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Abstract

This paper mainly studies the mean Berwald curvature and isotropic mean Berwald

curvature doubly-twisted product of Finsler metrics. The necessary and sufficient

conditions for the doubly-twisted product of Finsler metrics are weakly Berwald met-

rics. It is proved that under certain conditions the doubly-twisted product of Finsler

metrics with isotropic mean Berwald curvature is weakly Berwald metrics.
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1. Úó

LÈ´�«�EAÏÝþ�k��{. 1981 c, Chen �Ñ
 Riemann ÝþLÈ�Vg[1].

2006 c, Kozma, Peter Ú Shimada òLÈí2�
 Finsler AÛ¥, ïÄ
LÈ Finsler Ýþ�

Cartan éä, ÿ/�9Ù��5[2]. CAc, LÈ Finsler Ýþ��
�
Æö�'5ÚïÄ[3][4].

3 Finsler AÛ¥, f Berwald Ýþ´�a�� Finsler Ýþ. Berwald ÄkJÑ
 Berwald

Ç�Vg[5][6]. 1986 c, Matsumoto �Ñ
 Berwald Ýþ�½Â[7]. 2001 c, !§¬y²
ä

k�� Berwald Ç� Finsler Ýþ´ Berwald Ýþ. Berwald Ç�,�¡�²þ Berwald Ç,

�äk��²þ Berwald Ç� Finsler Ýþ�f Berwald Ýþ[8]. 2005 c, §#�Ú!§¬�Ñ


��²þ Berwald Ç�½Â[9], §´ Berwald Ç�í2. 2013 c, Peyghan Ú Tayebi y²


äk��²þ Berwald Ç�LÈ Finsler Ýþ´f Berwald Ýþ[3]. 2020 c, n!Û]ÚÜ

¡ y²
VÛÈ Finsler 6/äk��²þ Berwald Ç��=�§´f Berwald 6/[10].

�©òLÈ Finsler Ýþí2�VLÈ Finsler Ýþ, Ì�ïÄVLÈ Finsler Ýþ�²þ

Berwald ÇÚ��²þ Berwald Ç, }Á�ÑVLÈ Finsler Ýþ�f Berwald Ýþ�¿�^

�. �É�©z[3]Ú[10]�éu, �©ò&¢äk��²þ Berwald Ç�VLÈ Finsler Ýþ�f

Berwald Ýþ�m�'X.
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2. ý��£

�M � n �1w6/, M þ�ÛÜ�I� (x1, · · · , xn). � TM ´M ��m, Ùp��ÛÜ

�I� (x, y) = (x1, · · · , xn, y1, · · · , yn), M þ� Finsler Ýþ½ÂXe.

½Â1. [11]1w6/M þ� Finsler Ýþ´�ëY¼ê F : TM → [0,∞), ÷v

(i) �K5: F 3 TM◦ = TM \ {0} þ´ C∞ ¼ê;

(ii) �àg5: F (x, λy) = λF (x, y), ∀λ > 0;

(iii) rà5: n× n � Hessian Ý
 (gij) := ( 1
2
∂2F 2

∂yi∂yj
) 3 TM◦ þ´�½�.

½Â2. [12]� F ´ Finsler Ýþ, Kd F p����Xê�

Gi :=
1

4
gil(

∂2F 2

∂yl∂xk
yk − ∂F 2

∂xl
); (2.1)

�â Gi 'u y ���àg5Ú Euler ½nk

yj
∂Gi

∂yj
= 2Gi. (2.2)

½Â3. [8]� F ´ Finsler Ýþ. Berwald Ç�Xê�

Bijkl :=
∂3Gi

∂yj∂yk∂yl
; (2.3)

²þ Berwald Ç�Xê�

Ejk :=
1

2
Bmjkm. (2.4)

e Bijkl = 0, ¡ F � Berwald Ýþ; e Ejk = 0, ¡ F �f Berwald Ýþ.

½Â4. [9]� F ´ Finsler Ýþ. F p��²þ Berwald Ç÷v

Eij =
1

2
(n+ 1)cFyiyj , (2.5)

¡ F äk��²þ Berwald Ç, Ù¥ c = c(x) ´M þ�Iþ¼ê.

