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Abstract

In this paper, the fixed-time synchronization of coupled spatio-temporal network is concerned via
boundary control. Firstly, a type of coupled spatio-temporal networks with mixed boundary con-
ditions is introduced, in which the coupling term is composed of state coupling and spatial diffu-
sion coupling. Secondly, by designing a boundary controller without a linear feedback term, some
inequality techniques and Lyapunov theory are utilized, verifiable criteria are established to as-
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certain the fixed-time synchronization of coupled spatio-temporal networks. Finally, the effec-
tiveness of the derived results is supported by an example with a numerical example.

Keywords

Reaction-Diffusion, Synchronization, Fixed-Time, Boundary Control

Copyright © 2021 by author(s) and Hans Publishers Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

1. 3]

I 2 53 2% X % A2 PR SR — it B SR T s 1) SRS T2 [ ) B2 R PN 2 A8 AR, A8 R mT DUKS B ik AR 57
VR 2 I OS2 s S A SRR FE AR AR [ 1], NRIDME A SRRy 5k ILER (2], 1
Gb, R BMEE KEEERZRG . — NI EHF2. e eI S B hig )
i, Y BURA TR . FEP I RAERATH % AR A e, BRI F DR, — B K HR
F0 KL, 18 20 thad 90 FEARY], X —ME&HE Pecora A1 Carrol 5] NBIVRE RS [3]. £ FRAJL
TAER, B P RGBT TRE[4]. INEE G [5)5 77 T R N H 512 T 5k B A F 28
U2 RV . ST IX s, RN A 5 2 W 28 1 ()5 & B B HL AT IS

AR I 2 5 o W 2 [ D P i —Fh & s 3R T By, B R T2 (Al 5 B AU o
MA AT ER AT AL, XA EYERE AT 7 iEHI AR . Ik, BT sl iy
IR 4 [FD A I 9T CHUR TR . B, SEEATRI A R, Bl AR T —K
1 /& Dirichlet i1 526 AF IR & I 25 R G810 [F) 28 0 j 6] TR CESCHR[71F0[8]H1, FIA] Lyapunov 773, 118
TIA G — 280 2 Neumann 11 54561 (ARG I 25 X 2 (1 [R] 28 [l . ARe il e, ZESCHR( 7], &t T4k
PR S tid SR 4z il 3, 5 AN E B2 SCRR[8 1T 1 A 1 S & PPIRES ISR fIl 38 o 1 E R B Le3iip
TAEH A AT kSt i B 7 AR AR, R 7B T g I AN U [F R A, X AE
SEE R ME LS AN IR . A, RIS AR T B W SRS S . MAEBL St A, A
PRI FY BT fE 2 S BOAAME RN F AR 4L, Blan, NEVFRIAAERESEUR R - B RF T H—
VIR AN, X I GOR] DI I A A (B B G I S I gk liR . B AT, T A R AR
7 (B B A T 25 P 2% [R] AT SR A2 — TR VR, LA 7 A a5 vl £ A 738 6 DA T 3 S i
5y T AIE (1) [R5 ) 4 1 2 — TUR A BRAR PR TAE.

TEFE RN, g 5 B i IT I 2 N 4 B8 SR 2R D 1 B, B R (Rl G 55
KIS A BE SRR A, X AE SR TR R e A& B, R il 02 ) 177 fir A B R AR PR B 2% R i F AN IS
9T IR 2% S SRR B, SCHR[O] R R H T A BRI (R [E20 (RS . IR AR, BT A R R R P AR ST
PLLLOIRI SB[ 117 T R I RIFIvERE, DRt AR 22 52354 B 't B I 2 I 45 ()38 30 7] 20 3% 1) A5 B B[]
[F25 o SCRR[ 121 Wit 13 22 it S s IR HE S M e it T ) 30 R4 | 2%, I8 #4138 Lyapunov BRI%L,
ST IEUE B T AE BT T AR T, WS n] DUSEELA BRI R [R5 . ZE[13 )R FT T RSN ROV
RGEHA PR B B0 0 . FERMEMSEE R, A1 TR RNY BUR G0i# 2 B Dirichlet 4 57 54
F Neumann 14 5 56 H R ITR G 1 T 564, X — RT3 R ROR RS 7 EIR /AT I S 2 M. BRI 2
IR SR AR AE IR 7 W 2 1 TR ) PR ) DR AR e IEVERR],  FIR [E R A5 R A 45 S TR P AR

