ay X
v=H,(z,z,)-2at; C: z=t, z,= —%, u=H,(z,z,)e ¢ , v:Hz(zl,zz)—z—t: D: z=t, L=y->
U:Hl(zlxzz)emx% rv=H,(z,2 )—% iE:z,=t, z,=y-ax, Uu=H,(z,2,)e™ , v=H,(z,2,)-xe :F: z,=t , z,=x, u=H,(z,2,)e™,

v=H,(z,2,)-ye .
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FTFRAH.(10)H) Lie ARECTFREEN

Y =7(z,2,,H;, H,) oz, + E(2,,2,,Hy H, ) 02, + (2, 2,,Hy H, ) oH, + (2, 2,,Hy H, ) oH,
FHSCHRI8] [91H I AR «, & n A @ Ik e I FE2H, BJ
T =022 +Cyz, +C,,

1
$=172,¢ +Ezzcz +§(Zl)’

(11)
n=(-H,zi/4-zH,)c, - Hc,/2-iH,h(z)-iz,H,& (2,)/2,
¢ =(-22,H, -8z ~i/4)c, +(-H, =62 )c, - 4z,¢c, + '(2,)/2+ 2,£" (2,) /4,
i, . G RIEEMHEL &(z). h(n) RIEEMELL
TR0 A W Lie B R T4, HAELH: I'=_"ol.
o L2 DURAE(LL) P 8 A AT R B A BT
0 _ B AN
Y, _:5(21)6Zz 5 iZ,ué (21)6H1 + 1 2,¢ (Zl)aHz ,
o 1 ) 12
0 _ ; ~h
Y, _IUh(Zl)aHl 5 h'( 1)6H2 :
B ME T4 TARM, LR (L) AR R ot R A BRYEHS 7. L i —4ldE A
Y, = 2202, + 2,2,01, —(ilezz/4+ lel)aHl —(221H2 +827 + i/4)6H2
1 1
Y, = 2,07+ > 2,02, = HyoH, —(H, +62)oH, (13)

Y, =0z, —4z,0H,

KT LR 2, O RATATLAGRIE 4 Rk 5,
&Y =nY, +n,Y, +nY, A 34 L TR e R BRI (Y)= 2[(n2)2 - 4n1n3] AR BRI A AR
B KKHY, L, TERTY , Alf3:
Y =AY, + Y, + ALY, = Ad (exp(aY,)) Ad (exp(AY,))Y
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Table 4. Commutators of (13)
I 4. (13)HyZ AR

Y, Y, Y,
Y, 0 -y, -2y,
Y, Y, 0 -Y,
Y, 2y, Y, 0
Table 5. Commutators of (13)
5. ()M H|E
Ad Y, Y, Y,
Y, Y, Y, +Y, £, + 26V, +Y,
Y, ey, Y, ey,
Y, Y, - 2¢Y, + &%, Y, Y,

i =n+/4n, +ﬁ2n3
i, = —2am, +(1— 200, ) + 23 (1 2)

ﬁ3:(Jzzn1+az(0:,3—l)n2+(1—0:ﬂ)2 N,

AT AL g 19 3 FMHTL T -

T 1 R n(Y)>0, FEAESH B AL TR n + n, + f7ny =0, JEHELa=n;/(n, +2pn;),
WA =, =0, M, A,=n(Y)=0. HILY EHTY,.

2. mkn(Y)<0, £ B=0, a=n,/2n, 158, =0, B, (EATY , E45Y, MY, 570 R=E
. BEILY ST Y, +Y; 0

I 3: Wk np(Y)=0, WAEFHMER. #n,n,,n AANE, RATTLUESE o BB EHAR =0,
i, =M, =0, XY ZMNTFY,.

B2, 3-ETRE — 4R R G

Yi=y,, n(Y)>0
Y=Y, +Y,, n(Y)<0 (14)
Yi=y, n(Y)=0

PRI, FRXF(10)FT I (14)BEAT 204k, 940 Es R 6.
[FIRER AR XS 2 3 R AR TS L AT 45 R 2tk 85 R . i TRITRARR, X HEANE.
6. FIEEAQ)EBIEHT LR

AT R 6 P TR, R g H Q) IR R AR -

PATPEPAG U], AR R

Bl 1: % 6 PR
d’w,
dz?
w, = 8|w[* +k,z +k,

®

. dw, . 2
+'Zd—zl+W1('+4Wz—2/3|W1| ):0 15)
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Table 6. The second reductions of (1) with V° =V, + &V,
6. FRRI0)XTV® =V, + &V, B