�©¥, � (GAB) ´Ý
 (GBC) �_Ý
, ¦� GABGBC = δAC .

�M1 ÚM2 ©O´ n1 �Ú n2 �1w6/, M1 ÚM2 þ�ÛÜ�I©O� (x1, · · · , xn1) Ú

(u1, · · · , un2). TM1 Ú TM2 þ�ÛÜ�I©O� (x1, · · · , xn1 , y1, · · · , yn1)Ú (u1, · · · , un2 , v1, · · · ,
vn2). M = M1 ×M2 �M1 ÚM2 �¦È6/, �ê� n1 + n2. � π1 : M →M1 Ú π2 : M →M2

´g,ÝK, � dπ1 : TM → TM1 Ú dπ2 : TM → TM2 ©O´d π1 Ú π2 p���N�. -

X = (x, u) ∈M , Y = (y, v) ∈ TXM , � TXM = TxM1 ⊕ TuM1.

½Â5. � (M1, F1) Ú (M2, F2) ´ü� Finsler 6/, � f1 Ú f2 : M1 ×M2 → R+ ´ü�1w¢�

¼ê. F1 Ú F2 �VLÈ FinslerÝþ´3¦È6/M = M1 ×M2 þUXe�ª½Â� Finsler Ý
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þ F : TM → R+

F 2(X,Y ) = f2
2 (π1(X), π2(X))F 2

1 (π1(X), dπ1(Y ))

+ f2
1 (π1(X), π2(X))F 2

2 (π2(X), dπ2(Y )), (2.6)

Ù¥ f1 Ú f2 �¡�L¼ê. é²w F ´M þ��� Finsler Ýþ.

XJ f1 ≡ 1 � f2 ≡ 1 k�=k��¤á, K F �LÈ Finsler Ýþ. XJ f1 ≡ 1 � f2 ≡ 1, K

F �¦È Finsler Ýþ. XJ f1 Ú f2 ÑØð�u~ê, K¡ F ��²��VLÈ Finsler Ýþ.

P

(i) gij :=
1

2

∂2F 2
1

∂yi∂yj
, (ii) gαβ :=

1

2

∂2F 2
2

∂vα∂vβ
. (2.7)

K F �Ä�ÜþÝ
�

(GAB) = (
1

2

∂2F 2

∂Y A∂Y B
) =

(
f2
2 gij 0

0 f2
1 gαβ

)
, (2.8)

Ù_Ý
�

(GBA) =

(
f2
−2gji 0

0 f1
−2gβα

)
. (2.9)

�©�½, ��.¶i1�I, X i, j �, Cz��l 1 � n1; ��F1i1�I, X α, β �,

Cz��l 1 � n2; ��.¶i1�I, X A,B �, Cz��l 1 � n1 + n2. �1w61 (M1, F1)

Ú (M2, F2) k'�AÛþ, ©O3Ù�þ�\�I 1 Ú 2, X
1

Gi Ú
2

Gα ©OL«d F1 Ú F2 p�

���Xê.

3. VLÈ Finsler Ýþ�²þ Berwald Ç

�!Ì�í�dVLÈ Finsler Ýþp��²þ Berwald Ç�Xê.

·K3.1. � F ´ Finsler Ýþ F1 Ú F2 �VLÈ. @o, F p�� Berwald Ç�Xê BABCD �:

Bkijl =
1

Bkijl −
1

4f2
2

(
∂2gkh

∂yj∂yl
∂F 2

1

∂yi
+

∂2gkh

∂yi∂yl
∂F 2

1

∂yj
+

∂2gkh

∂yi∂yj
∂F 2

1

∂yl
)
∂f2

2

∂xh

− 1

2f2
2

(
∂gkh

∂yi
gjl +

∂gkh

∂yj
gil +

∂gkh

∂yl
gij + gkh

∂gij
∂yl

)
∂f2

2

∂xh

− 1

4f2
2

∂3gkh

∂yi∂yj∂yl
(
∂f2

2

∂xh
F 2
1 +

∂f2
1

∂xh
F 2
2 ), (3.1)

Bkiβl = Bkilβ = Bkβil = − 1

4f2
2

∂2gkh

∂yi∂yl
∂f2

1

∂xh
∂F 2

2

∂vβ
, (3.2)
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Bkαβl = Bkαlβ = Bklαβ = − 1

