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Abstract

Let G be a simple graph. The total coloring f of G is called an E-total coloring if two adjacent vertic-
es have different colors, and dot each associated edge a different color from its end. For an VDET
coloring f of graph G, if C(u)=C(v) for any two distinct vertices u and v of V(G), then fis called

VDET; we shall abbreviate the vertex-distinguishing E-total coloring of G. This paper uses the con-
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tradiction and analysis method. We discussed the VDET coloring problem of complete bipartite
graph K, (89 <n< 212). The structure staining method was used to give the best staining scheme

of optimal VDET coloring of complete bipartite graph K,, | (89 <n< 212) .
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1. 518

FERIRTE T, PRI G O ) R A 8 EE A R S R 7 ORI NS, T4k, B P
Gt o) AE B SR NE Th I SZ RER BT O VR 2 A T TN AR —, AT DX [ IE
OB et AT IO A IE 3 A e (B — A Gt LA R AT X IR R b T A e (0 55— 241 [ i 3
UEAK SRR BB WT 72 2 38 SR LA R A MERE

B G R—AMHEE. B G AR R HARREEXE G KA AR G il T
et RHE G I— Mg f (IEH BURDIER)FE G MR — AT X, A COOFRTA X ItES,
SRR X TR Je 5 1A TR SRR T e e A R B 6 o FE IR SCRE P s 1 7 2 P A e X )
M —EARDIEF GG RS TR Z MR AR RS, I bR RIBGA 5 E i s A
BEMNFRAE G —A E-2ft. % f A G I—A E-2Re, HHextvuveV(G), uzv, A
C(u)y#C(v),» WH f 8 G B VDET Heth, thuhftmiv] X E-&%et. K G 1 VDET (4L
X (G)=min{k|GfFfEk-VDET %¢ti} .

SCRR[L] [2]EZESE 7 B m] X0 S8, SCRR[3] [4] [5] [BIRFFERAE Niig T KK, , |
B W~ e BRI ROl DO B~ et SCRR[7] [B]I 18 1 5e 4 i Ky , Y RUAT X B~ et [9]
[10] [11] [12] i T e 4 B K, 0 Kypr Koo Ko BURTTIXON E- 36 th, SCER[131M 0755 A 1H iR
T e BRI R PRI AT X ) IE i e tt,  SCHR[14] [15]7F 43 T mC, A1 mC, 1 — B 5 AT X 5 4 et
A FELEIE PR Ky, (89 <n<212) (¥ VDET ettt HA3 5] K, 1) VDET 4L,

AV (Kyy, )= XUY 5 E(Kyp, ) ={uy; :1<i<281< j<nf, Hod, Xo={up,uy, oty o Y = {00,009, ) o
BEC(X)={C(u),C(u,), . Cuy)}» C(Y)={C(w),C(%).-C(v)}-

2. 5138

5131 H11<n<28if, A x5 (K, )=6.
5132 429<n<88H, H 5 (Ky,)=7-

3. ERLERXIEMRA

SEH 1 H489<n<2120f, A x5 (Ky,)=8-
WM. FRIEVE. B, B Ky, 72/E 7-VDET 4ett, RIS ML CAHEHR 7 G, SRR i gy
ik Ky, K—> 8-VDET 4ii,

k
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B K,y FEE—AN 7-VDET i f, FIFIf 1,2,3,4,5,6,7 K, WERARTFEZE LR AFIEE.
B 1 ug,uy,-o 0y B 10 AT B B R ACH —Fh . AW f(u)=1(i=12,--,11), B4
FEAC(vy ) MR BERT 1 £ettn. KIE{L, 2,3, 4,5, 6, THRT{ERN Y TFHEE A

(7;1}(73_1}{7;1}(7:}[?}=57o 57 A4 RS K BIHE Y i 0 AT, T

T 20w, Uy, uy B9 11 TP A R PIRT . A5 f (u)=1{12} (i=12,---,11),
JrlU/I\C(VJ-)% -TARNIANREFI AN 1 B 2 . K {1,2,34,56,7} HH1ER CY)MTFHEEE N

@+@+(Zj+@+@+@_n:mgo Fot, 110<n< 2120, 100 MEAAREBEKHIFY B n

AT, FiE. NHEMRFHEYM89<n<109 HHHEE. £8=2U8,UsB,, Hi:
B, = {{3,4},{3,5},{3, 6},{3.7}.{4,5},{4,6},{4,7},{5,6},{5,7},{6,7}} :

