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Abstract

This paper is concerned with an improved single integral inequality with application in the
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time-delayed neural network. First of all, an improved single integral inequality is proposed by
virtue of the reciprocally convex combination inequality and zero-qualities. Secondly, relay on the
characteristics of the system more information about time-delay is considered in constructing the
augmented Lyapunov functional. Then, a less conservative stability condition is obtained through
utilizing the improved integral inequality and other analysis techniques. In the end, to verify the
effectiveness and superiority of the derived results, a numerical example is provided.
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1. 5|8

T 7 480 220 IO 8% ) R 1k 1) R A 8 ) 28 Ah BR DR AR 2 155 A BRI — S A0 A 0] A 22 A SI B[] 1)
FERE[1] [2] [3]e — T, {EN MWL 2RI, NTRFEME; H—J70, EEMErsLiid, mT
P2 TG (1A PR U] 5013 23 agf A WIS G 1 HH LISV, AR 22 A ORI R I 2 R A R B AT H, X 4T
RN RERITERE T R R AT E (4], R T ¥ 40 28 0 28 i RS P2 AR A = .

BIHFTALE, AT XTI A2 X 28 R GRS E YERF L R 2R Lyapunov 2 iR 575 . J8 I A
Lyapunov fa € PEFRIR[5], M 241 Lyapunov 72 B LA SR AT BEAG AU HUAG THZ 28 1 T Ok 153 BIR AR <7 12
(PR E PEHEN . X T #43& Lyapunov 2 B /57%,  HATHCECHE WLHA WG WG )1 Lyapunov iZ iR [6], F
FH I 53 ST VARG V2 R [ 71 A S AE 5 22 AR U2 R (8] X T THZ B ) 8, FEER MRS
JEFAE AR T, D1 RIRTG R TG B ) B 5. N T AR SeR Sy, AT ] S AN S AU A 1
%, Bl Jensen AS%5E5[9], T Wirtinger E’J7F/E{§J\T A[10], FETHBEEERNRSAZER[11], B0ER
B HAEFEAR AN 12] DA B AN R[13]5555 o X e AN S5 20 R0 BRI 7 IR Aol 2 D 46 P R 3 M A
SEVESRAE, AR etk 2]

SCHR[14]H @ TS 5] A1) Lyapunov 32 B8 8 H T Wirtinger ANGE2UHT, 4531 1 ORI FUA 19 B ¥ A
KA EPERRE, SCHR[1SIRIAH FE o BA ) 1 — BRI AER, SEEMH Jensen A5 4 AH
tt, iz AT LIS ab o B B AERE, AT Bk 50 K (1) B H Pk I 43 3 58 Sk B 5. SR, SR
(15 AER G A —ERSEE, BA MRS A A, @SB AR 4 TEE B i R4t
PRsp P s T EE R, Bl T — B AERT I ZER ST, X ZERRESE

Bab—mREEBULRGHIIRSFE B, NN RN EF, B — A3 E B H
RPN — EA S TR AT T 1) — B AN S N B AICH #2228 R G DR ST PE BAT IR I R Lo kA,
EAF—IRARAEN) T I s AHRIREA RO FAF IR TE, O E R — B INIG T [ & IR
XA M BTN A — A5 1) Lyapunov 32 B, FEXTIXANZ BRsK TG REE RG22 RSE B Bk, A&
SCHUEIE T AR AN AL B 5 455 A5 R4 Lyapunov 12 BR,  FRAFORST IR BEAR AR E PR

RNTEERR, BATELEMW NS HE: R FR n 4R R ACE nxm WIS
sym{X}=X+X"; diag{-} RS ARIF: col{---} FlFE XT, A X153 MR BB, * %
71~ O 1R %o R T
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2. MEFHR
2.1. RgHEid
% Fe A I AR R 2 4 R
{X(t)=—Ax(t)+Wlf(Wox(t))+sz(W0x(t—h(t))),
x(6)=4(6),6 €[-h,0].