2f2
2

∂gkh

∂yl
∂f2

1

∂xh
gαβ, (3.3)

Bkαβλ = − 1

f2
2

gkh
∂f2

1

∂xh
Cαβλ, (3.4)

Bγijl = − 1

f2
1

gγµ
∂f2

2

∂uµ
Cijl, (3.5)

Bγiβl = Bγβil = Bγilβ = − 1

2f2
1

∂gγµ

∂vβ
∂f2

2

∂uµ
gil, (3.6)

Bγαβl = Bγαlβ = Bγlαβ = − 1

4f2
1

∂2gγµ

∂vα∂vβ
∂f2

2

∂uµ
∂F 2

1

∂yl
, (3.7)

Bγαβλ =
2

Bγαβλ −
1

4f2
1

(
∂2gγµ

∂vβ∂vλ
∂F 2

2

∂vα
+

∂2gγµ

∂vα∂vλ
∂F 2

2

∂vβ
+

∂2gγµ

∂vα∂vβ
∂F 2

2

∂vλ
)
∂f2

1

∂uµ

− 1

2f2
1

(
∂gγµ

∂vα
gβλ +

∂gγµ

∂vβ
gαλ +

∂gγµ

∂vλ
gαβ + gγµ

∂gαβ
∂vλ

)
∂f2

1

∂uµ

− 1

4f2
1

∂3gγµ

∂vα∂vβ∂vλ
(
∂f2

2

∂uµ
F 2
1 +

∂f2
1

∂uµ
F 2
2 ). (3.8)

y². �â (2.1) �

GA =
1

4
GAB(

∂2F 2

∂Y B∂XC
Y C − ∂F 2

∂XB
), (3.9)

- (3.9) ¥� A = i, K

Gi =
1

4
Gih(

∂2F 2

∂yh∂xj
yj +

∂2F 2

∂yh∂uα
vα − ∂F 2

∂xh
) +

1

4
Giµ(

∂2F 2

∂vµ∂xj
yj +

∂2F 2

∂vµ∂uα
vα − ∂F 2

∂uµ
), (3.10)

d (2.6) ��O�k

∂F 2

∂yh
= f2

2

∂F 2
1

∂yh
,

∂F 2

∂xh
=
∂f2

2

∂xh
F 2
1 + f2

2

∂F 2
1

∂xh
+
∂f2

1

∂xh
F 2
2 , (3.11)

∂2F 2

∂yh∂uα
=
∂f2

2

∂uα
∂F 2

1

∂yh
,

∂2F 2

∂yh∂xj
=
∂f2

2

∂xj
∂F 2

1

∂yh
+ f2

2

∂2F 2
1

∂yh∂xj
, (3.12)

r (2.9), (3.11) Ú (3.12) �\ (3.10), ��

Gi =
1

Gi +
1

4f2
2

gih[(
∂f2

2

∂xj
yj +

∂f2
2

∂uα
vα)

∂F 2
1

∂yh
− ∂f2

2

∂xh
F 2
1 −

∂f2
1

∂xh
F 2
2 ], (3.13)

(3.13) ü>Ó�'u yj �©��

∂Gi

∂yj
=
∂

1

Gi

∂yj
+

1

4f2
2

∂gih

∂yj
[(
∂f2

2

∂xk
yk +

∂f2
2

∂uα
vα)

∂F 2
1

∂yh
− ∂f2

2

∂xh
F 2
1 −

∂f2
1

∂xh
F 2
2 ]

+
1

4f2
2

gih[
∂f2

2

∂xj
∂F 2

1

∂yh
+ (

∂f2
2

∂xk
yk +

∂f2
2

∂uα
vα)

∂2F 2
1

∂yh∂yj
− ∂f2

2

∂xh
∂F 2

1

∂yj
], (3.14)
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d (2.7) � (i) � ∂F 2
1

∂yh
= 2ghky

k. Ïd,

∂gih

∂yj
∂F 2

1

∂yh
= 2

∂gih

∂yj
ghky

k = −2gih
∂ghk
∂yj

yk = 0, (3.15)

¿5¿� gihghj = δij , ¤±

1

8f2
2

gih(
∂f2

2

∂xk
yk +

∂f2
2

∂uα
vα)

