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Abstract

By applying the mountain pass lemma, we consider the existence of positive solutions

for a second order discrete mixed periodic boundary value problem involving the p-

Laplacian as follow−∆(φp(∆u(t− 1))) + q(t)φp(u(t)) = λf(t, u(t)), t ∈ [2, N ]Z,

u(0) = u(N), ∆u(0) = −∆u(N),

and the existence of two positive solutions is obtained.

Keywords

Difference Equation, Critical Point Theory, Mixed Periodic Boundary Conditions

Copyright c© 2021 by author(s) and Hans Publishers Inc.

This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

1. Úó

Z, R©OL«�ê8Ú¢ê8, [a, b]Z L«lÑ«m {a, a+1, · · · , b},Ù¥ a, b ∈ Z� b ≥ a.

� N > 2 ´��ê. �Ä±e·Ü±Ï>�¯K−∆(φp(∆u(t− 1))) + q(t)φp(u(t)) = λf(t, u(t)), t ∈ [2, N ]Z,

u(0) = u(N), ∆u(0) = −∆u(N),
(1.1)

Ù¥ λ > 0 ´¢ëê, é?¿� t ∈ [2, N ]Z, q(t) > 0 � f : [2, N ]Z × (0,∞)→ (0,∞) ëY. ∆ L«

c��©�f, = ∆u(t) = u(t+ 1)− u(t), φp(s) ´ p-Laplace �f, = φp(s) = |s|p−2s, p > 1.

�©�§�2�/A^uO�Å�Æ!²LÆ!)ÔÆ�ïÄ+�, �©z [1]. Cc5, Nõ

Æö^ØÓ��{é�©�§?1
ïÄ, XIþ�ØÄ:nØ!þe)�{!üNS��{�.

ù
�{�3©z [2–5] ¥é�. 2012c, Bian �<3©z [6] ¥$^�.:nØïÄ
Xe�k p

-Laplace �f�lÑ±Ï>�¯K

−∆[φp(∆x(k − 1))] + q(k)φp(x(k)) = λf(k, x(k)), k ∈ [1, T ]Z, (1.2)
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x(0) = x(T + 1), ∆x(0) = ∆x(T ), (1.3)

��
 λ ÷v�½�^���3ü��)!n�)Úõ�)�(J. AO/, 3 [7] ¥, D’Agu]�

<$^�.:nØïÄ
�§ (1.2) 3 Dirichlet >.^�e�)��35. 3 [8] ¥, �dr$^

�.:nØïÄ
3 Robin .>.^�: ∆u(0) = u(T + 1) = 0 e�§ (1.2) õ�)��35, ?

�Ú, ���5� f > 0 �, A^r4���n�����).

,, éulÑ·Ü±Ï>�¯K�ïÄ�é��. 2020 c, Kong Ú Wang 3©z [9] ¥$

^�.:nØïÄ
Xe��lÑ·Ü±Ï>�¯K−∆(r(t− 1)∆u(t− 1)) = f(t, u(t)), t ∈ [2, N ]Z,

u(0) = u(N), r(0)∆u(0) = −r(N)∆u(N).
(1.4)

��5¿�´, ù«·Ü±Ï>.^��Øé¡5, ¦�Uþ�¼��EC�c�(J, �öÚ\

#� Banach �mÚ#�¼

J(u) := −1

2

N∑
t=1

r(t− 1)(∆u(t− 1))2 +

N∑
t=1

F̃ (t, u(t))

Ù¥,
N∑
t=1

r(t− 1)(∆u(t− 1))2 �du�� N − 1 ����½Ý
, /ÏA��?Ø¯K (1.4) õ�

)��35.

Éþã©z�éu, �©ò$^ì´ÚnïÄ�k p-Laplace �f�lÑ·Ü±Ï>�¯K

(1.1). du p-Laplace �f�Ú\, ¦�¯K (1.1) �ïÄC�(J. Ïd, �©ÏL½Â��#��

¼5?Ø¯K (1.4) �)��35.

2. ý��£

½Â

E = {u : [0, N + 1]Z → R | u(0) = u(N), u(1) = 0, ∆u(0) = −∆u(N)},

é?¿� u ∈ E, k

u(0) = u(N), u(1) = 0, u(N + 1) = 2u(N) = 2u(0),

´�, E � RN−1 Ó�. �

‖u‖ =

(
N∑
t=1

|∆u(t− 1)|p +

N∑
t=1

q(t)|u(t)|p
)1/p

,

@o (E, ‖ · ‖) ´ N − 1 �� Banach �m.

