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Abstract

This paper is devoted to study the existence and asymptotic estimates of solutions for
a class of nonlinear third-order singularly perturbed boundary value problems with

three-point boundary value conditions
@ (t) = f(to(t), @' (D),2" (1), 0<t<L0<e<1,
z(0,€) =2'(0,e) =0, 2'(1,e) —&x'(n,e) =0,

where 0 < n < 1, 0 < £n < 1. By constructing an appropriate generalized upper- and
lower-solution pair and employing the Nagumo conditions and boundary layer func-
tions, we obtain the existence of solutions to the above problem and give uniformly

valid asymptotic estimates of the solutions.
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=B H o 7 R AE R AR T35, AR SRR RS A s RPN H 2, B SR T
VF2 53 I ORTE . = W A 1A R 3 70 R e ) 2 i 1), X AR O A AEPE BT T, H T A — 2%
g5 lhn, #ESCHR (1], Guo WAL T =i = U {E (]

u"(t) + a(t)f(u(t)) =0, te(0,1),

u(0) = w'(0) =0, w/'(1) = au'(n),
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H0<n <1, 1 <a <, SRS IRAEA S 5E AT R 00~ 4

EEA & feC(0,00), [0,00)),a€C(0,1], [0,00)) HIEt € [L,n] EAENE. 25 f L
(1) fOZOa foo = o0,

Ejz
(11) fO = 0o, foo =0,
e (P) ZAAFAE— AN IEfR, Horp
fo= lim M, Joo =1 M
u—0t U u—oo U

FESCHR (2], Torres ia I HERL 5 I 48 A8 fUEBEWT U T ARAEIT £ 3 R 4 5 IR R
R, =B = R E ]

IERRIOATAENE, o € (0,1), a €0, 1), f € C([0,1] x [0,00),[0,00)), a € L'0,1] 5, BLAE [0,1]
EARER . =W = OO R AR A DG A R, 2 WSk [3-7).

ORI, 7E L3RS [1-7]F, BFS I I LN 5 AR PEARY A2 TR JLAMR? XAkt = 2 543
=SB FREBITAR . BT LA, ASCER XL R AL F I BB, BETLA R ARk =2 57
) = S

e (t) = f(t,z(t),2'(t),2"(t)), 0<t<1,0<e<1, (1)

x(0,e) =2'(0,e) =0, a'(1,€) —&x'(n,e) =0 (2)
FRHIAFAE PR G AT A T, P 0o<n <1, 0 <& < 1.
N T WRFCLAE R (1)-(2), B 175 B 16 BL R A dk sl —Brid e il it

o) = 16 [ vs. 0. 0), 0<e<10< <, &
y(0,€) =0, y(1,€) —&y(n,e) = 0. (4)
B e e LU )
V0= 10, [ )i 0.0/ @), 0<e<t o)
y(0) =0, y(1)—<&y(n) =0 (6)
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EX 1 & at)eC?0,1] 2

{ a'(t) < f(t, [5 a(s)ds, a(t),d(t), 0<t<1,
a(0) 20, «a(l) —&a(n) =0,

WIFR e (t) HILAETA R (5)-(6) B—> EA.
¥ B(t) € C?[0,1] W 2
B(t) > f(t, [y B(s)ds, B(t), B'(), 0<t<I,
{ B(0) <0, B(1)—=¢B(n) <0,
MR B(t) NLA ) (5)-(6) 1—A T il

EMX 2 f(t,x,y,2) 1 [0,1] x R® L3 & Nagumo 264, w2, f ELHX Va > 0, ﬁfiE
B @2 [0, 400) = [, +00), M V(t, 2,9, 2) € [0,1] x R, #4 [ f(t,2,y,2)] < D(|2)), B [
+00.

ENX 3 EX

t £t JL als)ds, a(t), o'(1)), y(t) > at),
F@/y@%w@wﬁDI tgy@@yoyu» B(t) < y(t) < at),
' F(t [ B(s)ds, B(1), B'(1),  w(t) < B(2),

TR £ (¢, fO s)ds,y(t),y'(t)) € C([0,1] x R*,R) N f(t, fot y(s)ds,y(t),y'(t)) KT (B(t), a(t)) B
(ENAEE

SEL:HF at), B(t) 78 [0,1] LESE, £ 18 [0,1] x R® _Ei&Eg:, WMEIEREL f* 16 [0,1] x R® kg H,
A WA, Za(t) < B(t) B, £+ =f.

SIHB 1 [8] #F f(t, [, y(s)ds, y(t),y'(t)) 7E [0,1] x R® S HA G, WA{E 8 (5)-(6) f77E—
M y(t) € C2([0,1],R).

