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Abstract

This paper is devoted to study the existence and asymptotic estimates of solutions for

a class of nonlinear third-order singularly perturbed boundary value problems with

three-point boundary value conditions
εx′′′(t) = f(t, x(t), x′(t), x′′(t)), 0 ≤ t ≤ 1, 0 < ε� 1,

x(0, ε) = x′(0, ε) = 0, x′(1, ε)− ξx′(η, ε) = 0,

where 0 < η < 1, 0 < ξη < 1. By constructing an appropriate generalized upper- and

lower-solution pair and employing the Nagumo conditions and boundary layer func-

tions, we obtain the existence of solutions to the above problem and give uniformly

valid asymptotic estimates of the solutions.
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1. 0�

n�~�©�§>�¯K36NåÆ,)ÔÆÚU©Æ�Æ�¥�A^FÃ2�,ÅìÚå


NõÆö�'5.n�>�¯K´~�©�§¥�²;¯K,éÙ)��35�ïÄ,8c®k�


(J.~X,3©z [1]¥, GuoïÄ
n�n:>�¯K u′′′(t) + a(t)f(u(t)) = 0, t ∈ (0, 1),

u(0) = u′(0) = 0, u′(1) = αu′(η),

(P )
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Ù¥ 0 < η < 1, 1 < α < 1
η
,¿$^I.��Ø ØÄ:½n��Xe(J:

½n A � f ∈ C([0,∞), [0,∞)), a ∈ C([0, 1], [0,∞))�3 t ∈ [ η
α
, η]þØð�".e f ÷v

(i) f0 = 0, f∞ =∞,

½

(ii) f0 =∞, f∞ = 0,

K¯K (P )���3���),Ù¥

f0 = lim
u→0+

f(u)

u
, f∞ = lim

u→∞

f(u)

u
.

3©z [2]¥, Torres$^I.��Ø ØÄ:½nïÄ
��5� f ÷v��5�g�5�

/�§n�n:>�¯K  u′′′(t) + a(t)f(t, u(t)) = 0, 0 < t < 1,

u(0) = 0, u′(0) = u′(1) = αu′(η)

�)��35,Ù¥ η ∈ (0, 1), α ∈ [0, 1
η
), f ∈ C([0, 1]× [0,∞), [0,∞)), a ∈ L1[0, 1]�K,�3 [0, 1]

þØð�".n�n:>�¯K�Ù¦�'(J, ë�©z [3–7].

,
,3þã©z [1–7]¥,ïÄ�¯Kþ�´Ä�3)? �3A�)? é��5n�ÛÉ�Ä

n:>�¯K�ïÄé�.¤±,�©$^2Âþe)�{Ú>.�¼ê,ïÄ±e��5n�ÛÉ

�Än:>�¯K

εx′′′(t) = f(t, x(t), x′(t), x′′(t)), 0 ≤ t ≤ 1, 0 < ε� 1, (1)

x(0, ε) = x′(0, ε) = 0, x′(1, ε)− ξx′(η, ε) = 0 (2)

)��35(JÚìC�O,Ù¥ 0 < η < 1, 0 < ξη < 1.

�
ïÄ>�¯K (1)-(2),·�I�?Ø±eÛ�Ä��>�¯K

εy′′(t) = f(t,

∫ t

0

y(s)ds, y(t), y′(t)), 0 ≤ t ≤ 1, 0 < ε� 1, (3)

y(0, ε) = 0, y(1, ε)− ξy(η, ε) = 0. (4)

Äk?Ø±e¯K

y′′(t) = f(t,

∫ t

0

y(s)ds, y(t), y′(t)), 0 ≤ t ≤ 1, (5)

y(0) = 0, y(1)− ξy(η) = 0. (6)
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2. ý��£

½Â 1 e α(t) ∈ C2[0, 1]÷v α′′(t) ≤ f(t,
∫ t

0
α(s)ds, α(t), α′(t)), 0 ≤ t ≤ 1,

α(0) ≥ 0, α(1)− ξα(η) ≥ 0,

K¡ α(t)�>�¯K (5)-(6)���þ).

e β(t) ∈ C2[0, 1]÷v β′′(t) ≥ f(t,
∫ t

0
β(s)ds, β(t), β′(t)), 0 ≤ t ≤ 1,

β(0) ≤ 0, β(1)− ξβ(η) ≤ 0,

K¡ β(t)�>�¯K (5)-(6)���e).