∂2F 2
1

∂yh∂yj
=

1

4f2
2

(
∂f2

2

∂xk
yk +

∂f2
2

∂uα
vα)δij , (3.16)

r (3.15) Ú (3.16) �\ (3.14), ��

∂Gi

∂yj
=
∂

1

Gi

∂yj
+

1

4f2
2

gih(
∂f2

2

∂xj
∂F 2

1

∂yh
− ∂f2

2

∂xh
∂F 2

1

∂yj
) +

1

2f2
2

(
∂f2

2

∂xk
yk +

∂f2
2

∂uα
vα)δij

− 1

4f2
2

∂gih

∂yj
(
∂f2

2

∂xh
F 2
1 +

∂f2
1

∂xh
F 2
2 ), (3.17)

(3.17) ü>Ó�'u yl �©��

∂2Gi

∂yj∂yl
=

∂2
1

Gi

∂yj∂yl
− 1

4f2
2

(
∂gih

∂yj
∂F 2

1

∂yl
+
∂gih

∂yl
∂F 2

1

∂yj
+ 2gihglj)

∂f2
2

∂xh

+
1

2f2
2

(
∂f2

2

∂xl
δij +

∂f2
2

∂xj
δil)−

1

4f2
2

∂2gih

∂yl∂yj
(
∂f2

2

∂xh
F 2
1 +

∂f2
1

∂xh
F 2
2 ), (3.18)

(3.18) ü>Ó�'u yk �©, =�y�(3.1), Ón�� (3.2))(3.4) ¤á.

aq/, e- (3.9) ¥� A = α, Ón�� (3.5))(3.8) ¤á.

·K3.2. � F ´ Finsler Ýþ F1 Ú F2 �VLÈ. @o, F p��²þ Berwald Ç�Xê EAB
�:

Eij =
1

Eij −
1

8f2
2

(
∂gkh

∂yk
∂2F 2

1

∂yi∂yj
+

∂2gkh

∂yj∂yk
∂F 2

1

∂yi
+

∂2gkh

∂yi∂yk
∂F 2

1

∂yj
+

∂3gkh

∂yi∂yj∂yk
F 2
1 )
∂f2

2

∂xh

− 1

8f2
2

∂3gkh

∂yi∂yj∂yk
∂f2

1

∂xh
F 2
2 −

1

8f2
1

∂gγµ

∂vγ
∂f2

2

∂uµ
∂2F 2

1

∂yi∂yj
, (3.19)

Eiβ = Eβi = − 1

8f2
2

∂2gkh

∂yi∂yk
∂f2

1

∂xh
∂F 2

2

∂vβ
− 1

8f2
1

∂2gγµ

∂vβ∂vγ
∂f2

2

∂uµ
∂F 2

1

∂yi
, (3.20)

Eαβ =
2

Eαβ −
1

8f2
1

(
∂gγµ

∂vγ
∂2F 2

2

∂vα∂vβ
+

∂2gγµ

∂vβ∂vγ
∂F 2

2

∂vα
+

∂2gγµ

∂vα∂vγ
∂F 2

2

∂vβ
+

∂3gγµ

∂vα∂vβ∂vγ
F 2
2 )
∂f2

1

∂uµ

− 1

8f2
1

∂3gγµ

∂vα∂vβ∂vγ
∂f2

2

∂uµ
F 2
1 −

1

8f2
2

∂gkh

∂yk
∂f2

1

∂xh
∂2F 2

2

∂vα∂vβ
. (3.21)

y². �â (2.4) � EAB = 1
2
BkABk + 1

2
BγABγ , l

Eij =
1

2
Bkijk +

1

2
Bγijγ , (3.22)
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r (3.1) Ú (3.6) �\ (3.22) ª, ¿5¿�
1

Eij= 1
2

1

Bkijk, K

Eij =
1

Eij −
1

8f2
2

(
∂gkh

∂yj
∂2F 2

1

∂yi∂yk
+
∂gkh

∂yk
∂2F 2

1

∂yi∂yj
+ 2

∂gkh

∂yi
gjk + 2gkh

∂gij
∂yk

+
∂2gkh

∂yj∂yk
∂F 2

1

∂yi
+

∂2gkh

∂yi∂yk
∂F 2

1

∂yj
+

∂2gkh

∂yi∂yj
∂F 2

1

∂yk
+

∂3gkh

∂yi∂yj∂yk
F 2
1 )
∂f2

2

∂xh

− 1

8f2
2

∂3gkh

∂yi∂yj∂yk
∂f2

1

∂xh
F 2
2 −

1

8f2
1

∂gγµ

∂vγ
∂f2

2

∂uµ
∂2F 2

1

∂yi∂yj
, (3.23)