Hrhx(r)e R RARGHIRE TR Ae R™, W, eR™, W, eR™, Flw, e R™" R CHMMLHIHERE, VA
St (0) RIELIMIIREL b R u ROAIE L H L &

0<h(t)<h, h(t)<u. )

T (e (£)) = col{ f (W2 (1)), f (Wapx (£)) -+ f (Wo, x(£))} FEARETC I R K07, AL W, (9565 0 4T, 1
BL £(0)=0 Hi#i A Lipschitz & {F

(1)

<h 3

Mo, R RS, H L =diagll L.l ) L =diag{l L0

n

2.2. 5[IE

TEHT R G0(D) IR A AR e TG 2 AT, AT E a5 AN~ — e s E A0 5| L.
S 1. [16] 4D ZKEE S (v) = a0’ +ay+a,, Hpe[01]l, WHRA
T =f(h)<0(i=12), Ty=—phia,+f(h)<0, T,=—(1-B) hia, + f(h,)<0,
WA f(y)<O0(h <y<h)pksr, Hfh,=h-h,
SIE 2. [12] Bow(e) & NATHMEE: [a,b] > R", BALEXRNFRIEERRE H e R™, X TAERHR
B LY MERE L, M, B FIIRAZES 0T

-17T 12 sT
I:WT(S)HW(s)dSZ—SyIn{GOTLGI+00TM0'2}—(b—a)0'0T[3LH LM M joo

3

Ht o, = x(b)—x(a) - ozzx(b)”(a)—bf
5128 3. [17) EAFRIEEMIER >0, () B—NTMEL: [a,6] > R W FIIARZR T

Ji (s)Re()ds > ([ x(s)as) R([x(s)ds )

["x(s)ds+ o AR
a a

3

—a

Q'RQ,,

fﬂ@m&@@zﬁzgp@+iighg,

Hr

2 be(s)ds.

b—a-

Q, =J.:x(s)ds—ﬁﬁ.[2x(s)dsdﬂ , Q,=x(b)-x(a), Qy=x(b)+x(a)-

9T BERF BIOR PR AR AR E R 2R AF, A SBTIN—EudEi — AR A S F
BIE 4. FLIEEXFRAEY, eR™ (1=13), X, eR™(i=12), {E&HMFEY, eR™, X, eR™
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X, e R, x(t) A E: [a.b] > R, -

HRARS _|h h+X, _|h LtX,
Q =, J|20, =, 7 720, 0= 7 "0,
3 3 3
Q X,
94{* szo,

o, =" Mo
3_*Y—ﬂ
3

/Zx’ N‘f%ﬁﬁice[a,b], ﬁ—]:ﬁﬁ(]z:%ﬁﬁij

z_j W ()W (s)ds < ETQE. )
Hr
W (s)=col{x(s),(s)} & =cotfx(b).x(c)x(a)momamn s o = x(s)ds
wzzciaj.:x( =—H $)dsdo, v, =- jj s)dsdo,
e=[0,. 1, On,(7_i)nJ(i:1,2,~~-,7), ¢ =colfe,—e,e,—e,)}
¢, =col{(b—c)e, ~2¢,.2¢, — e, —e,,(c—a)e; —2e,,2e, —e, — e, } ,
Q=sym{-¢] (1, +X,)(e,—e,) el (1, + X )(ez —e3)}—<b—c>ezYe4—<c—a>ezxe5
—ezT(Xl—Xz)e2+elTX1e1—e3TX2e3 §1TQ ¢ - ;2 Q¢
B X T E AR X, e R™ (,-:1,2), NGRS VR
0=-2["xT (s) X,i(s)ds +x7 (b) Xpx(b) - x" (¢) X,x(c).
0=2[ x" (5) X,5(s)ds +x" (¢) X,x(c)~x" (a) X,x(a).
B Emm A TEXIA —ER Y, & IFFRZEIUS AT T3]
© ='W (5)Q (5)ds 2[ x" (s) X, (s)ds —2[ x" (s) X, (s) ds
—x()(X—X)() H()X () x' (a) X,x(a)
=W () (s)ds = [ ()2 (5)ds = (€) (X, = X2 )x()
+xT(b)X1x(b)— "(a)X,x(a )
MG 3 hpgASE s, Tt T
bl ([ (s)as) @u(['w(s)as)- 1a(j W (s)ds) ([ (s)s)
(ij ——” dsdﬂj ( ds——” dsdﬁj
UW dsdﬁj ( dsdﬁj
) o(e) s <b>xlx<b>— " (@) X,%(a)
DOI: 10.12677/pm.2021.111012 82 Eiile e


https://doi.org/10.12677/pm.2021.111012

LESEE

:—(b—c)wlTYlwl—2w1T(Y2+X1)(x(b)—x(c))— ! (x(b)—x(c))T)g(x(b)—x(c))

b—c
L (x(e)-x(a)) 1 (x(c)=x(a))

c—a

c a)szw2 2w, (Y + X, )( ( )—x(a))—

3 [ (b-e)m- 2v1}{y Y+X}{

b—c|2w —x(b * Y,

( )W12:|
2w —x(b)=x(c)