S 2 e

() f(t,z,y,2) £ [0,1] x R® LiESE,

(i) XF V(t,z,y,2) € [0,1] x R3, f(t,z,y,2) =T z /& Nagumo 5&4F,

(iii) LA A (5)-(6) FA1E L # a(t) FITT AR B(t), i 2

8(0) <0 < (0), (1)
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B(1) = €B(n) <0 < a(l) - Ealn), (8)
NAAE R AL (5)-(6) A7 AE— M y(t) € C*([0,1], R), 13

Bt) <y(t) < aft), [y'(t)] < D, t €[0,1],

A= t) — i t).
maxa(t) - min 5(¢)

HIAPE (i), 4205 M > 0, 63 [\ 5i5ds > A,

TE
N = max{la/(t)], |8'(£)], M, 2)},

M N > 0. B33 1 A5 3 1, 7] A4S RE 1F ) 5

Y'(t) = (& fy y(s)ds, y(t),y/ (1),  0<t<1,
9)
y(0) =0, y(1)—<&y(n) =
FEAE— M y(t) € C2([0,1], R).
Hf* 1 S, 22 UE B IR (9) g 2
Bt) <y(t) <alt), [v'(t)| <N, t €0,1]. (10)

N THZPBAERA (10) 0T
(1) WM B(t) < y(t) < a(t), t € [0,1].
JEIE B(t) < y(t), t € [0,1]. R¥& B(t) < y(t)), t € [0,1] ABSL, WHETE to € [0,1], 145

B(to) > y(to)-

2 p(t) =: B(t) —y(t), W p(c) = max{B(t) — y(t), t € [0,1]} > 0.
#c=0, B(0) —y(0) >0, H1 (7) "R E] B(0) < 0= y(0), FJ&
#ic=10pB(1)—y(1) >0, H (8) ATLAFEI B(1) - £B8(n) < 0=y(1) —&y(n), B B(1) —y(1) <
£(Bm) —ym)) < Bm) —yn), TJA.
#ice (0,1), M B(c) —y(c) >0, B(c) —y"(c) < 0.
75T,
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“Uy%>f/BdMUMD#%f®Ww
>ﬂjﬂww<

FIE. I B(t) < y(t), t €[0,1]. FEEATE y(¢) < a(t), t € [0,1].
JITEL,
B(t) <y(t) <aft), t €[0,1].
(2) EBH |y (t)] < N, t € ]0,1].
S BT AR AL, WAFLE ¢ € [0,1], 4% ¢/ (t1) > N.

é\
d=max{y'(t) — N, t € [0,1]} > 0,
W EE A B(2) < y(t) < a(t), t € [0,1] FIAL, /74E 0 € (0,1), 45
()] = [y(1) —y(0)| <A < N.
BT o/ (t) € C[0,1], MAZLEXIA [ty, ts] C [0,1] (B [ts, 2] € [0,1]), {3

y/(tg) = )\, y/(td) = N, A< y/(t) < N, te (tz,t;g),

(), y/'(
) B'(c

c))

)

PRl I, t
(O =17°(6 | v(o)ds,u(t)./(6)
0
=116t [ wls)ds. (). @)
0
< O(ly'(®))), t € (ta,t3).
i/ t
|/ q)zy’; y_|/ (H)dt] < A, (11)
J— 7, .
|/2 (DZ/?’ ®) g |/ sl > 2 (12)
(11) A1 (12) 7 )&, SABBEAKL, FTEk |y (1) < N, ¢ € [0, ]~
3. FEEENHIERA
T 1[9] BE
(i) IAME R (3)-(4) HB AL IR RE(ED £(¢, f(f y(s)ds,y(t),y'(t)) =0, 0 <t <1, y(0) = 0)HF 1
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B yo(t) € C*([0,1],R), /2 yp(t) > 0, 0 <t <1, H C =:yo(1) — &yo(n) >0,
(i) X V(¢, 2, y,2) € [0,1] x R3, f(t,x,y,2) KT 2 2 Nagumo 5AF,

e f(tmy,z of(t,zy,z —
(iif) fFFEEWH m = 277)5(&1),@{? fye = % >m >0, f, = ez~

of t:J(:yz)7 f o (')ft:z:yz) i/jjjzuzﬁlglﬁ
W4 e > 0 870 /NI, B IRRR (3)-(4) AFAE—ME y(t, €) T2

ly(t,€) —yo(t)| Swl(t,e) +1e, 0<t <1, 0<e<<1,

Her, r R MEERLBRIEL H

2¢C

wit,€) = 2¢ + mC(n—t)

(13)

JERR HIE KA a(t, €), B(t,e) WIT:

{ aft,e) = yo(t) + w(t,€) + re,
B(ta 6) = yO(t> — T€,

LB wt,e) & ¢t =n AL R AL, W 2

ew”(t,€) —mw(t,e)w'(t,e) =0, 0<t<1,
w(17€) - 5“(77; 6) = Ca
B w(t,e) >0, W (te) >0, 0<t<1.
TR a(t, €), B(t,€) A amE (3) 1 - mF T .
Xt Ve > 0, AHEUEBHAFAE TR 7 RKIIEH L ry, S r >y B,

a(t,e), B(t,e) € C*([0,1]), alt,e) > B(t.e), 0 <t <1,

(0, €) = yo(0) + w(0, €) + re = w(0, €) + re > 0,
B8(0,€) = 5o(0) — re = —re <0,
a(l,e) = a(n,€) = yo(1) +w(l,€) +re—&(yo(n) +w(n, €) +re)
= yo(1) = &yo(n) + w(l,€) — &w(n, €) + (L = &)re > 0,

