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Abstract

Let X be a class of left R-modules. In this paper, the notions of CE X -injective com-

plexes and CE X -flat complexes are introduced. Under certain mild assumptions on

X , the relationship of CE X -injective complexes and CE X -flat complexes is discussed,
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and equivalent characterizations of CE X -injective complexes and CE X -flat complexes

are given, respectively.
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1. Úó

1956c, CartanÚ Eilenberg3©z [1]¥�Ñ
E/��«Ý�©)Ú�«S�©). ��,

3©z [2]¥ VerdieròE/�ùü«©)©O¡�E/� Cartan-EilenbergÝ�©)Ú Cartan-

EilenbergS�©)({¡� CE-Ý�Ú CE-S�), �Ä
 CE-Ý�©)Ú CE-S�©)��35,

¿Ú\ÚïÄ
 CE-S�E/!CE-Ý�E/!CE-S�E/. 2011c, Enochs3©z [3]¥y²


z��E/Ñk CE-S��äÚ CE-Ý�ýCX, ��E/´ CE-²"���=�§´k�)¤

CE-Ý�E/���4�, ¿��ïÄ
 CE-GorensteinÝ�E/Ú CE-GorensteinS�E/��

'5�. 2014c, YangÚ Liang3©z [4], [5]Ú [6]¥?�ÚïÄ
 CE-GorensteinÝ�E/Ú

CE-Gorenstein²"E/�5�9 CE-Gorenstein�Æ�½5.

1970c, Stenström3©z [7]¥Ú\
FP-S���Vg. 3và�þ, FP-S��kNõa

quS���5�. 2015c, GaoÚWang3©z [8]¥ò FP-S���Vg?1
í2, Ú\¿ï

Ä
fS��Úf²"�, ¿�y²
fS��Ø´ FP-S��, f²"Ø´²"�. 2013c, �

�S��!FP-S��!P-S��!(m,n)-S����a�Ú�í2, Zhu3©z [9]¥Ú\ X -S

���Vg, Ù¥ X ´��� R-�a. éó/, Zhu3©z [9]¥�Ú\¿ïÄ
 X -²"�. 2016

c, LuÚ Liu3©z [10]¥Ú\¿ïÄ
 CE FP-S�E/Ú CE FP-²"E/. 2018c, Ma3©

z [11]¥©OÚ\¿ïÄ
 CE-fS�Ú CE-f²"E/.

Éþãó��éu, �©Ú\ CE X -S�E/Ú CE X -²"E/�Vg, 3 X ÷v�½^��
�¹e, ïÄ CE X -S�E/Ú CE X -²"E/��
5�, �ÑùüaE/��
�d�x.

2. ý��£

�©¥, R´äkü ���, X ´��?¿�½�� R-�a. ¤k�(m) R-��¤���Æ

P�Mod R ( Mod Rop ). ^ C (R)L«� R-��E/�Æ.
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¡ R-��S�

· · · // C2

δC2 // C1

δC1 // C0

δC0 // C−1

δC−1 // C−2
// · · ·

´E/, XJé?¿� n ∈ Z, δCn−1δ
C
n = 0, P� (C, δ) ½ C, Ù¥ δCn ¡� C �1 n ��©. ^

KerδCn L«E/ C �1 n�Ì�,P� Zn(C). ^ ImδCn+1 L«E/ C �1 n�>�,P� Bn(C).

¡ Hn(C) = Zn(C)/Bn(C)�E/ C �1 n�ÓN�. ·�^þI«©E/.ÏdXJ {Ci}i∈I ´
�qE/,@o CiÒ´

Ci : · · · // Ci2
δC

i

2 // Ci1
δC

i

1 // Ci0
δC

i

0 // Ci−1

δC
i

−1 // Ci−2
// · · · .

b� C ´��E/.^ ΣC L«ù��E/:Ù1 i��g��� (ΣC)i = Ci−1,>�¼f�

δΣC
i = −δCi−1.8B/,·��±½ÂE/ΣnC = Σ(Σn−1C),=Ù1 i��g��� (ΣnC)i = Ci−n,

>�¼f� δΣnC
i = (−1)nδCi−1.���� R-�M ,^M L«E/

· · · // 0 //M
idM //M // 0 // · · · ,

=1 1��gÚ1 0��g´M ,Ù¦�gÑ� 0�E/.^M L«E/

· · · // 0 //M // 0 // · · · ,

Ù¥M  u1 0��g.