2]
3 {2(0 a)w, - 2v2 } {Y, Y2+X2H( a)w, —2v, }
")

—a * Y 2w, —x(c)—x(a)

Q

)-

) (c ) " (b)Xix(b)=x" (a) X,x(a)
M A H N & AT

D <—(b—c)w Yw —2w (Y, + X,)(x(b)—x(c))~(c—a)wy Y,w,

(
—2sz (Y2 +X2)(x(c)—x(a))—xT ((:)(X1 —XQ)x(c)+xT (b)Xlx(b)

x(b)-x(e)] [ X[ x(b)-x(c)
x (a) Xox(a )_b a|:x(c) x(a)} | * Y3:|L(c)—x(a)]
(b—c)w —2v, ' (b—c)w, -2y,
3 2wl—x(b)—x(c) {Ql X, | 2w1x(b)x(c)}
b-a (c—a)w2—2v2 *Q, (c—a)w2—2v2
2w2—x(c)—x(a) 2w2—x(c)—x(a)

=&ag
Y ST
3. IEIRLE R IERA
FEATT A, 3T LR A A SRS F B S AR R A BB, AT
Hy 24 ot Lyapunov ¥2 B 40 A8 5056 T RGE(DROHH I B
AT WL R RUERER 4 LR AR
1

0\ (1) =57 L S @ (r)=#()f‘:<’>x(s>ds, Bl(r)=ﬁfjmf;x<s>dsd6,

t—h(t

[—

8 (0)=——[ [ x(s)dsda, n, (1) = col{x(r), #(0). £ (Wox(1))}
1 (t5) = col{x(s),(s). £ (Wox(5))x (1) (=), [ x(8)a6) . (1) = col {x(r) (1)}
& (1) = ool x(0),x(e =), (1).8, (0. 5 (5)d. [ £ (W (s) s L, 7 (Po(s) s
¢<r>=col{x(r)»c(r—h(r)),x(r—h»w.<r>,wz<t>,s.<r>~92<r),x<r—h<r>>,x<t—h>,

F (). (T (=R () [  £ (o). [ 1 ((s)) s

fe (s) =1 (s)—l.’s gn (s) =l's—f (s) .
%ﬁ 1 Xj‘ /‘\'_E'E/JD’;‘%I h jFD U, EﬁEXT$/\IEﬁE%EB$PER7n xTn QI eRSnxSn s Q2 eR5n><5n s R eR3n><3n ,
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Zl ZZ nx2n nxn ( - N 24 nxn nxn nxn
zz[* Z];R“, N, eR™(i=12), FIEEXN MHEMET,eR™, T,eR™, T,eR™,

3

V c Rnxn (k =1 2’3’4) D e R ,fi %E%M c R, S c R3n><3n s S2 e R™", S3 c R2n><2n ?%Tﬁugﬁ,riﬁ

B AN 2R AL
7, Z,+N, Z, S, r, s,
rm{ }>0(m:1,2), Q{ }>0, n{ }0, (5)
* Z3 * Z3 * 1—‘2
rs{f i}o, ©)
‘= M, M
ro(h(t)=0)=(6")'|* -H 0o |(5*)<0, 7
_* * _3H_
(= Jam, JhM,
r,(h(e)=h)=(5")|* -H 0o |(&*)<0, ®)
_* * _3H_
=(5%) (2020, +T,)(5) <0, T, :(csi)T(—(l—y)2 h2J2+1"7)(5l)<0, ©)

TP B 5 4 22 ) 28 R 0 (1) R T AR E 1)
/\*’
8
E(h(t))=Y.1, . I, =sym{G/PG,}, T1, =h*GIRG, ~G}I',G,,.
n=1

I, =G;QG, _(1_”)G4TQ1G4 +G; 0,G, - G; 0,G; +sym{G7TQ1G6 +GSTQ2G6} >

1, = hG!ZG,, —%G,TZFSGIZ —%G,EHGB +sym{-¢, (Y, + X,) (e —e,) ¢} (Y, + X, ) (e, —e,)}
—h(t)eIYle4 —(h—h(t))eSTY]e5 —e, (X,-X,)e, +e/ Xie —e; Xye, ,

I = hf, Hf, +sym{G1T4M1G15 +GyM, G, +GuM, G, +G1T4M4G18} >

I = syrn{|:(ew —L,W,e )T 4 +(L1Woel ~&o )T VzJWofo}

+Sym{|:(elz —L,We, )T V +(L1Woes —€ )T V4:|VVO69}

—Sym{[elo e~ LW, (e —e, :| T, [LW 610 ‘ ]}
+ Sym{[elo —€p _L2W € - e3 :| T, |:L W el ) (eIO € )]}
€~ :| T, [L W ez e}) (611 —€p )]} )

