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Abstract

Let S be a semigroup and L be a complete lattice. In this paper, we study L-fuzzy

ideals on a semigroup. On this basis, we study properties of L-fuzzy ideals on ordinary

semigroups and several types special semigroups are discussed. This article defines the

“◦” of two L-fuzzy subsets. The concepts of L-fuzzy ideals and several special L-fuzzy

ideals and their equivalent definitions are given. It is proved that every L-fuzzy ideal

of the semigroup S is a L-fuzzy interior ideal, and every L-fuzzy left (right) ideal is a

L-fuzzy quasi-ideal. Every L-fuzzy bi-ideal is a L-fuzzy generalized bi-ideal, and every

L-fuzzy quasi-ideal is a L-fuzzy bi-ideal.
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¡�
n�.XJé?¿�x, a, y ∈ Skf (xay) ≥ f (a),@o¡f´S��
S�n�.XJé?¿

�x, y, z ∈ S,kf (xyz) ≥ min{f (x) , f (z)},@o¡f´S ��
Vn�.

2. �+�L-�
n�

[0, 1]´�S8, ´AÏ��. b�(X,≤)´ S8, �éX¥?¿����f8Yþ�3þ(

.Úe(., @o¡(X,≤)����. í2“�
”�VgÒ´�r[0, 1]«mC¤���. �©Ñy

�Lþ����, 0, 1©O�L����Ú���.

½Â2.1 �X´��8Ü,¡N�f : X → L�X�L-�
f8.

�f, g´�+Sþ�L-�
f8,½Âf, g�m�$�Xe:

(f ∩ g)(x) = f(x) ∧ g(x)(∀x ∈ S);

(f ∪ g)(x) = f(x) ∨ g(x)(∀x ∈ S);

f ⊆ g ⇔ f (x) ≤ g (x) (∀x ∈ S).

(f ◦ g)(x) =


∨

x=yz

{f(y) ∧ g(z)} (∃y, z ∈ S)x = yz;

0 Ù¦.

½Â2.2�S´�+, f´S�L-�
f8.XJ∀x, y ∈ S,kf(xy) ≥ f(x)∧f(y),@o¡f´S�L-

�
f�+.

½Â2.3 �S´�+, f´S�L-�
f8.XJ(∀x, y ∈ S) f (xy) ≥ f (y) (f (x)),@o¡f ´S

�L-�
�£m¤n�.XJfQ´S�L-�
�n�q´S�L-�
mn�,@o¡f´S�L-�


V>n�,{¡L-�
n�.

·�5¿��+S�±��§g��L-�
f8, =?¿�x ∈ SÑkS(x) = 1.u´·���

±e(Ø.

½n2.4 �S´�+, f´Sþ�L-�
f8.Ke�(Ø¤áµ

(1)f´S�L-�
f�+⇔f ◦ f ⊆ f ;

(2)f´S�L-�
�n�⇔S ◦ f ⊆ f ;

(3)f´S�L-�
mn�⇔f ◦ S ⊆ f ;

(4)f´S�L-�
n�⇔S ◦ f ⊆ f�f ◦ S ⊆ f .

y²µ(1)7�5,b�f´S�L-�
f�+, a ∈ S.e(f ◦ f)(a) = 0,K(Øw,¤á.ÄK,

�3x, y ∈ S¦�a = xy.u´

(f ◦ f)(a) =
∨

a=xy

(f(x) ∧ f(y)) ≤
∨

a=xy

f(xy) = f(a).

=f ◦ f ⊆ f .
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¿©5,�x, y, a ∈ S, a = xy.e(f ◦ f)(x) ≤ f(x),K

f(xy) = f(a) ≥ (f ◦ f)(a) =
∨
a=bc

(f(b) ∧ f(c)) ≥ f(x) ∧ f(y)

¤±f ´S�L-�
f�+.

(2)7�5,b�f´S�L-�
�n�,?¿�a ∈ S.e(S ◦ f)(a) = 0K(Jw,¤á.ÄK�

3x, y ∈ S¦�a = xy.u´

(S ◦ f)(a) =
∨

a=xy

(S(x) ∧ f(y)) ≤
∨

a=xy

(1 ∧ f(xy)) = f(a).