B, ={{12,3},{12,4},{L2,5},{12,6},{1,2,7}} :

B, N{1,2,3,4,5,6, THAOFTA 4. 5. 6. 7-THEMRE B, FHI 3-THEIMERKES, LML,

MEEENTE B PEE i MESH 57 M (i=12). EBHEEjMESH 611 (j=34567). Fik,
HAC(u) BHES 3MPIE, #HC(X)eB,UB,, C(X)UC(Y)c=®B, H11+n<109, AfFn<98.
PrA2499 <n<212 i, BHRIEGAREM X X ATY B/ (11+n) N, FIE. DUR R 2% &
4189 < n <98 BT .

WK 21: B,NC(Y)=D, M1L2eC(uy)(i=12,,11)

5 2.1.1: BNC(Y)2D, (FM, #B,NC(Y)=, M11+n<109-10, n<88, F/&. ) WM&
A (u) BAFIFIR L2 3,4, 5,6, 7 HIOMERE 1 Fh, AWi%3eC(u)(i=12,-,10) ] ’
{4,5},{4,6},{4,7},{5,6},{5,7},{6,7} C(Y), MIiMi11+n<109-6, WfHFn<92, *493<n<98Hf, 92
AR O Y ) n AT, T NHEEE 89 < n <92 T . thI{1, 4, 5}, {1, 4, 6}, {1, 4,
73, {1,5,6},{1,5, 7}, {1, 6, 3N ELH 3EENIET C(Y), BUILEEANT AN 1 &2/ RN 4, 5,
6, 7 FMER MR, AL 4,5eC(u), f(u)=1, (i=12,-,11); {2 4,5} {2 4,6}, {2 4,7} {2,
5,6} {2,5 7} {2,6, T} EZH 3INMEGAET C(Y), FULBA TSN 2 Mt & 2 /D FIB 5 4,5,6, 7
PR A, NG f(u)=2 8, abeC(y),(i=12--11), H o 4<a<b<7, pbif
{4,5}N{a,b} = Al {a,b} ={6,7} . A% C(u,) HAE2 FHESPHHE—: {1,23,4,5}, {1,236,
73,{1,2,3,4,5,6},{1,2,3,4,5,7},{1,2,3,4,6,7},{1,2,3,5,6, 7}, {1, 2,3,4,5,6, 7}, T MEBGAREHEIX
FIFE X R 11 AT, P S .

5% 2.1.2: A B,NC(X)=3, MC(Y)cB,, MAtANC(u) EEDFRNEE 3, 4,56, 7 K
R 2 fhts, APi3,4eC(u)(i=12,--,11), MIMTEAC () AR FTHRESFREE —1: {1,2,3,
4},{1,2,3,4,5},{1,2,3,4,6},{1,2,3,4,7},{1,2,3,4,5,6},{1,2,3,4,5,7},{1,2,3,4,6, 7}, {1, 2, 3, 4,
56,7} T

6% 2.2: B,NC(Y)=D-

5K 2.21: B,NC(X)=2, W3, 4,5,6, 7 HFiEHZEDH—FFERNEEEFANC(y) T, A
Pik3eC(u)(i=12,-,11), N
C(Y)&{{4.5}.{4,6},{4,7},{5,6},{5,7},{6,7} {1 4,5} {1 4,6},{1,4,7},{1,5,6},{15,7},{1.6,7}} ,

W4 n<109-16-10, n<83, FJ&,
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W 2.22: B,NC(X)=@ K, C(X)UC(Y)c®B,UB,, H11+n<10+94, Hin<93, ik
94<n<98K, FJ&E. LLFINHESI<n <3 TETE, LR B, h &/ 6 MEGET C(Y).