�CÚD´E/.^HomR(C,D)L«Abel+�E/,Ù¥HomR(C,D)n =
∏
i∈Z

HomR(Ci, Di+n),

�é f ∈ HomR(C,D)n, (δn(f))i = δDi+nfi − (−1)nfi−1δ
C
i .eé ∀n ∈ Z , δn(f) = 0,K¡ f �Ý� n

�óN�.AO/,Ý� 0�óN�¡�E/��,=¡ f = (fi)i∈Z� C �D�E/��,XJé?

¿� i ∈ Z,eã���

· · · // Ci+1

fi+1

��

δCi+1 // Ci

fi

��

δCi // Ci−1
//

fi−1

��

· · ·

· · · // Di+1

δDi+1 // Di

δDi // Di−1
// · · · .

·�^ Hom(C,D)L«l C � D�E/���¤� Abel+,^ Exti(−,−)L«¼f Hom(−,−)

p��m�Ñ¼f.

- Hom(C,D) = Z(HomR(C,D)). K Hom(C,D) ´��E/, Ù¥ Hom(C,D)n ´ C �

Σ−nD �E/���¤� Abel +, 1 n ��gþ��©� (δn(f))m = (−1)nδDm+nfm, Ù¥

f ∈ Hom(C,D)n, m ∈ Z. ^ Exti(−,−) L« Hom(−,−) �m�Ñ¼f. ØJ�y Exti(C,D)

´ù��E/

· · · // Exti(C,Σ−(n+1)D) // Exti(C,Σ−nD) // Exti(C,Σ−(n−1)D) // · · · .
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é?¿�E/ C,ÙA�E/ Hom(C,Q/Z), P� C+.

� C ´m R-��E/, D ´� R-��E/. C Ú D �ÜþÈ C
⊗

RD ´ Z-��E/, Ù

¥ (C
⊗

RD)n =
⊕

i∈Z(Ci
⊗

RDn−i),éu c ∈ Ci ±9 d ∈ Dn−i, δ
C

⊗
RD(c

⊗
d) = δC(c)

⊗
d +

(−1)ic
⊗
δD(d). ½Â C

⊗
D = C

⊗
RD/B(C

⊗
RD).K C

⊗
D� Abel+�E/,Ù>��f�

(C
⊗

RD)m
Bm(C

⊗
RD)

→
(C

⊗
RD)m−1

Bm−1(C
⊗

RD)
, x

⊗
y 7→ δC(x)

⊗
y,

Ù¥ x
⊗
yL« (C

⊗
RD)m/Bm(C

⊗
RD)¥��8.N´y² −

⊗
−´m�Ü¼f,Ù��Ñ¼

fP� Tori(−,−).

½Â 1.1 [3] (1)¡E/ P ´ CE-Ý��,XJ P , Z(P ), B(P )Ú H(P )Ñ´Ý���E/;

(2)¡E/ I ´ CE-S��,XJ I, Z(I), B(I)Ú H(I)Ñ´S���E/;

(3)¡E/ F ´ CE-²"�,XJ F , Z(F ), B(F )Ú H(F )Ñ´²"��E/.

½Â 1.2 [10] ¡E/�S� · · · → C1 → C0 → C−1 → · · · ´ CE-�Ü�,XJe�S�´�

Ü�:

(1) · · · → C1 → C0 → C−1 → · · · ;

(2) · · · → Z(C1)→ Z(C0)→ Z(C−1)→ · · · ;

(3) · · · → B(C1)→ B(C0)→ B(C−1)→ · · · ;

(4) · · · → C1/Z(C1)→ C0/Z(C0)→ C−1/Z(C−1)→ · · · ;

(5) · · · → C1/B(C1)→ C0/B(C0)→ C−1/B(C−1)→ · · · ;

(6) · · · → H(C1)→ H(C0)→ H(C−1)→ · · · .

d [3]��,3þãS�¥,e (1)� (2)½ (1)� (3) , (1)�(4) , (1)� (5)�Ü,K (1)-(6)Ñ�

Ü.

½Â 1.3 [10] (1)¡E/ C ´ CE-k�)¤�,XJ C ´k.��é?¿�m ∈ Z, Cm, Zm(C),

Bm(C)Ú Hm(C)Ñ´k�)¤�;

(2)¡E/ C ´ CE-k�L«�,XJ C ´k.��é?¿� m ∈ Z, Cm, Zm(C), Bm(C)Ú

Hm(C)Ñ´k�L«�.