][l

DOI: 10.12677/pm.2021.114067 540 P2k


https://doi.org/10.12677/pm.2021.114067
http://creativecommons.org/licenses/by/4.0/

L, TR

HF B RGERIVIGARAS, AT M) B AR KRG MYILRIRES R IR FHEM . KL, Polyakov 7E[14]H142
T E I TR AR E P RE A, WS RIS T I 4IRS IS B . B RT, 5T [ 52 I A) 1 R AR 2
SBR[ LSRN L6] I AR, ) V2 8 SIS 5] B 25 0 28 A5 fy [ o B I (R 2B 43 il it e v, G —
ST A I AR I AN TSR [ B HR M 2% [17], BABAIZ P SO B & 2% (18] T AESCHR[19]Hh, 2T
RAETTE, Wb 7 S AR AT A R AR TR 1 A AN AR S 0 I RLY IR S 1 [ A I TR )
SR, 7E Lyapunov J5VE N, B 25 57 4 0 26 19 [8] e B[] 320 5 [5] 25 v 50 PR A9F 2 AT 98 A& — /N FF s LW Ao A 4
PR A o

BT BT, ASCEIET 0 SRR B AT TR AR A I 2 5 2 N 2% (] s B TR [0 ) . 32 2
SGROATWRIIA A, H—, @27 BAEREMEMTRT SR A R S 2 R W SRR, ZEA LT
[12] [13] [17] [18] [19]H B A o8 R A Bt S o 5 =, Wik 7 AN 2 s 1 00 17 [ B i) i 7t 42
FeWE, B RIREE A T 120RI 13 B EE S, 55 22 AN [F) 02 A4 ST AR 4 ) 88 AR T T3 B2 ELAy 1 1 452 S50 B[]
AT IR G B . 3=, X FID R ZE 1% Lyapunov B, @57 TAHEGL[7] [8] [12]H 0
7 B 170 o] 5 B TE) 70 40 U o A, R M FE R G T (7] (8] [12]H R AR R e, BRAK T R HE
FHEE

FESU: R" 2 n BEECLRESN; R 2 nxm ESLH S E; MMIEMFE ye R™™, i3
%X%:ﬂhJEF&Q?fﬁﬁﬁ%y%%E;NE%%%@P,AAPHM%Jm%%ﬁﬁﬁ@P
m%$%ﬁﬁﬂ%ﬁ%ﬁﬁ;ﬂﬁ@ﬁﬁiiﬁ:V%J%Jmﬂ%}ﬂﬁﬁPMﬁ;Qﬁmnﬁ$
Pk 0, RFEITLHEAN 0 MFAE; [P] =P+P": P>0FK M P IEE: diagl} Xm- Mk ®

Kronecker 7,
2. &R
2.1. =R

B REUN N BAT A (A1 O & MUIR SR A (I 2 2 5 .

0Oz, (x,t)
ot
z,(x,0)=2z(x), xe[0,L],

= DAz, (1) + Az, (x,0)+ Bf (2, (x,0)) + €3 w, Tz, (x,0)+ €3 w,FAz, (x,1), "

2
Hrr=1,2,--,m ; Z,,(x,t)z(z,l, (X,t),zf (x,t),"',Zf (x,l))T N R R Azsjfﬁ%?ﬁiaﬁ
X

P T: f(z,(x0)e R R——AELMELE R ERE: 2] (x) 2 [0,L] 1S HA T W E 7
D =diag{d,,d,,--,d,} > O NERMLIET BAEFE: 4 1 B 52 nxn QLT o> 0fURBEARME S RE
T =diag{y,,7,, 7, > 0 ML =diag{y,,7,, 7, } > 0 £ IEE I ARG A HERE Wz(wrj)mxm?%ﬂ?m%ﬂ’ﬂ%ﬁ‘

m

Gy, FEr S AT £ 2 AN, W v, = w, %0 850w,y =0 (r ) BEAR wy =— 37w, ©
j=Lr#j

R (D)2 MR GBI
oz, (x,t)

z, (x,t) =0, .