�â (3.15) � ∂gkh

∂yj
∂F 2

1

∂yk
= 0, Tªü>Ó�'u yi �©��

∂gkh

∂yj
∂2F 2

1

∂yk∂yi
+

∂2gkh

∂yj∂yi
∂F 2

1

∂yk
= 0, (3.24)

5¿�

2
∂gkh

∂yi
gjk + 2gkh

∂gij
∂yk

= 2(
∂gkh

∂yi
gjk + gkh

∂gjk
∂yi

) = 2
∂gkhgjk
∂yi

= 2
∂δhj
∂yi

= 0, (3.25)

r (3.24) Ú (3.25) �\(3.23) �� (3.19) ¤á.

Ón, �y² (3.20) Ú (3.21) ¤á.

4. f Berwald VLÈ Finsler Ýþ

�!ïÄf Berwald VLÈ Finsler Ýþ, &¢äk��²þ Berwald Ç�VLÈ Finsler Ý

þ�f Berwald Ýþ�m�'X.

½n4.1. � F ´ Finsler Ýþ F1 Ú F2 �VLÈ. F ´f Berwald Ýþ��=�e��§|¤

áµ 

1

Eij=
1

8f2
2

(
∂gkh

∂yk
∂2F 2

1

∂yi∂yj
+

∂2gkh

∂yj∂yk
∂F 2

1

∂yi
+

∂2gkh

∂yi∂yk
∂F 2

1

∂yj
+

∂3gkh

∂yi∂yj∂yk
F 2
1 )
∂f2

2

∂xh
, (4.1)

2

Eαβ=
1

8f2
1

(
∂gγµ

∂vγ
∂2F 2

2

∂vα∂vβ
+

∂2gγµ

∂vβ∂vγ
∂F 2

2

∂vα
+

∂2gγµ

∂vα∂vγ
∂F 2

2

∂vβ
+

∂3gγµ

∂vα∂vβ∂vγ
F 2
2 )
∂f2

1

∂uµ
, (4.2)

∂gkh

∂yk
∂f2

1

∂xh
= 0, (4.3)

∂gγµ

∂vγ
∂f2

2

∂uµ
= 0. (4.4)

y². ¿©5. (4.3) ü>Ó�'u yi �©�

∂2gkh

∂yi∂yk
∂f2

1

∂xh
= 0, (4.5)
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(4.4) ü>Ó�'u vβ �©�

∂2gγµ

∂vβ∂vγ
∂f2

2

∂uµ
= 0, (4.6)

r (4.5) Ú (4.6) �\ (3.20) ��

Eiβ = Eβi = 0, (4.7)

(4.5) ü>Ó�'u yj �©�

∂3gkh

∂yi∂yj∂yk
∂f2

1

∂xh
= 0, (4.8)

r (4.1), (4.4) Ú (4.8) �\� (3.19) �

Eij = 0, (4.9)

Ón, �y

Eαβ = 0, (4.10)

d (4.7), (4.9) Ú (4.10)�� EAB = 0, = F ´f Berwald Ýþ.

7�5, � F ´f Berwald Ýþ, @o EAB = 0, = Eij = Eiβ = Eβi = Eαβ = 0.