½Â 1.4 [10] ¡E/ C ´ CE FP-S��,XJé?¿� CE-k�L«E/ P , Ext
1
(P,C) = 0.

d©z [10, Ún4.7] ��E/ C ´ CE-²"���=�é?¿� CE-k�L«E/ P ,

Tor1(P,C) = 0.

½Â 1.5 [11] ¡E/ C ´ CE-�k�L«�,XJ C ´k.��é?¿�m ∈ Z, Cm, Zm(C),

Bm(C)ÚHm(C)Ñ´�k�L«�.
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½Â 1.6 [11] (1)¡E/C´CE-fS��,XJé?¿�CE-�k�L«E/ F , Ext
1
(F,C) =

0;

(2)¡m R-�E/ D´ CE-f²"�,XJé?¿� CE-�k�L«E/ F , Tor1(D,F ) = 0.

½Â 1.7 [9]� X ´�
k�)¤� R-��a,

(1)¡� R-�M ´ X -S��,XJé?¿� X ∈ X , Ext1
R(X,M) = 0.^ XI 5L« X -S�

��a;

(2)¡m R-�M ´ X -²"�,XJé?¿� X ∈ X , TorR1 (M,X) = 0.

Ún 1.8 [3]¼f Hom(−,−)3 C(R)×C(R)þ'u CE(P)× CE(I)m²ï.

��,|^CE-Ý�½CE-S�©)5O�Hom(−,−)�m�Ñ¼fExt
n
(−,−).é?¿�E/

CÚD, Ext
n
(C,D) ⊆ Extn(C,D).´�,é?¿�CE-�ÜS� 0 // X // Y // Z // 0

�3��ÜS�

0 // Hom(C,X) // Hom(C, Y ) // Hom(C,Z) // Ext
1
(C,X) // · · · ,

Ú

0 // Hom(Z,D) // Hom(Y,D) // Hom(X,D) // Ext
1
(Z,D) // · · · .

Ún 1.9 [10] (1)¼fHom(−,−)3 C(R)×C(R)þ'u CE(P)× CE(I)m²ï;

(2)¼f −
⊗
−3 C(R)×C(R)þ'u CE(F)× CE(F)�²ï.

T(ØL², ·��±|^ CE-Ý�½ CE-S�©)5O� Hom(−,−) �m�Ñ¼f

Ext
n
(−,−), �±|^ CE-²"©)5O�−

⊗
− ���Ñ¼f Torn(−,−). ´�, é?¿�E

/ CÚD, Ext
n
(C,D) ⊆ Extn(C,D);é?¿�mR-��E/ CÚ�R-��E/D, Torn(C,D) ⊆

Torn(C,D).

3. CE X -S�E/Ú CE X -²"E/

½Â 2.1 � X ´��� R-��a. -

CE-Cb(X ) = { C ∈ C (R) | C ´k.E/, �é?¿�m ∈ Z, Cm, Zm(C), Bm(C)Ú Hm(C)

Ñáu X }.

e©¥, ·�o´b½ X ´��� R-�a, �÷ve�^�:

(1) X 'uÜÀµ4;

(2) X 'u*Üµ4;
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(3) X �¹uk�L«� R-�a.

5P 2.2 (1)�R´�và�,X ´¤kk�L«�R-��a,KX 'uÜÀµ4, CE-Cb(X )

´CE-k�L«E/�a;

(2)e X ´¤k�k�L«� R-��a,K X 'uÜÀµ4, CE-Cb(X )´ CE-�k�L«E

/�a;

(3) �â [9,½n2.10]�, (⊥XI,XI)´��{Lé. ®� X 'uÜÀµ4, �d [12,íØ5.25]

�, (⊥XI,XI)´¢D{Lé.

·K 2.3 � C ´E/.XJ C ∈ CE-Cb(X ), @o�3 CE-�ÜS�

0 // K // P // C // 0,

Ù¥ P ´ CE-k�)¤� CE-Ý��, K ∈ CE-Cb(X ).

y² � i ∈ Z. du C ∈ CE-Cb(X ), K Bi(C) ∈ X , Hi(C) ∈ X , ��3�Ü�

0 // KBi(C)
// PBi(C)

// Bi(C) // 0,

0 // KHi(C)
// PHi(C)

// Hi(C) // 0,

Ù¥PBi(C)Ú PHi(C)´k�)¤Ý��, KBi(C)ÚKHi(C)Ñáu X . �Äe��ÜS�

0 // Bi(C) // Zi(C) // Hi(C) // 0.