½Â 2 f(t, x, y, z)3 [0, 1] × R3 þ÷v Nagumo^�,Ò´`, f ëY�é ∀a > 0,�3�¼

ê Φ : [0,+∞)→ [a,+∞),é ∀(t, x, y, z) ∈ [0, 1]× R3,Ñk |f(t, x, y, z)| ≤ Φ(|z|),�
∫ +∞

0
s

Φ(s)
ds =

+∞.

½Â 3 ½Â

f∗(t,

∫ t

0

y(s)ds, y(t), y′(t)) =


f(t,

∫ t
0
α(s)ds, α(t), α′(t)), y(t) > α(t),

f(t,
∫ t

0
y(s)ds, y(t), y′(t)), β(t) ≤ y(t) ≤ α(t),

f(t,
∫ t

0
β(s)ds, β(t), β′(t)), y(t) < β(t),

K¼ê f∗(t,
∫ t

0
y(s)ds, y(t), y′(t)) ∈ C([0, 1]×R3,R)� f(t,

∫ t
0
y(s)ds, y(t), y′(t))'u (β(t), α(t))�

?�¼ê.

51:e α(t), β(t)3 [0, 1]þëY, f 3 [0, 1]×R3þëY,K?�¼ê f∗3 [0, 1]×R3þëY�

k..d	,� α(t) ≤ β(t)�, f∗ = f .

Ún 1 [8] e f(t,
∫ t

0
y(s)ds, y(t), y′(t))3 [0, 1]× R3 þëY�k.,K>�¯K (5)-(6)�3�

�) y(t) ∈ C2([0, 1],R).

Ún 2 b½

(i) f(t, x, y, z)3 [0, 1]× R3þëY,

(ii)é ∀(t, x, y, z) ∈ [0, 1]× R3, f(t, x, y, z)'u z÷v Nagumo^�,

(iii)>�¯K (5)-(6)�3þ) α(t)Úe) β(t),÷v

β(0) ≤ 0 ≤ α(0), (7)
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β(1)− ξβ(η) ≤ 0 ≤ α(1)− ξα(η), (8)

K>�¯K (5)-(6)�3��) y(t) ∈ C2([0, 1],R),¦�

β(t) ≤ y(t) ≤ α(t), |y′(t)| ≤ D, t ∈ [0, 1],

Ù¥ D > 0´��~ê.

y²-

λ = max
t∈[0,1]

α(t)− min
t∈[0,1]

β(t).

d^� (ii),�3M > 0,¦�
∫M
λ

s
Φ(s)

ds > λ.

½Â

N = max{|α′(t)|, |β′(t)|,M, 2λ},

K N > 0.d5 1ÚÚn 1,�±��?�¯K y′′(t) = f∗(t,
∫ t

0
y(s)ds, y(t), y′(t)), 0 ≤ t ≤ 1,

y(0) = 0, y(1)− ξy(η) = 0,

(9)

�3��) y(t) ∈ C2([0, 1],R).

d f∗�½Â,N´y²¯K (9)�)÷v

β(t) ≤ y(t) ≤ α(t), |y′(t)| ≤ N, t ∈ [0, 1]. (10)

e¡©üÚy² (10)¤á.

(1)y² β(t) ≤ y(t) ≤ α(t), t ∈ [0, 1].

ky β(t) ≤ y(t), t ∈ [0, 1].�� β(t) ≤ y(t)), t ∈ [0, 1]Ø¤á,K�3 t0 ∈ [0, 1],¦�

β(t0) > y(t0).