=S ◦ f ⊆ f .

¿©5,�x, y, a ∈ S, a = xy.e(S ◦ f)(x) ≤ f(x),K

f(xy) = f(a) ≥ (S ◦ f)(a) =
∨
a=bc

(S(b) ∧ f(c)) ≥ S(x) ∧ f(y) = f(y).

¤±f ´S �L-�
�n�.�â(2)�y², (3)Ú(4)aq�y.

½n2.5 �S´�+.Ke�(Ø¤áµ

(1)ef, g´S�L-�
f�+,Kf ∩ g�´S�L-�
f�+;

(2) f, g´S�L-�
�£m!V>¤n�,Kf ∩ g�´S�L-�
�£m!V>¤n�.

y²µ(1)b�f, g´S�L-�
f�+, ?¿�a, b ∈ S. K(f ∩ g)(ab) = f(ab) ∧ g(ab) ≥
(f(a) ∧ f(b)) ∧ (g(a) ∧ g(b)),
�

(f(a) ∧ f(b)) ∧ (g(a) ∧ g(b)) = (f(a) ∧ g(a)) ∧ (f(b) ∧ g(b))

≥ (f ∩ g) (a) ∧ (f ∩ g) (b).

nþ¤ã, (f ∩ g)(ab) ≥ (f ∩ g) (a)∧ (f ∩ g) (b),=f ∩ g´S�L-�
f�+. (2)�±aqy²,

ùpØ2Kã.

·K2.6 �S´�+, f´S�L-�
m£�¤n�.Kf ∪ (S ◦ f) (f ∪ (f ◦ S))´S�L-�
V>

n�.

y²µb�f´S�L-�
mn�,K

S ◦ (f ∪ (S ◦ f)) = (S ◦ f) ∪ (S ◦ (S ◦ f)) = (S ◦ f) ∪ (S ◦ S) ◦ f

⊆ (S ◦ f) ∪ (S ◦ f) = S ◦ f ⊆ f ∪ (S ◦ f).

Ïdf ∪(S ◦f)´S�L-�
�n�.
(f ∪(S ◦f))◦S = (f ◦S)∪(S ◦f ◦S) ⊆ (f ◦S)∪(S ◦f) ⊆
f ∪ (S ◦ f).¤±f ∪ (S ◦ f) ´S�L-�
V>n�.
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3. �+�L-�
Vn�

½Â3.1 �S´�+, f´S�L-�
f�+.XJ?¿�x, y, z ∈ Skf(xyz) ≥ f(x)∧ f(z),@o
¡f ´S �L-�
Vn�.

½n3.2 �S´�+, f´S�L-�
f�+,Kf´S�L-�
Vn���=�f ◦ S ◦ f ⊆ f .

y²µ7�5,b�f´S�L-�
Vn�,?¿�a ∈ S.e(f ◦ S ◦ f)(a) = 0K(Øw,¤á,

ÄK∃x, y, p, q ∈ S¦�a = xy, x = pq.duf´S �L-�
f�+,¤±f(pqy) ≥ f(p) ∧ f(q).Ïd,

(f ◦ S ◦ f)(a) =
∨

a=xy

((f ◦ S)(x) ∧ f(y)) =
∨

a=xy

(
∨

x=pq

((f(p) ∧ S(q)) ∧ f(y)))

=
∨

a=xy

(
∨

x=pq

((f(p) ∧ 1) ∧ f(y))) =
∨

a=pqy

(f(p) ∧ f(y))

≤
∨

a=pqy

f(pqy) = f(a).

=f ◦ S ◦ f ⊆ f .

¿©5,�x, y, z ∈ S, a = xyz.e(f ◦ S ◦ f)(x) ≤ f(x)Kk

f(xyz) = f(a) ≥ (f ◦ S ◦ f)(a) =
∨
a=bc

((f ◦ S)(b) ∧ f(c))

≥
∨

x=pq

((f(p) ∧ S(q)) ∧ f(z)))

≥ f(x) ∧ (y) ∧ f(z) = f(x) ∧ 1 ∧ f(z) = f(x) ∧ f(z).

