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Abstract

In this paper, we are concerned with the existence of forced traveling wave solutions
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for Fisher-KPP equation in the habitat shifting under the condition that its intrin-

sic growth rate function is nonnegative. Using the technique of monotone iteration

combined with the upper and lower solution method, the existence of non-decreasing

forced traveling waves under arbitrary positive constant shifting speed is proved.
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1. Úó

3)�«+ÄåÆ�ïÄ¥, ÃX«+��m(�ÚêþCz!Ô«\�±9;¾DÂ�¯

KÑ�±ÏLïáT���A*Ñ�§�.?1ïÄ [1–6]. ~X, U Fisher [1]Ú Kolmogorov�

< [2]�mM5ó�, Fisher-KPP�A*Ñ�§9Ùí2/ª���m1�!1ÅÚìCDÂ�Ý

�ÄåÆ��
�\�ïÄ [7–10],¿2�A^u�m)�Æ!D/¾ý�����+� [3,5,6,11].

g,.¥)ÔÔ«�ÑE/Ï~´��mCz�3�mþÉ�� [6]. Ø
G!5Ú/nÏ�

	, �¥Cæ!ó�zLÝuÐÚå��¸�z�E¤
ù«��É�5. ��g,�¯K´, íÿ

CzÚ�¸�z¬éØÓÔ«�«+±È5�)�oK�ºCc5, Ø
'uTÌK��
¢/�

Æ�	ïÄ	, NõA^êÆÆö�ÏLïáêÆ�.éÔ«�«+ÄåÆ?1
�
½þïÄ.

~X, �
ÉG«+�Ý3�m¥�©ÙXÛ��müz, ¿ýÿÔ«�5´ÄU`�þdíÿC

z½�¸�zÚå�ÑE«��£Ä, ©z [12–17]�Ä«+S�O�Ç r(t, x)�6u�m tÚ�

m � x , æ^ r(t, x) = r(x− ct)ù�AÏ/ª5£ã«+ÑE/�£Ä. T/ª�N�¸±ð½

�Ý c > 0�m£Ä. AO/, �
&¢3íÿCz�K�eÔ«3£ÄÑE/�©ÙÚDÂ, Li�

< [14]ÏLòþã£Ä�ªÚ\�²;� Fisher-KPP�§ïáXe�.

∂u(t, x)

∂t
= d

∂2u(t, x)

∂x2
+ u(t, x)[r(x− ct)− u(t, x)], t > 0, x ∈ R, (1)

Ù¥ u(t, x)L««+3�m t � x��Ý��, ~ê d > 0�«+*ÑXê, r(·)�LS�O�Ç
¼ê, ±�Ý c > 0Cz. �öb�S�O�Ç¼ê r(·) �~!ëY�÷v r(−∞) < 0 < r(+∞),

&?
Ô««ýÚ±È)��^�±93«+±È)��/e�. (1)��mìCDÂ�Ý. ��,

Hu Ú Zou3©z [18]¥y²
é?�� c > 0, �§ (1)þ�3��ë� 0Ú r(+∞)��~É½

1Å u(t, x) = ϕ(x− ct). ùp, É½1Å´�ÙÅ� c ��¸£Ä�Ý�Ó.
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I��Ñ�´, Cc5��
ïÄó�®²ò©z [14]¥�(Jí2�
Ù§�
äk£Ä�

¸��§�.. ~X, Li�< [19]ïÄ (1)¥��Å*ÑO���ÛÜ*Ñ����§, WangÚ

Zhao3©z [20]�ïÄ
d�§É½1Å���5Ú½5. Zhang�< [21]Ú Yuan�< [22]�

lØÓ�ÄÅÚ�ÝïÄ
äk/X r(t, x) = r(x− ct)O�Ç¼ê� Lotka-Volterra.�A*Ñ¿

�XÚ�DÂÄåÆ. Wu�< [23]ïÄ
£Ä�¸e�ÛÜ*Ñ Lotka-Volterra.¿�XÚ�D

ÂÄåÆ,Yang�< [24]�Ä
£Ä�¸e Lotka-Volterra.�A*ÑÜ�XÚ�É½Å��3

5Ú�ÜìC5. 3þãù
©z¥, ¤�9�O�Ç¼êÑb�÷v r(−∞) < 0 < r(+∞). d	,

Hu�< [25]rS�O�¼ê�^�~f�: r(·)��~!ëY¼ê�÷v r(−∞) ≤ 0 < r(+∞), /

Ï�+nØÚ°[�©ÛE|ïÄ
�§ (1)���±È5ÚDÂÄåÆ. �C, Hu�< [26]�3

d^�e?Ø
£ÄÑE/e�ÛÜ*Ñ Lotka-Volterra.Ü�XÚ�É½1Å��35.