- p(t) =: β(t)− y(t),K p(c) = max{β(t)− y(t), t ∈ [0, 1]} > 0.

e c = 0,K β(0)− y(0) > 0,d (7)�±�� β(0) ≤ 0 = y(0),gñ.

e c = 1,K β(1)− y(1) > 0,d (8)�±�� β(1)− ξβ(η) ≤ 0 = y(1)− ξy(η),= β(1)− y(1) ≤
ξ(β(η)− y(η)) < β(η)− y(η),gñ.

e c ∈ (0, 1),K β(c)− y(c) > 0, β′′(c)− y′′(c) < 0.

,��¡,
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β′′(c)− y′′(c) ≥ f(c,

∫ c

0

β(s)ds, β(c), β′(c))− f∗(c,
∫ c

0

y(s)ds, y(c), y′(c))

= f(c,

∫ c

0

β(s)ds, β(c), β′(c))− f(c,

∫ c

0

β(s)ds, β(c), β′(c))

= 0,

gñ.Ïd β(t) ≤ y(t), t ∈ [0, 1].Ón�y y(t) ≤ α(t), t ∈ [0, 1].

¤±,

β(t) ≤ y(t) ≤ α(t), t ∈ [0, 1].

(2)y² |y′(t)| ≤ N, t ∈ [0, 1].

��þ¡�(ØØ¤á,K�3 t1 ∈ [0, 1],¦� y′(t1) > N.

-

d = max{y′(t)−N, t ∈ [0, 1]} > 0,

Kd¥�½nÚ β(t) ≤ y(t) ≤ α(t), t ∈ [0, 1]��,�3 θ ∈ (0, 1),¦�

|y′(θ)| = |y(1)− y(0)| ≤ λ < N.

du y′(t) ∈ C[0, 1],K�3«m [t2, t3] ⊆ [0, 1] (½ö [t3, t2] ⊆ [0, 1] ),¦�

y′(t2) = λ, y′(t3) = N, λ < y′(t) < N, t ∈ (t2, t3),

Ïd,

|y′′(t)| = |f∗(t,
∫ t

0

y(s)ds, y(t), y′(t))|

= |f(t,

∫ t

0

y(s)ds, y(t), y′(t))|

≤ Φ(|y′(t)|), t ∈ (t2, t3).

@o,

|
∫ t3

t2

y′(t)y′′(t)

Φ(y′(t))
dt| ≤ |

∫ t3

t2

y′(t)dt| ≤ λ, (11)

,��¡,

|
∫ t3

t2

y′(t)y′′(t)

Φ(y′(t))
dt| = |

∫ N

λ

s

Φ(s))
ds| > λ, (12)

(11)Ú (12)gñ,�b�Ø¤á,¤± |y′(t)| ≤ N, t ∈ [0, 1].

3. Ì�½n9Ùy²

½n 1 [9] b½

(i)>�¯K (3)-(4)�òz¯K(= f(t,
∫ t

0
y(s)ds, y(t), y′(t)) = 0, 0 ≤ t ≤ 1, y(0) = 0)k��
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òz) y0(t) ∈ C2([0, 1],R),÷v y′0(t) > 0, 0 ≤ t ≤ 1,� C =: y0(1)− ξy0(η) > 0,

(ii)é ∀(t, x, y, z) ∈ [0, 1]× R3, f(t, x, y, z)'u z÷v Nagumo^�,

(iii) �3�~ê m = 2εξ
C(1−η)(ξ+1)

, ¦� fyz = ∂2f(t,x,y,z)
∂y∂z

≥ m > 0, fx = ∂f(t,x,y,z)
∂x

, fy =
∂f(t,x,y,z)

∂y
, fz = ∂f(t,x,y,z)