AR TT HBoRANTTE A E

2
vy ddzvlll+iz%+wl(i+4wz—2p\wl\z)=0,

w, = 8w +kz+k,

de1 2
4 :_8w,)=0,
YZ=VY +Y, dz* 1( Pl +2 WZ) B
w, = 8w +kz+k,
d’w,
- -2w, =0,
Y=y, Mot -2n) c
w, = 8w +kz+k,
o B B o B . ~w(2) ’A(izf;] 4w, (2)-iz, —82 -8z 7,
Hed: Ar Ho=w(2)/Jz » H,=w(2)/z,-22", z=2,/\z ; B: Hl_\/“_zfe H,= i 7) , Zi\/ﬁ’ C
Cw(z) B 74wz(z) iz-8z z,
H, = Jz e™, H,= 47° Ty

Lw, = f(2)+ig(z). Hrf f(2) Flg(z) RSEEBL #A@5)F 7

)[(45 20)((F () +(9(2)) )+ Az +k, | =
20"(2)+2f'(2)+ 1(2)- 9(2)] (45-2)((F (2)) +(a(2))") + Bz +k, | 0.

Hr 6, p,k, k, AL F . BAMERGTIEQ6)FEM. Fitk, B 26=p, k =k, =0, EI{E(16)2H

@) -a)-0
{29"(2)+zf’(z)+f(z):o’ f L £ (2) 5 9(z) R

ol - e ()

[

sl ol - e o ()
oo

Herab,c,d RAEREH, Fresnels(z) = [ sin(nt*/2)dt, FresnelC(z)= [ cos(nt®/2)dt . HE— bk
ME: a=b=c=d=1, XIH

i o ) () o ()
e o) ) - e o)

N
—
—_
N
~—
|
N
«
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\_/
LQ
—_
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+
—
—_
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K 1-3 45t £ (2),9(2) 5|W1|2 I
T3 RE(L)XS LR RE B 9 -

’ :%ezm (‘\/% FresnelC [ Jz%j((“ i)COS[Z—zj—(—u i)sin(z_iD

_%(_2 " \/ﬁFresnels(\/%D[(—lJr i)cos[i—zj +(1+1i)sin (Z—zj]

N 2mt N 2mt N 2mt

Heigo+l, & N
d2W1 2 _
il 2: s 6 q:a@ﬁﬁ{FW(”W ‘ZWZ)—O’

w, =S| +kz+k,.

MAMFER T, TR
£"(2)- 1 (2)(p-26)((1 (2)) +(9(2))" |+ 2 (2) k2 +2f (2)k, = O
L"(Z)9(2)(p25)(("(Z))Z+(9(Z))2)+29(Z)klz+29(2)kz0
L p=25, k =k, =-12, ERLFEH:

{f”(z)—zf (z)-1(2)
9"(2)-29(2)-9(2)

01
Oy

f (z) = AiryAi(1+z)a+ AiryBi(1+z)b,
g(z) = AiryAi(1+z)c+ AiryBi(1+z)d.

ko=a=b=c=d=1, 5%
w, = AiryAi (1+z) + AiryBi (1+ ) + i ( AiryAi (1+ z) + AiryBi (1+ 2)),
w, = 2( AiryAi (1+2)+ AiryBi(L+ 2))* ~z/2-1/2.

EATEG WA 4, K5,
J7 FELH (1) X6 8L R B A R

u=e™ (1+ i)[AiryAi (1+ X/x/f)+ AiryBi(1+ X/*/E)J/\/E
v=-2t7 - yg+[—x/f— x+4ﬁ(AiryAi (1+ x/\/f)+ AiryBi(1+ x/x/f))z}/t

Hireg=41.

2 2
v:—2t2—yg+5|:2+nFresneIC[ X j—Z\/EFresneIS[ X j+nFresneIS( X ]1/

17

(18)

M| 1 S0P 5, AT LR BLT AL BRI (8)A W R R . BBt 2EIRAL R G AT

BRI FRAE A T3 R (1) RO AS R R SR A A o
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Figure 1. Graph of f(z)
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Figure 2. Graph of g(z)
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Figure 3. Graph of |w|
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Figure 4. Graphof f(z) or g(z)
B4 f(z)3g(z) BEIK

Figure 5. Graph of |w]* and w,
E 5w w, B

7. GRE

ARSI R FRIHAE LMK IR TTREAL(L) o SO AT BRI AR R, &M 1 AR (1) 4T
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