1) B, FRAH 6 I 7 A ICRIET C(Y), X0 3,4,5,6, 7 HEDH W FMNLE/EGFAC(u,) H,
AW 3,4eC(u)(i=12,,11), WC(Y)&{{56},{57}.{6,7}}, M11+n<109-5-3, n<90, Kt
91<n<98M, FJH. LLTF{LHEFEBI<n<90 MK
C(X)¢{{156}.{15,7}.{16,7},{25,6},{257}.{26,7}} ., HEZH — 4 K2 CY) &£~
C(Y)c{{156}.{1,5,7},{1,6,7}} , U X PR N 1 EEETHEDS RS 5,6, 7 FIMEEMFIE,
AW f (u)=1, 56eC(u)(i=1211), BC(Y)<={{256},{257}.{2,6,7}} , WIfHHIEN 2 11 C(X)
% 5,6, 7 P BRI RISt , B AL f(u;) =2/ U, #H abeC(u;), 5<a<b<7. i
{45/N{ab} =@, MW C(u) =R EE 5 6 FHREE M, AgE5eC(u)(i=1211) K,
C(X)<={{134,5,6},{13,4,5,6,7},{2,3,4,5,6},{2,3,4,5,6,7},{1,2,3,4,5,6},{1,2,3,4,5,6,7}} , TJ&-

2) B, A 8ANEIANTTHRIET C(Y), XIS C(u;) AR EE 3,4,5,6,7 /04 3FAAFM L, A
9515 3,4,5eC(u;)(i=12,--,11), M {6,7} £ C(Y), M11+n<109-5-1, Bl n<92, Kt 93 < n <98,
FhE. NFUEREBI<n <2 K. C(X)¢{{16,7},{2,6,7},{1,2,6,7}} HEDH 1 METF C(Y), &
B Y AT v, A C(vy ) ={12.6,7} . f(vyo)=7, MEAC(y) AL 2}, {1, 63542, 6}
C(X)<={{1.2,3,4,5},{1,2,34,5,6},{1,2,3,4,5,7},{1,2,3,4,5,6,7}, o

(i=12,--11), I,
{1,3,4,5,6},{1,3,4,5,6,7},{2,3,4,5,6},{2,3,4,56,7}}

3) C(Y)c®B,, BN C(y) PELFAKNEE 3 4,5 6 7 PR 4 O, AUk
3,4,56<cC(u;)(i=12,-,11), M
C(X)<={{13,45,6},{2,34,5,6},{1,3,4,5,6,7},{2,3,4,5,6,7},{1,2,3,4,5,6},{1,2,3,4,5,6,7}} , F/&-

& 3: Uy, vy, uy B9 1L AT R B EA R B =Fhe AD5EEf () ={12,3}(i=12,--,11),
W C(vy ) /2 2-T4ERS, AREFISIE 1,2 813 Y, HAGAC(v, ) #IARAL, 2,3}, [H1IE{1, 2,3, 4,5,6, 7}

Y V)T A H aa[;Hg+@+@+(gj+@_m=104o 105 <n <2121, 104 MEST

REBSIX AL Y B n AN, PG, TS24 80 < n <104 W K. 4¢=¢,Ue,Ue,, i
€, ={{45),(4.6). {47} (8,6),(5.7}.(6.7)} s

¢, = {{1.2,4},{1,2,5},{1,2,6},{L2,7},{1,3,4},{1,35},{1,3,6}.{1,3,7}{2.3,4},{2,3,5},{2,3,6},{2,3,7}} :

¢, 72{1,2,3,4,5 6, THOTHENM 4-, 5-. 6-. T-FHEMALEC,U{{12,3}} drits 3- 74, 344 86 1.

MEEH| @ h L 57 D idEE (i=1,23), %601 jHEA(j=4567), FHLtENC(y) ZLEEE
M3, HC(X)ce,Ue,, MC(X)UC(Y)c{{L23ljue, H11+n<1+104, WfFn<94, Mifi
95<n <212, 105 MRS XHIF X MY FH) (12+n) M, FJE. THHEES9 <n <104 i
M. SEIE ¢, hEDHE LAMEEET C(Y), BUbfANC(u) HEDEE 4,5, 6,7 FHER 1,
1{1,2,3}2C(X), C(X)UC(Y)c€, H11+n<104, n<93. LLF{XHE 89 <n<93W HHETE. ILif ¢
*%%ﬁ@A%AT J&F C(X)F1 C(Y).