∂z
þ��K¼ê,

K� ε > 0¿©��,>�¯K (3)-(4)�3��) y(t, ε)÷v

|y(t, ε)− y0(t)| ≤ ω(t, ε) + rε, 0 ≤ t ≤ 1, 0 < ε << 1,

Ù¥, r´���½�v
��~ê,�

ω(t, ε) =
2εC

2ε+mC(η − t)
. (13)

y²�E¼ê α(t, ε), β(t, ε)Xe: α(t, ε) = y0(t) + ω(t, ε) + rε,

β(t, ε) = y0(t)− rε,

¯¢þ, ω(t, ε)´ t = η?�>.¼ê,÷v εω′′(t, ε)−mω(t, ε)ω′(t, ε) = 0, 0 ≤ t ≤ 1,

ω(1, ε)− ξω(η, ε) = C,

w,, ω(t, ε) > 0, ω′′(t, ε) > 0, 0 ≤ t ≤ 1.

e¡y² α(t, ε), β(t, ε)©O�¯K (3)�þ)Úe).

é ∀ε > 0,ØJy²�3¿©���~ê r1,� r > r1�,

α(t, ε), β(t, ε) ∈ C2([0, 1]), α(t, ε) ≥ β(t, ε), 0 ≤ t ≤ 1,

α(0, ε) = y0(0) + ω(0, ε) + rε = ω(0, ε) + rε ≥ 0,

β(0, ε) = y0(0)− rε = −rε ≤ 0,

α(1, ε)− ξα(η, ε) = y0(1) + ω(1, ε) + rε− ξ(y0(η) + ω(η, ε) + rε)

= y0(1)− ξy0(η) + ω(1, ε)− ξω(η, ε) + (1− ξ)rε ≥ 0,

β(1, ε)− ξβ(η, ε) = y0(1)− rε− ξ(y0(η)− rε)

= y0(1)− ξy0(η)− (1− ξ)rε,

= C − (1− ξ)rε ≤ 0,
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= α(t, ε), β(t, ε)÷vØ�ª (7)-(8),d¥�½n9 (i)Ú (iii),�±��

f

(
t,

∫ t

0

α(s)ds, α, α′
)

= f

(
t,

∫ t

0

α(s)ds, α, α′
)
− f

(
t,

∫ t

0

α(s)ds, α, y′0

)

+ f

(
t,

∫ t

0

α(s)ds, α, y′0

)
− f

(
t,

∫ t

0

α(s)ds, y0, y
′
0

)

+ f

(
t,

∫ t

0

α(s)ds, y0, y
′
0

)
− f

(
t,

∫ t

0

y0(s)ds, y0, y
′
0

)
+ f

(
t,

∫ t

0

y0(s)ds, y0, y
′
0

)
= ω′(t, ε)

∫ 1

0

fz

(
t,

∫ t

0

α(s)ds, α, y′0 + θ(α′ − y′0)

)
dθ

+ (ω(t, ε) + rε)

∫ 1

0

fy

(
t,

∫ t

0

α(s)ds, y0 + θ(α− y0), y′0

)
dθ

+

∫ t

0

(ω(s, ε) + rε)ds

∫ 1

0

fx

(
t,

∫ t

0

[y0(s) + θ(α(s)− y0(s))]ds, y0, y
′
0

)
dθ

≥ (ω(t, ε) + rε)

∫ 1

0

fy

(
t,

∫ t

0

α(s)ds, y0 + θ(α− y0), y′0

)
dθ

− (ω(t, ε) + rε)

∫ 1

0

fy

(
t,

∫ t

0

α(s)ds, y0 + θ(α− y0), y′0 + α′
)
dθ

+ (ω(t, ε) + rε)

∫ 1

0

fy

(
t,

∫ t

0

α(s)ds, y0 + θ(α− y0), y′0 + α′
)
dθ

≥ (ω(t, ε) + rε)(y′0 + ω′(t, ε))

∫ 1

0

∫ 1

0

fyz

(
t,

∫ t

0

α(s)ds, y0 + θ(α− y0), y′0 + sα′
)
dθds

≥ m(ω(t, ε) + rε)(y′0 + ω′(t, ε)).

d y0(t) ∈ C2([0, 1]), y′0(t) > 0, 0 ≤ t ≤ 1 ��, y′0(t), y′′0 (t) 3 [0, 1] þk.. Ïd, �3�~ê

n1, n2,¦�

|y′′0 (t)| ≤ n1, |y′0(t)| ≥ n2, t ∈ [0, 1].