ÉþãïÄó��éu, ·�ò3�©¥&?«+ÑE�¸���z½«+)���ÉíÿC

zK��f��/, =�Ä�§ (1)�S�O�Ç¼ê r(·)÷vXe^�:

(A) ¼ê r(·) 3 R þ�~k.�ëY, ¿÷v r(+∞) > r(−∞) ≥ 0.

3þã^�e, e r(−∞) > 0�§ (1)kü� KPP.4��§�z��§þû½��DÂ�Ý. ù

ü«�Ý��¸£Ä�Ý c�p�^ò��§ (1)���ÄåÆ©Û�5(JÚE,5. Ïd, �

©�8�=Ïé�§ (1)�Å���¸£Ä�Ý c�Ó�É½1Å).

Äkò�§ (1)�É½1Å)P� U(ξ), ξ := x− ct. Ïd, �§ (1)�1Å)�±=z�Xe

�g£~�©�§

−cU ′(ξ) = dU ′′(ξ) + U(ξ)[r(ξ)− U(ξ)] (2)

�). ,	, �§ (1.2)éA�4��§©O�

−cU ′(ξ) = dU ′′(ξ) + U(ξ)[r(+∞)− U(ξ)], (3)

Ú

−cU ′(ξ) = dU ′′(ξ) + U(ξ)[r(−∞)− U(ξ)]. (4)

du r(+∞) > r(−∞) ≥ 0, @o4��§ (3)Ú (4)©Ok�K²ï: r(+∞)Ú r(−∞). g,/,

·�¬�Äë�ü��K²ï:�m1Å��35, =ïÄé?¿ c > 0�§ (2)´Ä�3÷v>

.^�

lim
ξ→−∞

U(ξ) = r(−∞), lim
ξ→+∞

U(ξ) = r(+∞) (5)

��~�). ·��ÄA^üNS�E|5y²�§ (2)�3ë�ü��K²ï:�m�).

·��ïÄ(JòL²3�¸�z§Ý��� (=Ô«S�O�Ç r(·)ð��), «+3?Û�

�«�SþU±È)� (U(−∞) = r(−∞) ≥ 0).

�©Ù{Ü©SüXeµ312!¥�Ñ
�
ý��£. kÏL (2)��ékSþe)�E

Ñk�8§2½Â��T��È©�f§¿y²ÙüN5Ú3k�8e�ØC5. 313!�ÑÌ

�(Ø¿^üNS��{\±y².
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2. ý��£

Äk, ·�Ú\�
¼ê�m. ��m C(R,R) d Rþ¤këY¼ê|¤, C+L«d¤k�K

ëY¼ê|¤��m, P

BC(R,R) =

{
u ∈ C(R,R)

∣∣∣∣ sup
ξ∈R
|u(ξ)| <∞

}
,

é?¿ u, v ∈ C(R,R), e u− v ∈ C+, KP u ≥ v ½ v ≤ u.

- α = 2r(+∞), K�§ −dλ2 − cλ+ α = 0kü�¢�:

λ− =
−c−

√
c2 + 4dα

2d
< 0, λ+ =

−c+
√
c2 + 4dα

2d
> 0.

½Â�����©�f ∆Ú§�_∆−1©O�

∆h := −dh′′ − ch′ + αh,

(∆−1h)(ξ) :=
1

d(λ+ − λ−)

[∫ ξ

−∞
eλ−(ξ−η)h(η)dη +

∫ +∞

ξ

eλ+(ξ−η)h(η)dη

]
.

ØJ�yé?� h ∈ BC(R,R)Ñk∆(∆−1h) = h. d	, e h′, h′′ ∈ BC(R,R), K ∆−1(∆h) = h.

½Â 2.1 [26] e U(ξ), U(ξ) ∈ BC(R,R) ÷v U
′
, U ′, U

′′
, U ′′ ∈ L∞(R,R), U ≥ U , U

′′
(ξ) Ú

U ′′(ξ) 3 R\{ξj}þëY(ξj ��k�4O:�), U
′
(ξj+) ≤ U

′
(ξj−), U ′(ξj+) ≥ U ′(ξj−), �¦�Ø

�ª

−cU ′(ξ) ≥ dU ′′(ξ) + U(ξ)[r(ξ)− U(ξ)], (6)

−cU ′(ξ) ≤ dU ′′(ξ) + U(ξ)[r(ξ)− U(ξ)] (7)

3 R\{ξj}þ¤á, K¡ U Ú U ´ (2) ��ékSþe).

�½�ékSþe), �±�Ek�8 Γ:

Γ = {U ∈ BC(R,R)| U ≤ U ≤ U}.

w,, 8Ü Γ � BC(R,R)¥���k.4à8.