K�âêLÚn��±e1��Ü���ã:

0

��

0

��

0

��
0 // KBi(C)

��

// KZi(C)

��

// KHi(C)

��

// 0

0 // PBi(C)

��

// PBi(C)

⊕
PHi(C)

��

// PHi(C)

��

// 0

0 // Bi(C)

��

// Zi(C)

��

// Hi(C)

��

// 0

0 0 0.
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Ï� X 'u*Üµ4, ¤±KZi(C) ∈ X . 2�âêLÚn��±e1��Ü���ã:

0

��

0

��

0

��
0 // KZi(C)

��

// Ki

��

// KBi−1(C)

��

// 0

0 // PBi(C)

⊕
PHi(C)

��

// PBi(C)

⊕
PHi(C)

⊕
PBi−1(C)

��

// PBi−1(C)

��

// 0

0 // Zi(C)

��

// Ci

��

// Bi−1(C)

��

// 0

0 0 0.

KkKi ∈ X . l�â i�?¿5��±e��Ü���ã:

0

��

0

��

0

��

0

��
· · · // KBi(C)

��

// KZi(C)

��

// Ki

��

// KBi−1(C)

��

// · · ·

· · · // PBi(C)

��

// PBi(C)

⊕
PHi(C)

��

// PBi(C)

⊕
PHi(C)

⊕
PBi−1(C)

��

// PBi−1(C)

��

// · · ·

· · · // Bi(C)

��

// Zi(C)

��

// Ci

��

// Bi−1(C)

��

// · · ·

0 0 0 0.

Ïd��e� CE-�ÜS�

0 // K // P // C // 0,

Ù¥ Pi = PBi(C)

⊕
PHi(C)

⊕
PBi−1(C). duE/ C ´k.�, � P Ú K ´k.�, ¿���

P ´ CE-k�)¤� CE-Ý��. Ï�é?¿� i ∈ Z, k Zi(K) = KZi(C), Bi(K) = KBi(C) Ú

Hi(K) = KHi(C), �Ki, KZi(C), KBi(C)ÚKHi(C)Ñáu X , ¤±K ∈ CE-Cb(X ). �

·K 2.4 � {Ci}i∈I ´�qE/, X ∈ CE-Cb(X ). Kk

Ext
1
(X,

⊕
i∈I

Ci) ∼=
⊕
i∈I

Ext
1
(X,Ci).

y² �E/ X ∈ CE-Cb(X ). K�â·K 2.3���3 CE-�ÜS�

0 // K // P // X // 0,
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Ù¥ P ´ CE-k�)¤� CE-Ý��, K ∈ CE-Cb(X ). �ke�1�Ü���ã:

Hom(P,
⊕
i∈I
Ci) //

α

��

Hom(K,
⊕
i∈I
Ci) //

β

��

Ext
1
(X,

⊕
i∈I
Ci) //

��

0

⊕
i∈I

Hom(P,Ci) //⊕
i∈I

Hom(K,Ci) //⊕
i∈I

Ext
1
(X,Ci) // 0.

Ï� X �¹uk�L«�a, ¤± K ∈ CE-Cb(X )´ CE-k�)¤�. ��â [10, Ún5.3]�� α

Ú β Ñ´Ó��. ÏddÊÚn��Ext
1
(X,

⊕
i∈I
Ci) ∼=

⊕
i∈I

Ext
1
(X,Ci). �

½Â 2.5 (1)¡E/C´CE X -S��, XJéu?¿�E/X ∈ CE-Cb(X ), kExt
1
(X,C) = 0;

(2)¡mR��E/F´CE X -²"�, XJéu?¿�E/X ∈ CE-Cb(X ), kTor1(F,X) = 0.