W (
+Sym{(elo L Wel) Tl(LweI elo)}+sym{(e“—Lz%ez)TE(Ll%ez—e“)}

+ Sym{(elz —L,We, )T T (LlWoes —€, )}

+ sym{[e11 —e, —

I, = syrn{(ew —Lye, )T Dy (Le, —ej )} +Sym{(el4 —Lyes )T D, (Les ey )} >
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-1 T -1 T -1 T -1 T
=h(t)GIT4(3M1H M+ M,H'M] JG14+(h—h(t))G,T4(3M3H M33+M4H M jGw

G, =col{e,.eq, h(t)e,.h(t)eg h(t)e, +(h—h(t))es. .65 +e |, Gy =col{e,,ep.e.e,e,h(1)e, ],
G, =col{ fy.e,.0,—(1-1t) e, h(t) (e —(1-u)e, ). —es.e ~(1-u) 0 =€ }

G, =col{e,. fy.¢.¢.¢5.¢) ) » Gy =col{ese,,e,6,e,h(t)e, +(h=h(1))es},

G, = col{ey,ey.ey, for e} » Gy =col{h(t)e,.e —e,.ey,h(t) e, h(t)es, h(t)e,}

Gy =col{h(t)e, +(h—h(t))es, e —es,eis +eyy.hey hey, h(t)eg +(h—h(t))e, +h(t)(h=h(t))e,} ,
G, =colfe,. fy.e}» Gy =col{h(t)e, e, —ese,(h=h(t))es,e, —e.e, |, G, =colle. f;},
G, =col{e, —e,.e,—e,}, Gy =col{h(t)e, ~2e5.2e, —¢ —ey,(h—h(t))es —2e;.2e,—e, —e,
GM:col{el,ez,63,64,65,es,e7,es,eg,e,0,e”,elz,e,3,e,4}’ Gs=¢-e, G,=¢ +e,-2¢,,
G,=e,—¢e, Gy=e,+e,—2e;, G, =col{e,e.e,,e.e —e.¢,¢)

Gy, :col{eo,eo,eo,el—(l—u)e4,eo,e0,eo}, G,, =col{e,, e, ¢.€).€.¢,} »

G,, =col{e,,e).€).¢,.¢.¢,—es}, G,y =colie,. e, e.—e.e.¢}, G,y =col{e,,e.—e, e} .

UEBA 443 1 K Lyapunov 2 B
V=37,
V(o) =&"(1)P& (1), V()= f,’_h(,)nf (.5)Om (t.s)ds+ [ n' (t.5) O, (t.5)ds ,
hjthj s)Rn, (s)dsd@, V,( j fm s)Zn, (s)dsdo,
Lh j 5)dsd@,

ZZIWO i [ g;l +Vi8n (S)]ds + 22 J‘OWO‘AX(Fh)DGigil (S) +Vii8i (s)]ds '

V()= 28" (t)PE(2), Vy(e)=1ny () Ry (6)= [ m3 (s) Rogy (5)ds
V() =0 (6.) O (t.6) = (1=u)n| (6,6~ (1)) O, (1.1 = k(1)) + 7 (£,2) Oy, (1,1)
= (61=h) O, (1,1 =h)+ €' (1)sym{G] QG+ G{ 0,G, } £(1)
Vit)=hn () Zny ()= [ i () Zny (s)ds, Vi (t) =i (¢) Hie (e)= [ &7 (¢) He(r) ds
() 22[ gn(WOzx( ))+V25g12(m)ix(t)):|Wo:‘x(t)

+ ZIZ::‘[Vygn (WO,x(t—h)) +V,.8: (Wot‘x(t—h)):| Wot.)'c(t _h) .