U (1), @

HA U, (1) = (U (1).U2 (1), U7 (1)) ksl 2
BASL AT S PR N R IR, iR T 51392 I

DOI: 10.12677/pm.2021.114067 541 S H


https://doi.org/10.12677/pm.2021.114067

L, TR

= DAE(x,t)+ A& (x,0)+ Bf (£(x.1)),

£(x,0)=¢"(x), xe[o.L], 3)

3 ﬁf(x,t)
 ox

Gf(x,t)
ot

n

E(x,1) =0,, 1e[0,+x).

x=L

EX o, (x,0)= (0! (x1), 02 (x,0),.07 (x)) =2, (x) =& (xt) s MFHRZERG R

aara(tx,t) = DAo, (x,t)+ Ao, (x,t)—i— Bf(o; (x,t))+£i werAGj (x,t)+gi erfAJj (x,t),
Jj=1 Jj=1
o, (x,0)=z(x)-&%(x), xe[0,L], @)
o (0.6)=0,, w U (1), 1[0,4),
X
x=L

3650 (0, (00)) = £ (5, (w0)) - £ () € R«

TS L TSR RGE() BN R [ 5% P R G 4k HOAEREAR 2, (o, t) O & () » A7 2 S
81 7,,,, > 0 R EERE T (o (x,0)) 2 0 45
lim o, (x.t)] =0,

t->T(o(x,0))

o, (x,t) =0, t> T(O'(x,O)),

HT(0(x,0))< T » JUBRRGE(1)F B 52 N 5] 25 1
2.2. SIEEMRBE

NTRBIEELR, TGS SR R 5] B,
SIEL 1. [13RBEF(r):[0,L] > R" REES HFIr iR, W2 F(0)=0m F(L)=0, JXT
0>0F

0 dr dr

[LF (r)OF ()dr g‘;i; L{dF(r)jT Q[dF(r)jdr.

51 2. (IS RAFAE—ANIEN, IEE HARFITE B F (x (1)) R” — R AE45:
d
aF(x(t)) < aF(x(t))—bF” (x(t))—cF‘s (x(t)), x(t) eR" \{On},
HvaeR, be>0, 0<np<l, §>1, MLLFE;RAL:
() Fa<0, WH=T(x(0))FH F(x(1))=0, x(t)=0, HT(x(0))W2:
by
C

j esc(v),

T(x(0))< 7., = 5—17(

quvz 1_77 o
o-n

(2) #0<a<min{b,c}, ML>T(x(0))WH F(x(1))=0, x(¢)=0, HT(x(0))iHE:
T(’“(O))ST@:tc(iscfv;))(bfaj 1(b+§_a’“‘”J+Zc(?fv;))(cl_)a] 1[b+i—a’1_v’vj’

DOI: 10.12677/pm.2021.114067 542 S H



https://doi.org/10.12677/pm.2021.114067

L, TR

Hr Beta pRELL % I(x,y,z) ENXHN
1
B(y.z)

1(x,,2)= [P (o) de,

H. Beta BR# B(y,z) & XN
B(y,z)= J'Ol (1 —t)H ds,

Hfto<x<1, y>0, z>0.
(1) #H0<a<2vbe, n+5=2, WZe>T(x(0))HH F(x(1))=0, x(t)=0, HT(x(0)) L

T(x(0))<T,, =

1 2 T 2
mx = —+arctan .
5_1\/4bc—a2(2 [\/4bc—a2J

GIEE 3. [16]%c, >0, O<u<l, v>1. A

. . u . . v
icz 2(201«) , XCEZSIV[ickj .
=1 s =1

k=1

FEB 1. M TR R ab e R FAEHHLp > 0 1678
£ (a)-7 ()< pla-].
3. EELR A
SR GE( M R IR, T i S

U (,):{_a‘yr(L’t)Vrp (t1)=pY, (Le)V!(t), o, (L,t)=0,,

5
0, o (Lt)=0,, ©)

Hi, a,p>0, 0<p<l, g>1, ®@eR™ >0 &XFRHMEH
(1) =2y ()= (o (n1)00 (x1)ds.
Gr(L,t)" 0

RN T IAE RS, i
N s Tl:2 A ]S
5-1,8([04] +p|[0s] ”]n)—ﬁl'[ ve[woor].
FIF Kronecker 1, ¥ R 415K 5 A:

w =(1,®D)Ac(x,t)+(I, ® A)o(x,t)+(I, ®B)F(c(x.1))
+E(W®F)A0'(x,t)+€(W®f‘)0'(x,t), xe(0,L),

o(x,0)=2"(x)-&%(x), xe(0,L),
aa(x,t)

ox

(6)

c(0,1)=0,,, =U(1), t[0,+x),

x=L

T

Hrp U(t) :(UlT (t),U2T (t),---,U,I (t))T eR™, a(x,t):(alT ()c,t),0'2T (x,t),---,a,: (x,t)) )
F(G(x,t)) :(f~T ((71 (x,t)),fT (62 (x,t)),---,f~T (O‘m (x,t)))T eR™ .