�â (3.20) ª�u"��

1

f2
2

∂2gkh

∂yi∂yk
∂f2

1

∂xh
∂F 2

2

∂vβ
= − 1

f2
1

∂2gγµ

∂vβ∂vγ
∂f2

2

∂uµ
∂F 2

1

∂yi
, (4.11)

(4.11) ü>Ó�'u yj �©, 2� vβ  ¿��

1

f2
2

∂3gkh

∂yi∂yj∂yk
∂f2

1

∂xh
F 2
2 =

1

2f2
1

∂gγµ

∂vγ
∂f2

2

∂uµ
∂2F 2

1

∂yi∂yj
, (4.12)

r (4.12) �\ (3.19) �

1

Eij=
1

8f2
2

(
∂gkh

∂yk
∂2F 2

1

∂yi∂yj
+

∂2gkh

∂yj∂yk
∂F 2

1

∂yi
+

∂2gkh

∂yi∂yk
∂F 2

1

∂yj
+

∂3gkh

∂yi∂yj∂yk
F 2
1 )
∂f2

2

∂xh

+
3

16f2
1

∂gγµ

∂vγ
∂f2

2

∂uµ
∂2F 2

1

∂yi∂yj
, (4.13)

(4.13) �ªü>Ó�'u vλ �©, 2� vλ  ¿� (4.4), r (4.4) �£ (4.13), =� (4.1).

Ón�y (4.2) Ú (4.3) ¤á.

íØ4.1. � F ´ Finsler Ýþ F1 Ú F2 �VLÈ, � f2(x, u) = f2(u), f1(x, u) = f1(x). @o F ´
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f Berwald Ýþ��=� F1 Ú F2 ´f Berwald Ýþ, ¿� ∂gkh

∂yk
∂f2

1

∂xh
= ∂gγµ

∂vγ
∂f2

2

∂uµ
= 0 ¤á.

54.1. e f2(x, u) = f2(u), f1(x, u) = f1(x), VLÈ Finsler Ýþòz�VÛÈ Finsler Ýþ, d

�, íØ 3.1 �©z[13] ¥�½n 2 (Ø��.

½n4.2. � F ´ Finsler Ýþ F1 Ú F2 �VLÈ. XJ F1 Ú F2 ´f Berwald Ýþ, @o F ´f

Berwald Ýþ��=�

∂gkh

∂yk
∂f2

1

∂xh
=
∂gkh

∂yk
∂f2

2

∂xh
=
∂gγµ

∂vγ
∂f2

1

∂uµ
=
∂gγµ

∂vγ
∂f2

2

∂uµ
= 0. (4.14)

y². 7�5. � F ´f Berwald Ýþ, K�â½n 3.2 ��

∂gkh

∂yk
∂f2

1

∂xh
=
∂gγµ

∂vγ
∂f2

2

∂uµ
= 0,

e F1 ´f Berwald Ýþ, =
1

Eij= 0, d (4.1) k

(
∂gkh

∂yk
∂2F 2

1

∂yi∂yj
+

∂2gkh

∂yj∂yk
∂F 2

1

∂yi
+

∂2gkh

∂yi∂yk
∂F 2

1

∂yj
+

∂3gkh

∂yi∂yj∂yk
F 2
1 )
∂f2

2

∂xh
= 0, (4.15)

(4.15) ü>Ó�� yk  ¿, 2'u yk �©, ¿A^ (3.24) k

(
∂2gkh

∂yj∂yk
∂F 2

1

∂yi
+

∂2gkh

∂yi∂yk
∂F 2

1

∂yj
+ 2

∂3gkh

∂yi∂yj∂yk
F 2
1 )
∂f2

2

∂xh
= 0, (4.16)

(4.16) � (4.15) ��, ��

∂gkh

∂yk
∂f2

2

∂xh
∂2F 2

1

∂yi∂yj
− ∂3gkh

∂yi∂yj∂yk
∂f2

2

∂xh
F 2
1 = 0, (4.17)

(4.17) ü>Ó�� yk  ¿�

∂2gkh

∂yi∂yj
∂f2

2

∂xh
= 0, (4.18)

(4.18) �ªü>'u yk �©, ��

∂3gkh

∂yi∂yj∂yk
∂f2

2

∂xh
= 0, (4.19)

r (4.19) �£ (4.17) �

∂gkh

∂yk
∂f2

2

∂xh
= 0,

Ón, �â (4.2) �� ∂gγµ

∂vγ
∂f2

1

∂uµ
= 0.
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¿©5, � F1 Ú F2 ´f Berwald Ýþ, K

1

Eij=
2

Eαβ= 0, (4.20)

²w/, �â (4.14) ��

∂2gkh

∂yi∂yk
∂f2

1

∂xh
=

∂2gγµ

∂vβ∂vγ
∂f2

1

∂uµ
= 0,

∂3gkh

∂yi∂yj∂yk
∂f2

1

∂xh
=

∂3gγµ

∂vα∂vβ∂vγ
∂f2

1

∂uµ
= 0, (4.21)

r (4.14), (4.20) Ú (4.21) �\� (3.19) � Eij = 0.