>
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N TR E LB E R, RN 2 F 5 08— ALY XA [0, 1) K15 B [0,k (¢) | R0 [ A(2),h ] B4
7y, B8O HIZFEAEA Jensen A5EF, X, (¢) HEIRR 2 IAG 1T

- :_h772T (S)R772 (S)dsz— :_h(,)nzT (S)an ds J. )an( )dsSfT (I)GlTorsGloég(t)'
ZHG) TR FIGIEE 4 $EH RS v, (¢) R BREAT 4, W] A4S 3]
- tihn; (s)Zn,(s)ds
<¢t (t){syrn{—e‘;r (Y, +X,)(e—e,)—e (Y, +X,) (e, —e )} —h(t)e;Ye,
—(h=h(t))eYe;—ey (X, - X, )e, +e X,e, —e X —%GITZFSGIZ —%G£F4Gl3}§(t)
B GIEE 2 Tl B R REANSE SR V(1) *B‘ﬁ”ﬁﬁﬁiﬁﬁfiﬁléﬁ, CIRYSSED|
—I X! = J. Hx ds I )Hx( )ds

t

ALy )& ST G Mo 1)) [

3MH'MT +M,H" IMT]
To,
3

I8 @t syt ot (40

~h

SM,H'MT +M,H" IMTJ
TO .
3

7, =G, (1), r1=x(t)—x(t—h(t)), z'Z:x(t)-i-x(t—h(t))—Zml, T3=x(t—h(t))—x(t—h),
s =x(t=h(1))+x(t-h)-2m, .
J14h, H13) I Lipchitz Z&F I &1, XHERBIEEX MR D, 20, 7, >0(i=1,2,=23),
T, 20(k=1,2,3,4), A FHKZFKMHRL

2| f(s) Lsk] k[f<sk>—fsk}20,

~2[/(s,) L (s,-5)] [ /(s )L (5,-s,)]20.

-’-Ufh )~ Lx(s)) ds:| Dl[jjht (£ (7x(5)) - Lox(s)) s | 20,

[ [ (rx() - 1ee(s))as | o[ [ (rx(5)) - £ax(s) s |20,
BV (h(2))=E(h(0))+ X T p(r) FE2 R0, BERIEAT BLECS

W (h(t)) =,k (¢)+Jh(1)+J]
Hvg,, J,, J, MEGEEEERE, H
J, = sym{engPeQO ~(Le,) D(Le,)~(Le) Dy(Le, )}

| .
- (1 - ”)GleQlel - GszQszz - Gszrsts _ZG2T4F4G24
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Pt EIESIHE 1, WU~ IR L, AR SR (h(1)) < 0 L.
FIF Finsler’s 51 B[18], ik 62 (1) =0, WIHS)O) MR AL, FRATATLLEE(54) ¥ (h(1))(64) <0
AL, HRERA ET (6) (1)) £ (1) < O Br. WTTRER | A5 ML, Y.

4. BUESCHY

TS A AU ) B, T B SS9 BH AR SC RT3 7 v A R E AR
. HEHE ARG, K
15 0 0.0503 10.0454 0.2381 0.9320
{0 0.7}’ °={0.0987 0.2075}’ 12[0.0388 0.5062}
W, =diag{1,1}, L, =diag{0.3,0.8}, L, =0.

ZHER 1, 454 Matlab 15, 24 u BURNFEMER, BT SEy o] USRI R R B, sk
1 fis, Hu=055, y=05K, RASRIMEA EA h=12.4199, ©escmk[1], [13], [2], [8], [6],
[12], [31BAKZ[19]43 IR 265.02%, 264.11%, 215.47%, 260.68%, 100.01%, 82.22%, 41.01%, 40.86%.
A, A

2 2 12.4199

w(t)z12’4199+12'4199(sin( LIt D £(¢)=[03tanh (x, ()). 0.8tanh (x, (1)) ]

B, HRIEA AP x(0) =[0.7,-0.3] . MIE 1 MURASEATIRGL, AT LS RIBFEE], H LR
4 R RWTHERA .

Table 1. The upper bound of the maximum allowable time delay of # when u takes different values

F 1. Ly BARMER h R RIFHIRE LR

WiR/A
0.4 0.45 0.5 0.55
[1] 4.5023 3.7588 3.5472 3.4885
[13] 4.5543 3.8364 3.5583 34110
[2] 4.8748 4.2702 4.0551 3.9369
[8] 5.1029 4.1100 3.6855 3.4434
[6] 7.4203 6.6190 6.3428 6.2095
[12] 8.3498 7.3817 7.0219 6.8156
[3] 10.2367 9.0586 8.5986 8.3181
[19] 10.5087 9.4658 9.0554 8.8169
EF L (7=0.5) 18.7745 14.6428 13.1791 12.4199
SER 1 (y=0.7) 18.0426 14.3275 13.0503 12.3687
5. &hig

ARSCERVE 7 IR 22 I 2% ARG E R D EE, o eIl A T AE AL A S AE SN B HHERE
BERARE) K —ERDAEX, RIGERDHEE AR R R AL EAE A K Lyapunov i2 B4,
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Figure 1. State responses of the neural network
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