DOI: 10.12677/pm.2021.114067 543 S H


https://doi.org/10.12677/pm.2021.114067

L, TR

I TR | SOL R RG), WRAEAESERE © = diag{©,,0,,-+-,0,} >0, {ifd
[I=1,80D+ecW ®OT >0,

) S5 R
(1) 242, ()< O, ML) E T FELE, LSRR T e

T°<T, :NL[gj cse(vm),

a(s-n)\p
ﬁlf{jv:l_ ,a=2ah, (1), B
q9—p
(2) H0< Ay, (£)<min{@, B} i, ZAXRL()IER E I ) T° PSRBT AL
m)
-p)\a

ﬂ~ - —ﬁ V -V
m()J I(ﬂ e J

mesc(vr) [ a jv ( a ! J
_ - _ — = —, l-v,v .
GBI )\ B2 (£))  (BHE =2, ()
() Bp+qg=2, 0<i, (£)<2yaB i, ZHML(1) R & i FS A, BRI 7" 5 2

=2m" A, (1), = (1, 0M") £(1, 0 M7"), A ML O=M"M .

_ ncsc(

T < 3= ! 2 Tt arctan M .
91 \4aB-2;, (5) | 2 J4ap -2 (5)
WEBH: 3% 4R Lyapunov R
= [ o (x.0)(1, ®O)o(x.1)dx.
SMER o (x,0) e R™ N0, ) V(¢) I RGu6) K T LR  RFAH
V(1)=2[ [o" (x.0)(1, ®OD)Ac(x.1)

+(1, ®04) 0 (x.t)+(1, ®OB) F (o (x,t)) |dx

+2¢[ [0 (x.1)(W ®OT) Ao (x.1)dx v
+2¢[[0" (x.0)(W ®OF ) o (x.1)dx.
e 1, WATE
2[ 0" (x.1)(1, ®OB) F (o (x.1))dx
:iﬂof@¢x93+3%nf@nuJ»a
®)

< rZi;IOL||Gf (x,t)" X “(@B + BT@))“X "f(ar (x,t))"dx

SIJGT(x,t)( m In)O'(x,t)dx.

A AR F R G (D) P IR S IL FR 56, AT DLHESS

DOI: 10.12677/pm.2021.114067 544 S H


https://doi.org/10.12677/pm.2021.114067

L, TR

2.[0L o’ (x,t)(]m ®®D)A0'(x,t)dx

oo (x t)L
m. ; '
=2ZIJ0 O'rT (x,t)@D T

0 =1 X
g n i 0o, (x,1) ' o, (x,1) ©)
= 2;ar (L,t)©DU, (t)—Z;jo (TJ ®D[T]dx
e ! oo, (x,1)
=20" (L,t)(1, ®®D)U zj( J (1, ®®D)[—ax ]dx
e PRI
26 0" (x.1) (W ®OT) Ao (x,1)dx
g 60',(x,t)L
—ZEZJ.O o, (x,t)wrj@l"—ax 0 dx
T 10
-2¢ Z;;j ( )J wr@r[aafa—gj’t)de (10

ox

=2¢0" (L,t)(W®Or)U(1)-2 j( ’J W®®F)[Mde

MWIR G LA FAQUA LS E 1, 1> 08, 256 9)M(10)n 152 FHIA%EN
_21 [60‘ (x.1) J (1, ®®D)[60'(x,t)jdx_28.[L(60'(x,t)] (W®®F)£aa(x’t)jdx
0 0 15 0

X X X (1
_ZJ' [56 (x1) j [ao-a(;’t)deS—;?J.:aT (x,0)[To (x,t)dx.
H 32 4% 86l 5 58(5) AT R

o' (L,t)(1, ®OD)U (1)
R o @) ()
=07 (100Do, (L=~ AEeT (1)0De, (L) = N
WY RN A U) B ot () L)

S5 (Lol (b =Y S (Lo (b o

:—ag(ak (L) ©,d,1,6 (L,t)—ﬂ;((f (L) ©,d,1,6" (L.1)

il
ec' (L,t)(W®Or)u(r)
__gaZZO' (L.t)w,0T0, (L, t)(l/(—t))z_gﬂiio'f (Lt)o, 0T, (L)) (V/ (¢ )
r=1 j=1 "0' L t)" p =1 j=1 ”O_] (L t)" "
S5 5o Lm0t 1y S 5 S0t o0, ) )