=f ´S �L- �
Vn�.y..

·K3.3 �S´�+, f´S�L-�
f8, g´S�L-�
Vn�.Kf ◦ gÚg ◦ fÑ´S�L-�


Vn�.

y²µdug´S�L-�
Vn�,�âþ¡�½n,�±í�

(f ◦ g) ◦ (g ◦ f) = f ◦ g ◦ (f ◦ g)

⊆ f ◦ g ◦ S ◦ g ⊆ f ◦ g.

¤±f ◦ g´S�L-�
f�+.Ïd

(f ◦ g) ◦ S ◦ (f ◦ g) = f ◦ g ◦ (S ◦ f) ◦ g

⊆ f ◦ (g ◦ S ◦ g) ⊆ f ◦ g

�f ◦ g´S�L-�
Vn�.Ón�yg ◦ f´S�L-�
Vn�.

·K3.4 �S´�+, f, g´S�L-�
Vn�.Kf ∩ g´S�L-�
Vn�.
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y²µw,, f ∩ g´L-�
f�+.�∀a, b, x ∈ S,K(f ∩ g)(axb) = f(axb)∧ g(axb).
f(axb)∧
g(axb) ≥ (f(a) ∧ f(b)) ∧ (g(a) ∧ g(b)).qÏ�

(f(a) ∧ f(b)) ∧ (g(a) ∧ g(b)) = f(a) ∧ g(a) ∧ f(b) ∧ g(b)

= (f ∩ g)(a) ∧ (f ∩ g)(b)

¤±(f ∩ g)(axb) ≥ (f ∩ g)(a) ∧ (f ∩ g)(b),=f ∩ g´S�L-�
Vn�.

4. L-�
S�n�

½Â4.1 �S´�+, f´S�L-�
f�+.XJ?¿�x, y, z ∈ S, (xyz) ≥ f(y),@o¡f ´S

�L-�
S�n�.

½n4.2 �S´�+, f´S�L-�
f�+.Kf´S�L-�
S�n���=�S ◦ f ◦ S ⊆ f .

y²µ7�5, b�f´S�L-�
S�n�, ?¿�x ∈ S. e(S ◦ f ◦ S)(x) = 0 ≤ f(x), (

Øw,¤á. ÄK, �3y, z, u, v ∈ S¦�x = yz, y = uv. duf´S �2Â�
S�n�, ¤

±f(uvz) ≥ f(v).u´

(S ◦ f ◦ S)(x) =
∨

x=yz

{(S ◦ f)(y) ∧ S(z)}

=
∨

x=yz

{
∨

y=uv

(S(u) ∧ f(v)) ∧ S(z)}

≤
∨

x=yz

{
∨

y=uv

(1 ∧ f(v)) ∧ 1} ≤ f(x).

¤±S ◦ f ◦ S ⊆ f .

¿©5,�S ◦ f ◦ S ⊆ f , x, a, y ∈ S.=f(xay) ≥ (S ◦ f ◦ S)(xay).


(S ◦ f ◦ S)(x) =
∨

xay=pq

{(S ◦ f)(p) ∧ S(q)}

≥ (S ◦ f(xa)) ∧ S(y) = (S ◦ f)(xa) ∧ 1

=
∨

xa=pq

{S(p) ∧ f(q)} ≥ S(x) ∧ f(a) = f(a).

¤±, f(xay) ≥ f(a),=f´S�L-�
S�n�.

w,�+S�z�L-�
V>n�Ñ´S�L-�
S�n�.�´S�L-�
S�n�Ø�½

´S�L-�
V>n�.e¡´L-�
S�n�Ø´L-�
V>n����~f.
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~4.3µ�S = {a, b, c, d}´�+.§�¦{$�Xe:

a b c d

a a a a a

b a a a a

c a a b a

d a a b b

�f´S�L-�
f8, f(a) = a, f(b) = b, f(c) = c, f(d) = d,�a, b, c, d ∈ Lka ≥ c ≥ b ≥ d.