Ón�y Eiβ = Eβi = Eαβ = 0. nþ¤ã, EAB = 0, = F ´f Berwald Ýþ.

½n4.3. � F ´ Finsler Ýþ F1 Ú F2 �VLÈ. XJ ∂gkh

∂yk
∂f2

1

∂xh
= 0 ½ ∂gγµ

∂vγ
∂f2

2

∂uµ
= 0, @oäk�

�²þ Berwald Ç�VLÈ Finsler Ýþ´f Berwald Ýþ.

y². � F ´ Finsler Ýþ F1 Ú F2 �VLÈ. �â (2.5) k

EAB =
1

2
(n+ 1)cFY AY B , (4.22)

l

Eiβ = Eβi =
1

2
(n+ 1)cFyivβ , (4.23)

Ù¥ c = c(x, u) ´M þ�Iþ¼ê.

qd (3.20) �

Eiβ = Eβi = − 1

8f2
2

∂2gkh

∂yi∂yk
∂f2

1

∂xh
∂F 2

2

∂vβ
− 1

8f2
1

∂2gγµ

∂vβ∂vγ
∂f2

2

∂uµ
∂F 2

1

∂yi
, (4.24)

¤±

1

8f2
2

∂2gkh

∂yi∂yk
∂f2

1

∂xh
∂F 2

2

∂vβ
+

1

8f2
1

∂2gγµ

∂vβ∂vγ
∂f2

2

∂uµ
∂F 2

1

∂yi
= −1

2
(n+ 1)cFyivβ , (4.25)

XJ ∂gγµ

∂vγ
∂f2

2

∂uµ
= 0, @o (4.25) �z�

1

8f2
2

∂2gkh

∂yi∂yk
∂f2

1

∂xh
=

1

8
(n+ 1)c

f2
1 f

2
2

F 3

∂F 2
1

∂yi
, (4.26)

(4.26) ü>Ó�'u vλ �©�

c(n+ 1)

F 5
f4
1 f

2
2

∂F 2
1

∂yi
∂F 2

2

∂vλ
= 0,

Ïd c = 0, òÙ�\(4.22) �� EAB = 0, = F ´f Berwald Ýþ.
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nazionale Dei Matematici Bologna Del Al De Settembre Di, 4, 263-270.

[7] Matsumoto, M. (1986) Foundation of Finsler Geometry and Special Finsler Spaces. Kaiseisha

Press, Otsu, Japan.

[8] Shen, Z. (2001) Differential Geometry of Spray and Finsler Spaces. Springer, The Netherlands.

[9] Chen, X. and Shen, Z. (2005) On Douglas Metrics. Publicationes Mathematicae, 66, 503-503.

[10] Yang, Z., He, Y. and Zhang, X. (2020) S-Curvature of Doubly Warped Product of Finsler

Manifolds. Acta Mathematica Sinica, 36, 95-101.

[11] Bao, D., Chern, S.S. and Shen, Z. (2000) An Introduction to Riemann-Finsler Geometry.

Springer-Verlag, New York.

[12] !�W, !§¬. y�¥dVAÛÐÚ[M]. �®: p���Ñ��, 2013.

[13] Peyghan, E., Tayebi, A. and Najafi, B. (2012) Doubly Warped Product Finsler Manifolds with

Some Non-Riemannian Curvature Properties. Annales Polonici Mathematici, 105, 293-311.

https://doi.org/10.4064/ap105-3-6

DOI: 10.12677/pm.2021.117156 1399 nØêÆ

https://doi.org/10.1016/S0034-4877(06)80028-5
https://doi.org/10.1155/2013/732432
https://doi.org/10.1007/BF01283825
https://doi.org/10.4064/ap105-3-6
https://doi.org/10.12677/pm.2021.117156

	1 引言
	2 预备知识
	3 双挠积 Finsler 度量的平均 Berwald 曲率
	4 弱 Berwald 双挠积 Finsler 度量