@o,

εα′′(t)− f
(
t,

∫ t

0

α(s)ds, α(t), α′(t)

)
≤ ε(y′′0 + ω′′)−m(ω + rε)(y′0 + ω′)

= εy′′0 + εω′′ −mωy′0 −mωω′ −mrεy′0 −mrεω′

≤ εy′′0 −mrεy′0 ≤ ε(n1 −mrn2),

� r ≥ r2 = n1

mn2
�,Òk

εα′′(t) ≤ f
(
t,

∫ t

0

α(s)ds, α(t), α′(t)

)
, 0 ≤ t ≤ 1.
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aq�,�±��

f

(
t,

∫ t

0

β(s)ds, β(t), β′(t)

)
≤ −mrεy′0,

@o,

εβ′′(t)− f
(
t,

∫ t

0

β(s)ds, β(t), β′(t)

)
≥ εy′′0 +mrεy′0

≥ ε(mrn2 − n1),

� r ≥ r2 = n1

mn2
�,Òk

εβ′′(t) ≥ f
(
t,

∫ t

0

β(s)ds, β(t), β′(t)

)
, 0 ≤ t ≤ 1.

Ïd,� r ≥ max{r1, r2}�, α(t, ε), β(t, ε)Ò©O�¯K (3)�þ)Úe).dÚn 2�±��,>

�¯K (3)-(4)�3��) y(t) ∈ C2([0, 1],R),¦� α(t, ε) ≤ y(t, ε) ≤ β(t, ε), 0 ≤ t ≤ 1.

½n 2 b½

(i)>�¯K (1)-(2)�òz¯K f(t, x(t), x′(t), x′′(t)) = 0, 0 ≤ t ≤ 1,

x(0) = x′(0) = 0,

k��òz) x0(t) ∈ C3([0, 1],R),÷v x′′0(t) > 0, 0 ≤ t ≤ 1,� C∗ =: x′0(1)− ξx′0(η) > 0,

(ii)é ∀(t, x, y, z) ∈ [0, 1]× R3, f(t, x, y, z)'u z÷v Nagumo^�,

(iii)�3�~ê m = 2εξ
C(1−η)(ξ+1)

,¦� ∂2f(t,x,y,z)
∂y∂z

≥ m > 0,� ∂f(t,x,y,z)
∂x

, ∂f(t,x,y,z)
∂y

, ∂f(t,x,y,z)
∂z

´�K¼ê,

K� ε > 0¿©��,>�¯K (1)-(2)�3��) x(t, ε) ∈ C3([0, 1],R)÷v

|x(t, ε)− x0(t)| ≤ ω(t, ε) + rε. (14)

y²-

x′(t) = u(t), (15)

K>�¯K (1)-(2)�±=z� εu′′(t) = f(t,
∫ t

0
u(s), u(s), u′(s)), 0 ≤ t ≤ 1, 0 < ε� 1,

u(0, ε) = 0, u(1, ε)− ξu(η, ε) = 0,

(16)

(16)�òz¯K  f(t,
∫ t

0
u(s), u(s), u′(s)) = 0, 0 ≤ t ≤ 1,

u(0) = 0,

(17)
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k��òz) u0(t) ∈ C2([0, 1],R),÷v

u′0(t) > 0, C =: u(1)− ξu(η) > 0.

�½n 1¥�^�þ÷v,@o>�¯K (16)�3��) u(t, ε) ∈ C2([0, 1],R),¦�

|u(t, ε)− u0(t)| ≤ ω(t, ε) + rε, 0 ≤ t ≤ 1, 0 < ε << 1, (18)

Ù¥, ω(t, ε) � (13) ¥¤½Â¼ê, d (15)-(18) ØJy²>�¯K (1)-(2) �3��) x(t, ε) ∈
C3([0, 1],R),¿�÷v (14).

Ä7�8

I[g,�ÆÄ7]Ï�8(12061064).
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