Ún 2.1. ½Â E þ�����ê� ‖u‖∞ = max
t∈[1,N ]

|u(t)|. K�3 ω ∈ R ¦�

‖u‖∞ ≤ ω‖u‖. (2.1)
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y² d u(k) =
k∑
t=1

∆u(t− 1) + u(0), �� |u(k)| ≤
N∑
t=1

|∆u(t− 1)|+
N∑
t=1

|u(t)|, k ∈ [1, N ]Z.

b� p ´ q ��Ýê, = (1/p) + (1/q) = 1. d Hölder Ø�ª��

‖u‖∞ ≤
N∑
t=1

|∆u(t− 1)|+
N∑
t=1

|u(t)|

≤ (N)1/q

(
N∑
t=1

|∆u(t− 1)|p
)1/p

+

(
N∑
t=1

1

q(t)q/p

)1/q ( N∑
t=1

q(t)|u(t)|p
)1/p

≤ max

(N)1/q,

(
N∑
t=1

1

q(t)q/p

)1/q

( N∑

t=1

|∆u(t− 1)|p
)1/p

+

(
N∑
t=1

q(t)|u(t)|p
)1/p


≤ 21/q max

(N)1/q,

(
N∑
t=1

1

q(t)q/p

)1/q
 ‖u‖.

�

ω = 2(p−1)/p max

N (p−1)/p,

(
N∑
t=1

1

(q(t))1/(p−1)

)(p−1)/p
 ,

K

‖u‖∞ ≤ ω‖u‖.

y..

½Â f̃ : [1, N ]Z × R→ R Ú F̃ : [1, N ]Z × R→ R �

f̃(t, x) =


0, t = 1,

f(t, x), t ∈ [2, N − 1]Z,

f(N, x) + 2
λ
φp(x), t = N

Ú

F̃ (t, x) =

∫ x

0

f̃(t, s)ds, t ∈ [1, N ]Z.

d	, é?¿� u ∈ E, ½Â J : E → R �

J(u) =
‖u‖p

p
− λ

N∑
t=1

F̃ (t, u(t)).

Ún 2.2. e u ∈ E ´ J ��.:, K u ´¯K (1.1) �).

y² é?¿� u ∈ E, k

J(u) =
‖u‖p

p
− λ

N∑
t=2

∫ u(t)

0

f(t, s)ds− 2

∫ u(N)

0

φp(s)ds.
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é?¿� v ∈ E, k

〈J ′(u), v〉 = lim
k→0

J(u+ kv)− J(u)

k

=
N∑
t=1

|∆u(t− 1)|p−2∆u(t− 1)∆v(t− 1) +
N∑
t=1

q(t)|u(t)|p−2u(t)v(t)

− λ
N∑
t=2

f(t, u(t))v(t)− 2φp(u(N))v(N)

=
N∑
t=1

φp(∆u(t− 1))∆v(t− 1) +
N∑
t=1

q(t)φp(u(t))v(t)

− λ
N∑
t=2

f(t, u(t))v(t)− 2φp(u(N))v(N),

Ù¥,

N∑
t=1

φp(∆u(t− 1))∆v(t− 1) =
N∑
t=1

φp(∆u(t− 1))v(t)−
N∑
t=1

φp(∆u(t− 1))v(t− 1)

=

N∑
t=1

φp(∆u(t− 1))v(t)−
N−1∑
t=0

φp(∆u(t))v(t)

= −
N−1∑
t=1

∆(φp(∆u(t− 1)))v(t) + φp(∆u(N − 1))v(N)− φp(∆u(0))v(0)

= −
N∑
t=1

∆(φp(∆u(t− 1)))v(t) + 2φp(u(0))v(0).

b� ũ ´ J(u) 3 E þ��.:, @o

0 = 〈J ′(ũ), v〉 =
N∑
t=2

[−∆(φp(∆ũ(t− 1))) + q(t)φp(ũ(t))− λf(t, ũ(t))] v(t),

d v ∈ E �?¿5, ��

−∆(φp(∆ũ(t− 1))) + q(t)φp(ũ(t)) = λf(t, ũ(t)), t ∈ [2, N ]Z.

y� ũ ∈ E ´ J ��.:�, ũ ´¯K (1.1) �). y..

dÚn 2.2, ·��±ò¯K (1.1) �)��35=z�Ïé J(u) 3 E þ��.:. e¡�

Ñ�
��½ÂÚÚn.

½Â 2.3. [11] � E ´��¢ Banach �m� J ∈ C1(E,R). eé?¿� {un} ⊂ E, J(un) k.,

J ′(un)→ 0 (n→∞) %º {un} kÂñf�, K¡�¼ J 3 E þ÷v Palais-Smale ^�, {¡ P.