5P 2.6 (1) CE X -S�E/�aP� CE(X -Inj);

(2)XJ X ´¤kk�L«� R- ��a, @o CE(X -Inj)L« CE FP-S�E/�a;

(3)XJ X ´¤k�k�L«� R-��a,@o CE(X -Inj)L« CE-fS�E/�a;

5P 2.7 (1) CE X -²"E/�aP� CE(X -Flat);

(2)XJ X ´¤kk�L«� R-��a, @o CE(X -Flat)L« CE FP-²"E/�a;

(3)XJ X ´¤k�k�L«� R-��a, @o CE(X -Flat)L« CE-f²"E/�a;

·K 2.8 E/ C ´ CE X -S����=�é?¿�E/ X ∈ CE-Cb(X ), k Ext
1
(X,C) = 0.

y² �E/ X ∈ CE-Cb(X ). d½Â��E/ Ext
1
(X,C)�

· · · // Ext
1
(X,Σ−(n+1)C) // Ext

1
(X,Σ−nC) // Ext

1
(X,Σ−(n−1)C) // · · · .

�E/ C ´ CE X -S����=�é?¿�E/ X ∈ CE-Cb(X ), k Ext
1
(X,C) = 0. �

·K 2.9 (1) CE(X -Inj)'u�È, �Ú, �Ú�Ú CE-*Üµ4;

(2) CE(X -Flat)'u�Ú, �Ú�Ú CE-*Üµ4.

y² (1)�â CE X -S�E/�½Â��, CE(X -Inj)'u�È, �Ú�Ú CE-*Üµ4´w

,�. ey CE(X -Inj)'u�Úµ4.

� {Ci}i∈I ´�q CE X -S�E/, X ∈ CE-Cb(X ). K�â·K 2.3�, �3 CE-�ÜS�

0 // K // P // X // 0,

Ù¥ P ´ CE-k�)¤� CE-Ý��,K ∈ CE-Cb(X ). 2�â [10, Ún5.3]Ú·K 2.4��Xe1
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�Ü���ã:

0 // Hom(X,
⊕
i∈I
Ci) //

∼=

��

Hom(P,
⊕
i∈I
Ci) //

∼=

��

Hom(K,
⊕
i∈I
Ci)

∼=

��
0 //⊕

i∈I
Hom(X,Ci) //⊕

i∈I
Hom(P,Ci) //⊕

i∈I
Hom(K,Ci) // 0.

du P ´ CE-Ý��, � Ext
1
(P,

⊕
i∈I
Ci) = 0, Kk Ext

1
(X,

⊕
i∈I
Ci) = 0. Ïdd·K 2.8��

⊕
i∈I
Ci

´CE X -S�E/.

(2)�âCEX -²"E/�½Â��, CE(X -Flat)'u�Ú, �Ú�ÚCE-*Üµ4´¤á�. �

·K 2.10 �M ´� R-�.Kk

(1) M ´ X -S����=�M ´ CE X -S�E/;

(2) M ´ X -S����=�M ´ CE X -S�E/.

y² (1)⇒)�M ´ X -S��, X ∈ CE-Cb(X ). K X0, H0(X), B−1(X)Ñ´áu X �. d

�ÜS� 0→ H0(X)→ X0/B0(X)→ B−1(X)→ 0±9X 'u*Üµ4,��X0/B0(X) ∈ X . �

Ext1(X0/B0(X),M) = 0. d [3, Ún9.3]� Ext
1
(X,M) ∼= Ext1(X0/B0(X),M), � Ext

1
(X,M) =

0. ÏdM ´ CE X -S��.

⇐)� X ∈ X . K X ∈ CE-Cb(X ), � Ext
1
(X,M) = 0. �â [3, Ún9.1]�� Ext1(X,M) ∼=

Ext
1
(X,M), � Ext1(X,M) = 0. ÏdM ´ X -S��.

(2)⇒)�M ´ X -S��, X ∈ CE-Cb(X ). K X0 ∈ X , � Ext1(X0,M) = 0. d [3, Ún9.3]

� Ext
1
(X,M) ∼= Ext1(X0,M), � Ext

1
(X,M) = 0. ÏdM ´ CE X -S��.