=1 j=1 k=1 "G’j (L,t)" e "G t)"z
=—gaz( (L.1)) O, 6" (L)~ eBY (0" (Lit)) ©,7,W 6" (L.t).

k=1

DOI: 10.12677/pm.2021.114067 545 S H


https://doi.org/10.12677/pm.2021.114067

L, TR

Hrp
o (x1)=(of (x1),0t (x,0), 0k (x1))
cionlor o GO ) 0) ]
G(x,f){ (x:2) 2 (1) 70, (%0) 7|
Jor (2.0 o (2.0)] o (20 )
RO GO U10) SN CA0) S <Vm(r>)"}
O e e Sy
H(12)F1(13),
o' (L,t)[ (1, ®OD)+e(W ®OT) |U (1)
:_ai( (L)) (0,d,1, +50, y,7)6* (L.t)
Ao (L >>T<®d1 +£0, 7, )5* (L1)
:—aZ(akLt)THk ﬂZ( “(L)) 11,6 (L1)
o (| )0 (o () Vf(>+...+(o:<L,r>)zv,:(r>] 1%
TEL e Lfll o (2.0 o, (2.0
[al (L)) 7 (1) (f(L,t))2Vz"(t)+m+(0'f1(L,t))2an(t)]
||61(Lt|| o= (.0 o, (2.0
=, ()27, (1)) By (2 (7, (1))
Hix, HEGIH3 L >1, JAE
Sy =(Sn o). S0y = (Sr0]
He AT (14)15
o' (L.1)[(1, ®OD)+&(W @O U () < —ad, (TN)V" (£)=m'"™* BA, (V' (). (15)

wJa, BE)~(15) AN, MXFTH o(x,0)e R™\{0,,} A
In):la(x,t)dx
2L2 (xt)]_[a(xtdx-i-gj-a xt)[W@@F} ( )dx
-2al, ( )V (1) =2m" B, (IT)V* (1)
—I o' xt)dx an() ﬂV"(t).
SEAh, MRIEHERE R A, AP — A SERAERE MR 0 = MM, WA FIIAER AL
[[o" (xi)2o(xt)de=[ (1, ®M)o(x1)) (1, @M ") =(1, ®M)((1, ®M)o (x.1))dx

< ()], (2, @) 0 (x.0))' (2, ®M )0 (.1)) dx

jcf xt[[ ® @A]S

DOI: 10.12677/pm.2021.114067 546 S H


https://doi.org/10.12677/pm.2021.114067

S, TR

Bk, A
V(1)< Ay (2)V (£)=a V7 (1) BV (1)

PR o (x.t) € R0,V 8 4 (£) <0, BIHHESIE 2 PRI, WRS)ET PikHF

o
PP 0 (x,0) € R™\{0,,} 150 < A, (£) <min{@,B} , B L5182 2 FIRHLQ). WRG(DET,
Pk E 2
#prq=2, 0<A, (5)<2yJaB . WRIEEIH 2 hosBLR), WRG)ET WEFIFS,
HEHE,

4. BEEH
RN 4N T E RS

Gf(x,t) .f(x,t)

62
=D

p ™ — AE(x,t)+ Bf (£(x.1)), (16)
RILE 100 A4 5 AR A1 45 5 2 R 5
%ﬁ“”) = DAz, () Az, (x.0)+ BY (2, (1)) + £, Tz, (1) + £ 3w, Pz, (1) (17)

Horb £ (x) = (& (n0),8 (01), & (w1)) + (1) e[-2.2]x[0,40], HfBHIEHR: £=0.01, A=05],,
D=021,, T=F=1,. f(tanh(£').tanh(&*).tanh(£*)) A

2 -12 0
B=| 2 171 09|
-47 0 1.1

RIZE TSR ERIIE] 1. B 2~4 B0 T RGE16) I Zh AR, K aIaa(E -
(&' (x1),& (x1),& (w.1)) =(0.1,-03,0.5)".

90

80

70

60

50 |

40

30 |

20 |

10 1

Figure 1. Curve: Topology structure of the network (17)
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Figure 2. Curve: The dynamical behavior of &' (x,¢)
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Figure 3. Curve: The dynamical behavior of &*(x,¢)
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Figure 4. Curve: The dynamical behavior of &°(x,¢)
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