é?¿ U ∈ Γ,½ÂXe�f

H(U)(ξ) := αU(ξ) + U(ξ)[r(ξ)− U(ξ)]. (8)

�e5, ·��Ñ�f H �ü�5�.

Ún 2.1 e¡(Øþ¤áµ
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(i) H(Γ)� BC(R,R)¥�k.8¶

(ii) �f H : Γ→ BC(R,R)ëY.

y² � U Ú U ´ (2) ��ékS�þe). P

D := max{sup
ξ∈R
|U(ξ)|, sup

ξ∈R
|U(ξ)|}. (9)

��¡, é?¿ U ∈ ΓÑk

|H(U)(ξ)| ≤ (α+ r(ξ) + |U(ξ)|)|U(ξ)| ≤ (α+ r(+∞) +D)D.

Ïd

|H(U)| ≤ (α+ r(+∞) +D)D,

� H(Γ)� BC(R,R)¥�k.8.

,��¡, é?� U1, U2 ∈ Γ, ·�k

|H(U1)(ξ)−H(U2)(ξ)| ≤(α+ r(ξ))|U1(ξ)− U2(ξ)|+
∣∣U2

1 (ξ)− U2
2 (ξ)

∣∣
≤ (α+ r(+∞) + 2D) |U1(ξ)− U2(ξ)| ,

=

|H(U1)−H(U2)| ≤ (α+ r(+∞) + 2D) |U1 − U2| .

ù¿�X�f H : Γ→ BC(R,R)ëY. y..

�e5, ·�½ÂN�F (U) := ∆−1H(U),∀U ∈ Γ ⊂ BC(R,R). ·�k?ØN�F��
5�.

Ún 2.2 F ´���~�f. ,	, e U(ξ) ∈ Γ�~, K F (U)(ξ)'u ξ��~.

y² � Ũ , Û ∈ Γ�÷v Ũ ≥ Û , Ké?Û ξ ∈ Rk

H(Ũ)(ξ)−H(Û)(ξ) = (α+ r(ξ)− Ũ(ξ)− Û(ξ))(Ũ(ξ)− Û(ξ)) ≥ 0.

l, é ∀ξ ∈ R, k F (Ũ)(ξ) ≥ F (Û)(ξ). =, F ´���~�f.

e U(ξ) ∈ Γ´��'u ξ��~¼ê, Ké ∀ζ > 0Ú ∀s ∈ R, k

H(U)(s+ ζ)−H(U)(s)

= (U(s+ ζ)− U(s))[α+ r(s+ ζ)− U(s+ ζ) + U(s)] + (r(s+ ζ)− r(s))U(s) ≥ 0.

éu ∀ξ ∈ R, 5¿�� h ∈Bµ(R,R)�, k (∆−1h(s+ ζ))(ξ) = (∆−1h(s))(ξ + ζ), @o

F (U)(ξ + ζ) = [∆−1H(U)(s)](ξ + ζ) = [∆−1H(U)(s+ ζ)](ξ)

≥ [∆−1H(U)(s)](ξ) = F (U)(ξ).
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y..

Ún 2.3 F (Γ) ⊂ Γ.

y² dÚn 2.1´�F (Γ) ⊂ BC(R,R). Ïd, ·��Iyé¤k U ∈ ΓÑk

U ≤ F (U) ≤ U.

du U,U ´�ékSþe), (Ü©z [18]�Ún 2.1·�k

F (U) = ∆−1H(U) ≥ ∆−1∆(U) ≥ U, F (U) = ∆−1H(U) ≤ ∆−1∆U ≤ U. (10)

dÚn 2.3� F ´���~�f. ¤±é ∀U ∈ Γk

F (U) ≤ F (U) ≤ F (U). (11)

(Ü (10)Ú (11)�� F (Γ) ⊂ Γ. y..

�§ (2)���

∆U = H(U). (12)

Ïd, eN� F 3 Γ¥�3��ØÄ:, = ∃U ∈ Γ¦�

U = F (U),

KTØÄ:7´ (12)�). eTØÄ:�÷v>.^� (5), K7´�§ (1)�É½1Å. ùÒ´·

��ïÄ8I.