¯¢þ∀x, y, z ∈ S, Ñkf(xyz) = f(a) = a ≥ f(y). Ïdf´S�L-�
S�n�. �´, f(dc) =

f(b) = b ≤ c = f(c),¤±f Ø´S�L-�
�n�,=fØ´S�L-�
V>n�.

½n4.4 �S´�K�+, f´S�L-�
f8.Ke�Qã�d:

(1) f´S�L-�
n�,

(2) f´S�L-�
S�n�.

y²µ(1)⇒ (2)´w,�,e¡y²(2)⇒ (1).

b�f´S�L-�
S�n�, ∀a, b ∈ S.duS´�K�+,¤±∃x, y ∈ S,¦�a = axa, b =

byb,u´

f(ab) = f(axab) = f((ax)ab) ≥ f(a),

f(ab) = f(abyb) = f((ab(yb)) ≥ f(b).

Ïd, f´S�L-�
n�.

5. L-�
[n�

½Â5.1 �S´�+, f´S�L-�
f8.e(f ◦ S) ∩ (S ◦ f) ⊆ f ,K¡f´S�L-�
[n�.

w,, S�?¿��L-�
�n�£S ◦ f ⊆ f¤, L-�
mn�£f ◦ S ⊆ f¤Ñ´S�L-�
[

n�.
�, S�?¿��L- �
[n�Ñ´S �L-�
Vn�£f ◦ S ◦ f ⊆ f¤.�´(Ø�L5

�7¤á,e¡´ü�äN�~f.

~5.2µ�S = {0, a, b, c}´�+.§�¦{$�Xe:

0 a b c

0 0 0 0 0

a 0 a b 0

b 0 0 0 0

c 0 c 0 0

½ÂS�L-�
f8Xe: f(0) = f(a) = a, f(b) = f(c) = b,�a, b ∈ Lka ≥ b. .Kf´S�L-�


[n�,
Ø´S�L-�
�£m¤n�.
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~5.3µ�S = {0, a, b, c}´�+.§�¦{$�Xe:

0 a b c

0 0 0 0 0

a 0 0 0 0

b 0 0 0 a

c 0 0 a b

½ÂS�L-�
f8Xe: f(0) = f(b) = b, f(a) = f(c) = a,�a, b ∈ Lkb ≥ a. .Kf´S�L-�


Vn�,
Ø´S�L-�
[n�.

·K5.4 �+S�z�L-�
[n�Ñ´S�L-�
f�+.

y²µ�f´S�L-�
[n�.df ⊆ S��f ◦ f ⊆ S ◦ f�f ◦ f ⊆ f ◦ S.Ïd

f ◦ f ⊆ (S ◦ f) ∩ (f ◦ S) ⊆ f .

=f´S�L-�
f�+.

·K5.5 �S´�+, f, g©O´S�L-�
m!�n�.Kf ∩ g´S�L-�
[n�.

y²µb�f, g©O´S�L-�
m!�n�.¤±f ◦ S ⊆ f , S ◦ g ⊆ g.u´k

((f ∩ g) ◦ S) ∩ (S ◦ (f ∩ g)) ⊆ (f ◦ S) ∩ (S ◦ g)

⊆ f ∩ g.

¤±f ∩ g´S�L-�
[n�.

·K5.6 �S´�+, f, g´S�L-�
f8.ef, gÙ¥��´L-�
[n�,Kf ◦ g´S�L-�


Vn�.

y²µØ��f´S�L-�
[n�,Kf ◦ S ◦ f ⊆ f .Ïd

(f ◦ g) ◦ (f ◦ g) = (f ◦ g ◦ f) ◦ g ⊆ (f ◦ S ◦ f) ◦ g ⊆ f ◦ g.

�f ◦ g´S�L-�
f�+.
�

(f ◦ g) ◦ S ◦ (f ◦ g) = (f ◦ (g ◦ S) ◦ f) ◦ g ⊆ (f ◦ (S ◦ S) ◦ f) ◦ g

⊆ (f ◦ S ◦ f) ◦ g ⊆ f ◦ g.

¤±f ◦ g´S�L-�
Vn�.
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