S. ^�.
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Ún 2.4. [6] � E ´��¢ Banach �m, J ∈ C1(E,R) ÷v P. S. ^�. e J e�k., @o

c = inf
E
J

´ J ��.�.

� Br �¢ Banach �mþ�»ªu 0 �m¥, ∂Br �Ù>..

Ún 2.5. [10] � E ´��¢ Banach �m, J ∈ C1(E,R) ÷v P. S. ^�. b� J(0) = 0 �e�

^�¤á:

(I1) �3~ê ρ, α > 0, ¦� J |∂Bρ
≥ α;

(I2) �3 e ∈ E\B̄ρ ¦� J(e) ≤ 0.

K J k���.� c ≥ α. d	,

c = inf
g∈Γ

max
u∈g([0,1])

J(u),

Ù¥

Γ = {g ∈ C([0, 1], E)|g(0) = 0, g(1) = e}.

3. Ì�(J

e¡�Ñ�©�Ì�(J:

½n 3.1. b� f ÷v

lim
x→0

f(t, x)

|x|p−1
= 0, t ∈ [2, N ]Z. (3.1)

K�3 λ̄, ¦� λ > λ̄ �, ¯K (1.1) ��kü��).

y² éz� λ > 0 , J(u) ∈ C1(E,R). b�é?¿� {un}∞n=1 ⊂ E, �3~ê M , k J(un) ≤ M ,

@o7�3~ê η ¦ F̃ (t, un) < η, (Ü (2.1) ª, Kk

M ≥ J(un) ≥ ‖un‖
p

p
− ληN ≥ |un|

p

pωp
− ληN. (3.2)

Ïd, un 3k�� Banach �m E þk., � {un} 3 E þkÂñ�f�, = J 3 E þ÷

v P. S. ^�. �â (3.2) ª J e�k., (ÜÚn 2.4 �, aλ = inf
u∈E

J(u) ´ J ��.�.

� u ∈ E\{0}, ¦� u(t) > 0, t ∈ [2, N ]. d u(t) > 0 �, f(t, u(t)) > 0 �

N∑
t=1

F̃ (t, u(t)) =
N∑
t=2

∫ u(t)

0

f(t, s)ds+
2

λ

∫ u(N)

0

φp(s)ds > 0.

� λ ¿©��, k J(u) < 0 9 aλ < 0.

½Â λ̄ = inf{λ > 0|aλ < 0}, � λ > λ̄ �, J(u) k�.� aλ, éA��.:�� u1 > 0. d

	, J(x1) < 0 ÷v½n 2.5 � (I2).
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d ‖u‖∞ ≤ ω‖u‖ 9 (3.1) ª��, é?¿� t ∈ [2, N ]Z, k

lim
‖u‖→0

∫ u(t)

0
f(t, s)ds

‖u‖p
≤ lim
‖u‖→0

ωp
∫ u(t)

0
f(t, s)ds

|u|p
= lim
‖u‖→0

ωpf(t, u(t))

p|u|p−1sgnu
= 0,

qÏ�

lim
‖u‖→0

∫ u(N)

0
φp(s)ds

‖u‖p−1
≤ lim
‖u‖→0

φp(u(N))u(N)

‖u‖p−1
= lim
‖u‖→0

|u(N)|p

‖u‖p−1
≤ ωp‖u‖p

‖u‖p−1
= 0,

¤±� ‖u‖ ¿©�� (≤ ‖u0‖), k

J(u) =
‖u‖p

p
+ o(‖u‖p) + o(‖u‖p−1).

Ïd, J(u) ÷vÚn 2.5 � (I1). dÚn 2.5, J k�.� c > 0, éA��.:�� u2 > 0.

dN��5�, u1 6= u2, �� λ > λ̄ �, ¯K (1.1) kü�ØÓ��). y..

e¡�Ñ��~f.

~ � P > 1, T = 12, q(t) = lg t, f(t, u) = t(um + um+1), m ≥ p. �Ä±e¯K:−∆(φp(∆u(t− 1))) + lg tφp(u(t)) = λt(um + um+1), t ∈ [2, N ]Z,

u(0) = u(12), ∆u(0) = −∆u(12),
(3.3)

w,, f : [2, N ] × (0,∞) → (0,∞) ´ëY¼ê, �÷vb�^� (3.1). d½n 3.1 ��, �3 λ̄,

¦� λ > λ̄ �, ¯K (3.3) ���3ü��).

Ä7�8

I[g,�ÆÄ7]Ï�8(11961060)¶[��g,�ÆÄ7]Ï�8(No. 18JR3RA084).
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