⇐) �� R-� X ∈ X . �� X ∈ CE-Cb(X ), � Ext
1
(X,M) = 0. �â [3, Ún9.2] ��

Ext1(X,M)

∼= Ext
1
(X,M), Ïd Ext1(X,M) = 0, =M ´ X -S��. �

·K 2.11 � C ´E/. K±e�d:

(1) C ´ CE X -S�E/;

(2)é?¿� CE-�ÜS�

0 // X // Y // Z // 0,

Ù¥ Z ∈ CE-Cb(X ), S�

0 // Hom(Z,C) // Hom(Y,C) // Hom(X,C) // 0

�Ü;
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(3)z� CE-�ÜS�

0 // C // I // L // 0

Ñ´���, Ù¥ L ∈ CE-Cb(X ).

y² (1)⇒ (3)�S� 0 // C // I // L // 0 ´CE-�Ü�,Ù¥L ∈ CE-Cb(X ).

d (1)�� Ext
1
(L,C) = 0. �S� 0 // C // I // L // 0 ��.

(2)⇒ (1)�E/ X ∈ CE-Cb(X ). �â·K 2.3���3 CE-�ÜS�

0 // K // P // X // 0,

Ù¥ P ´ CE-k�)¤� CE-Ý��, K ∈ CE-Cb(X ). �k�ÜS�

0 // Hom(X,C) // Hom(P,C) // Hom(K,C) // Ext
1
(X,C) // 0.

K�â^� (2)�� Ext
1
(X,C) = 0. Ïd C ´ CE X -S�E/.

(3) ⇒ (2)�S� 0 // A // B // X // 0 ´ CE-�Ü�, Ù¥ X ∈ CE-Cb(X ). é

?¿��� α : A→ C, ��XeíÑã:

0 // A

α

��

f // B

g

��

// X // 0

0 // C
β // H // X // 0.

d^� (3)��S�

0 // C
β // H // X // 0

´���,��3 γ : H → C,¦� γβ = 1.- θ = γg.K θ : B → C � θf = α.¤± (2)¤á. �

½n 2.12 � C ´E/. Ke�^��d:

(1) C ´ CE X -S�E/;

(2)é?¿� i ∈ Z, Ci, Zi(C)´ X -S��;

(3)é?¿� i ∈ Z, Bi(C), Hi(C)´ X -S��;

(4)é?¿� i ∈ Z, Ci, Bi(C), Zi(C) Ú Hi(C)´ X -S��.

y² (1) ⇒ (2)� C ´ CE X -S�E/, X ∈ X , i ∈ Z. K Σi−1X, ΣiX ∈ CE-Cb(X ). �

Ext
1
(Σi−1X,C) = 0, Ext

1
(ΣiX,C) = 0. d [3, Ún9.1Ú9.2]� Ext

1
(ΣiX,C) ∼= Ext1(X,Zi(C)),

Ext
1
(Σi−1X,C) ∼= Ext1(X,Ci), lk Ext1(X,Ci) = 0, Ext1(X,Zi(C)) = 0. Ïd Ci, Zi(C) ´

X -S��.
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(2)⇒ (3)� i ∈ Z. Ï� Ci+1, Zi+1(C)´ X -S��, ¤±d�Ü�

0 // Zi+1(C) // Ci+1
// Bi(C) // 0

Ú5P 2.2(3)�� Bi(C)´ X -S��. q�â�Ü�

0 // Bi(C) // Zi(C) // Hi(C) // 0

Ú5P 2.2(3)�� Hi(C)´ X -S��.

(3)⇒ (4)� i ∈ Z. d (3)�� Bi(C), Hi(C)´ X -S��. Kd�Ü�

0 // Bi(C) // Zi(C) // Hi(C) // 0

�� Zi(C)´ X -S��. 2d�Ü�

0 // Zi(C) // Ci // Bi−1(C) // 0

�� Ci´ X -S��.

(4)⇒ (1)�X ∈ CE-Cb(X ). IyExt
1
(X,C) = 0. �S� 0 // C // L // X // 0

´ CE-�Ü�, i ∈ Z. Kk�Ü�

0 // Bi(C) // Bi(L) // Bi(X) // 0,

0 // Hi(C) // Hi(L) // Hi(X) // 0.

Ï� X ∈ CE-Cb(X ), ¤± Bi(X) ∈ X , Hi(X) ∈ X . d (4)� Bi(C)Ú Hi(C)´ X -S��, �þ¡

ü��Ü�Ñ´���. l Bi(C)→ Bi(L)Ú Hi(C)→ Hi(L)ÑkÂ N�, ©OP� γB
i Ú γH

i .