3. É½1Å)��35

½n 3.1 e (A)¤á, Ké?¿ c > 0, �§ (1)o�3��÷v>.^� (5)��~É½1

Å.

y² Äk�Ä�/(i): r(−∞) > 0 .

� U(ξ) = r(+∞)Ú U(ξ) = r(−∞), w,, U(ξ)Ú U(ξ)÷v½Â 2.1�¤k^�§= U(ξ)

Ú U(ξ)´ (2)��ékSþe). u´·�����k�8:

Γ1 := {U ∈ BC(R,R)|U ≤ U ≤ U},

�EXeS�S�:

U (1) = F (U), U (n+1) = F (U (n)), ∀n ≥ 1.

Ï U(ξ) ∈ Γ1 ´ Rþ��~¼ê, (ÜÚn 2.2ÚÚn 2.3��é¤k� n ≥ 1, U (n)(ξ) �´ R þ
��~¼ê�÷vØ�ª

U(ξ) ≥ U (1)(ξ) ≥ U (2)(ξ) ≥ · · · ≥ U (n)(ξ) ≥ U (n+1)(ξ) ≥ · · · ≥ U(ξ).
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l, �3��k.�~¼ê U(ξ) ¦� lim
n→∞

U (n)(ξ) = U(ξ). éN´wÑ, é¤k� n ≥ 1, ξ ∈ R
k |H(U (n))(ξ)| ≤ r(+∞)(r(+∞) + α). l|^ Lebesgue’s ��Âñ½n�

U(ξ) = lim
n→∞

U (n+1)(ξ) = lim
n→∞

F (U (n))(ξ)

= lim
n→∞

(∆−1H(U (n))(ξ))

=
1

d(λ+ − λ−)

[∫ ξ

−∞
eλ−(ξ−η)H(U)(η)dη +

∫ +∞

ξ

eλ+(ξ−η)H(U)(η)dη

]
=F (U)(ξ).

= U(ξ) ∈ Γ1 ´�f F �ØÄ:, �Ò´` U(ξ) ´�§ (2) �).

�e5y² U(ξ)÷v>.^� (5). Ï U(ξ) ´ R þ�k.�~¼ê, P A1 := lim
ξ→−∞

U(ξ) Ú

B1 := lim
ξ→+∞

U(ξ). w,k

0 < r(−∞) ≤ A1 ≤ r(+∞), 0 < r(−∞) ≤ B1 ≤ r(+∞).

d

lim
ξ→−∞

H(U)(ξ) = A1(α+ r(−∞)−A1),

lim
ξ→+∞

H(U)(ξ) = B1(α+ r(+∞)−B1),

|^ L’Hôpital {K��

A1 = lim
ξ→−∞

U(ξ) = lim
ξ→−∞

(∆−1H(U)(ξ))

= lim
ξ→−∞

1

d(λ+ − λ−)

[∫ ξ

−∞
eλ−(ξ−η)H(U)(η)dη +

∫ +∞

ξ

eλ+(ξ−η)H(U)(η)dη

]

= lim
ξ→−∞

1

d(λ+ − λ−)

(
H(U)(ξ)

−λ−
+
H(U)(ξ)

λ+

)
=A1 +

A1[r(−∞)−A1]

α
.

u´ A1 = r(−∞). Ón,

B1 = lim
ξ→+∞

U(ξ) =B1 +
B1[r(+∞)−B1]

α
.

¤± B1 = r(+∞).

e¡�Ä�/(ii): r(−∞) = 0. P r̃(ξ)÷v© [18]¥�b� (H), @o�3 ϕ(ξ)´© [18]¥�

§ (1.2)�). w,, ϕ(ξ)oØ�u (2)�). �- V (ξ) = r(+∞)Ú V (ξ) = ϕ(ξ). �â½Â 2.1, Ø

J�y V (ξ)Ú V (ξ)´ (2)��ékSþe). ?�Ú, ½ÂXek�8

Γ2 := {V ∈ BC(R,R)|V ≤ V ≤ V },
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aqu�/(i)�y²��µ�3 V ∈ Γ2 ´�f F �ØÄ:. ,	 ξ → −∞�,Ó�¦^ L’Hôpital

{K��

lim
ξ→−∞

V (ξ) = 0.

� ξ → +∞�,k V (ξ)→ r(+∞). dY%OK�,

lim
ξ→+∞

V (ξ) = r(+∞).

y..

Ä7�8

�H�g,�ÆÄ7�8(?Òµ2020JJ4093)]Ï"
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