B(1,€) —&EB(n,€) = yo(1) —re — &(yo(n) — 7e)
=yo(1) = &yo(n) — (1 = &re,
=C—-(1-¢re<q,
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B a(t,e), B(t,e) iR (7)-(8), A EEHE & (1) F (i), ol LAFS 2

f(t, /O ' a(s)ds. o o/>

:f< s)ds,a, o’ f<, a(sdsay0>

+f< s)ds, « yo) f( s)ds yo,y())

+ f( s)ds yOv:’-/O) ( s)ds yo,y0> +f<t, /Ot yo(s)ds,y(),y6>
=w'(t, )/ fz< /0 a(s)ds, o,y + 0(c/ y6)>d9

+ (w(t,€) + 7€) /01 Iy (t, /Ot a(s)ds,yo + 0(a — yo), y6> db

a(s)ds, o + O(c — yo), yg)de

~+

<w<t,e>+re>/01 fy<

ot o) [ ', (t,
> (Wt €) +re) (y} —i—w'(t,e))/ol /01 fr (t, /Ota(s)ds,yo 00— o), 1l + so/> dods

> m(w(t,€) +re)(yy + w'(t, €)).

|
t
/ a(s)ds,yo + 0(a —yo), Yo + o/> do
0
/

a(s)ds,yo + 0(a — vo),yp + o/) db

H yo(t) € C2([0,1]), yo(t) > 0, 0 < t < 1HHL, y)(t), vil(t) 7E [0,1] LA F. Kk, 778 F 5 5
ni, ne, fifF

A4,

1Yo (D] < ma, [yo(8)] = ma, ¢ € [0,1].

t
ca'(t) = £ (1, [ a(o)is.a(0).a'()) < el + ) =l + 1) 5+ )
0
= eyy + ew” — mwy — mww’ — mrey, — mrew’

< eyy — mreyy < e(ny —mrny),

Hr>ry = B EE

mno

ea’(t) < f(t, /Ota(s)ds,a(t),a’(t)>, 0<t<1.
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KA, T L5 t
f(t, / ﬂ(s)ds,mt),ﬁ'(t)) < —mrey),
WA,
Hﬂ_</ﬁ )ds, B(t) 02%+W%
> e(mrng —ny),

R HT WA

)= (1. [ tﬁ<s>ds,5<t>,ﬂ'<t>), 0<i<1,

BRI, 24 r > max{r,ro} B, a(t,€), B(¢,€) Bt mlonim i (3) B _EAEANE. g2 2 v LIS 2] 14
R (3)-(4) AAE—ME y(t) € C2([0,1],R), 115 a(t,e) < y(t,e) < B(te), 0<t < 1.

T2 BE
(1) JLAE I (1)-(2) AR Ak e 3t

{f@x@@ﬂﬁfﬁ”zO, 0<t<1,

BB 2o(t) € C3([0,1],R), Wi /& 2y (t) >0, 0 <t <1, H C* = 2z{(1) — £x(n) > 0,
(i) XF V(¢, 2, y,2) € [0,1] x R3, f(t,x,y,2) KT 2 2 Nagumo 5AF,

(111) TEAEIEH X m = 217£)£(€+1)’ 175 2? fétguz) >m >0, H Bf(taw \Ys Z)’ 8f(taﬂ;u Z)7 8f(taavzuz)
=)
AR R,

M4 e > 0 7850 /NEF, LB R AR (1)-(2) FAE— MR x(t,¢) € C3([0,1],R) i &

|x(t,€) — xo(t)| < w(t,€) + re. (14)
MERR 4
2’ (t) = u(t), (15)
MR AR 1] 3 (1)-(2) AT LA R
{ = f(t, J ul W(s), 0<t<1,0<e<],
(16)
(0 6) =0, u(l? 6) - fu(ﬂa 6) =0,

(16) R4 i)
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H—BIAE uo(t) € C*([0,1],R), i 2
ug(t) >0, C =:u(l) — Eu(n) > 0.
WUE B 1 SRR 2, IS A B TR (16) ARAE— M u(t, €) € C*([0,1],R), 1S
|u(t, €) —ug(t)| <w(t,e)+re, 0 <t <1, 0<e<<, (18)

Horf w(t,e) N (13) HATE R %L B(15)-(18) ASKEE B IAAE M) 8 (1)-(2) f24E— M z(t,e) €
3(10,1], R), FF Hik &2 (14).

Q

EEUIH

5% H AR A 4 BN H (12061064).
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