�Ä±e1���Ü,��Ü���ã:

0

��

0

��

0

��
0 // Bi(C)

��

// Bi(L)

��

// Bi(X)

��

// 0

0 // Zi(C)

��

// Zi(L)

��

// Zi(X)

��

// 0

0 // Hi(C)

��

// Hi(L)

��

// Hi(X)

��

// 0

0 0 0.
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du Hi(X) ∈ X , � Bi(C), Zi(C)´ X -S��, � Ext1
R(Hi(X),Bi(C)) = 0, Ext1

R(Hi(X),Zi(C)) =

0. �d [3, Ún9.5]���3 Zi(C) → Zi(L)�Â N� γZ
i : Zi(L) → Zi(C), ¦� γB

i � γZ
i �N,

γZ
i � γH

i �N. Ón, �â1���Ü, ��Ü���ã:

0

��

0

��

0

��
0 // Zi(C)

��

// Zi(L)

��

// Zi(X)

��

// 0

0 // Ci

��

// Li

��

// Xi

��

// 0

0 // Bi−1(C)

��

// Bi−1(L)

��

// Bi−1(X)

��

// 0

0 0 0.

�� Ci → Li�Â N� γC
i : Li → Ci,¦� γZ

i � γC
i �N, γC

i � γB
i−1�N. u´d��ã:

Li

γC
i

��

// Bi−1(L)

γB
i−1

��

// Zi−1(L)

γZ
i−1

��

// Li−1

γC
i

��
Ci // Bi−1(C) // Zi−1(C) // Ci−1

���ã:

Li

��

γC
i // Ci

��
Li−1

γC
i−1 // Ci−1.

Ïd CE-�ÜS� 0 // C // L // X // 0 ´���, l Ext
1
(X,C) = 0. � C

´ CE X -S�E/. �

½n 2.13 � C ´E/. K:

(1) C ´ CE X -²"E/��=� C+´ CE X -S�E/;

(2) C ´ CE X -S�E/��=� C+´ CE X -²"E/.

y² (1)�â [10, Ún4.8]Ú·K 2.8�y�.

(2)�E/ X ∈ CE-Cb(X ). K�â·K 2.3�� CE-�ÜS�

0 // K // P // X // 0,
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Ù¥ P ´ CE-k�)¤� CE-Ý�E/, K ∈ CE-Cb(X ). u´k±e1�Ü��ã:

0 // Tor1(C+, X) //

��

C+
⊗
K //

ϕ

��

C+
⊗
P

φ

��
0 // Ext

1
(X,C)+ // Hom(K,C)+ // Hom(P,C)+.

d [10, Ún3.7]� ϕÚ φ´Ó�,Ïd Ext
1
(X,C)+ ∼= Tor1(C+, X),� (2)¤á. �

½n 2.14 � C ´E/.K±e�d:

(1) C ´ CE X -²"E/;

(2)é?¿� i ∈ Z, Ci, Ci/Bi(C)´ X -²"�;

(3)é?¿� i ∈ Z, Bi(C), Hi(C)´ X -²"�;

(4)é?¿� i ∈ Z, Ci, Bi(C), Zi(C) Ú Hi(C)´ X -²"�.

y² Ï�é?¿� i ∈ Z, k Zi(C
+) ∼= (C−i/B−i(C))+, Bi(C

+) ∼= (Bi−1(C))+, Hi(C
+) ∼=

(H−i(C))+, ¤±d½n 2.12Ú½n 2.13��(Ø¤á. �

íØ 2.15 � N ´m R-�, K±e(Ø¤á:

(1) N ´ X -²"���=� N ´ CE X -²"E/;

(2) N ´ X -²"���=� N ´ CE X -²"E/.

y² (1)⇒)� N ´ X -²"m R-�. Kd [9, ½n2.7]�� N+´ X -S�� R-�, �d·K

2.10� N+ ´ CE X -S�E/. qÏ� N+ ∼= (N)+, ¤± (N)+ ´ CE X -S�E/, d½n 2.13(1)

�� N ´ CE X -²"E/.

⇐)� N ´ CE X -²"E/. Kd½n 2.13(1)� (N)+ ´ CE X -S�E/, 2d N+ ∼= (N)+

±9·K 2.11� N+´ X -S�� R-�, Ïd�â [9, ½n2.7]�� N ´ X -²"m R-�.

(2)� (1)y²L§aq.

Ä7�8

I[g,�ÆÄ7]Ï�8(11861055, 12061061).
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