BIE 3.1 ¢ HIAA 3AESRE T COOF C(Y)I, W&EAC(u;) I 4, 5, 6, 7 AT R —Fh

o, APBtaeC(u)(i=12,-11) W C(Y) ¢ {{56},{57}.{6.7}}
C(X)&{{125},{1.2,6},{1,2,7},{1,3,5},{1,3,6},{1.3,7},{2,35},{2,3,6},{2.3,7}} , HEZH 2 M AR T
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_ C(X)c{{L234},{1234,5},{1,2,3,4,56},{1,2,3,4,5,6,7},
C(Y), Bt 1,2,3€ C(u;) (i =1,2,--,11) , AT :
{1,2,3,4,6},{1,2,3,4,7},{1,2,3,4,5,7},{1,2,3,4,6,7}}

g

W 32: ¢ TEAIRA 4 B 5 NMET COOR C(Y), WA C(u,) BEFEE 4,5, 6, 7 FHUEZM
e, Ak 4,5eC(u;)(i=12,-,11), W{6,7}C(Y), €, 2C(Y), BIAL23eC(y)(i=12,,11),
MIMC(X)<={{12,3,4,5},{1,2,3,4,5,6},{1,2,3,4,5, 7},{1,2,3,4,5,6,7}} , FJ&.

5 33: ¢, NC(X)zB He,NC(Y)=D, WEAC(u) HEFEE 4,567 PHEE 3 MFIt, Ay
B 4,56eC(y)(i=2,2---11) , WcCc(X)ge, He, PEZHAWUANMEEGAET CY), Kk
1,2,3eC(y)(i=12211), MNifC(X)<c{{1,2,34,506},{1,23,4,56,7}}, TJA-

5K 3.4: ¢, NC(X)=@ He,NC(Y)=2, WC(X)UC(Y)ce,Ue,, M11+n<86+12, n<87,
g

1B 4: ug,uy, - uy, B9 1D ATRS B AR M. ¥ f (u)={1234}(i=12,--,11), W
MC(vy ) & 2- TR, AMIEHIE 12,3804, C(Y)¢{{1.23},{1,2.4},{13,4},{2,3,4},{12,3,4}} , FIL{L,

2,3,4,5,6, T} 1EN C(Y)E@ﬁi‘cﬁi&E%j(g+@}(D{Q{g{g—m—s:97 . 208<n<212 1,

97 MEGABEX S Y P n AT, FIE. FHICEEBI<n<97 NHEE. £D=0,UD,UD,, H:
@l:{{5,6},{5,7},{6’7}};Z)Z—{{1,2,5},{1,2,6},{1,2,7},{1,3,5},{1,3,6},{1,3,7},{1,4,5},{1,4,6},{1,4,7}, ;
{2,3,5},{2,3,6},{2,3,7},{3,4,5},{3,4,6},{3,4,7},{2,4,5},{2.4,6},{2,4,7}}

D, 2&{1, 2 3, 4,5 6 7} 5. 6. 7-THEULKKRE{, 2, 3 4K 4 THEENE
D,U{{12,3},{L2,4}.{1,3,4},{2,3,4}} *F iy 3-THF 76 1.

ML D S 57 i EA(1=12,34), 85604 jEA(j=567), HFHENESMLE =R,
C(X)UC(Y)cDU{{L2,3},{1,2,4},{1,34},{2,34},{L2,34})} , H11+n<97+5, Hin<9l. M4
92 <n <212 B, 102 MEAAEERS X IFF X ATY ) (114 n) AN, 7 )& o AT EALL R S 2189 <n <91
S, o, TEZH 3NMEEAET CY).

1B 4.1: ©, h2=DH LAESZET CYNI, WAES, 6, 7 h&DH 1L MEFEIGSERSENC(u) 1,
Agik5eC(u)(i=12,-,11) . FIL{1, 2,3}, {1, 2,4}, {1, 3,4}, {2, 3, 4}, {1, 2, 3, 4HIAJE T C(X), &
C(X)UC(Y)c®, Hl11+n<97, n<86, 86 MEAARWHX A Y i) n MR, F)E.

W 42: C(Y)&D,, WC(X)c{{1.2,3},{12,4},{13,4},{2,3,4},{1,2.3,4}} , F¥&C(u,)=1{L23},
f(u)=1, WA C(v;) BEHIE 253, #

C(Y)&{{1.4,5},{14,6}.{1, 4,7},{1,5,6},{1,5,7},{4,5,6},{4,5,7},{5,6,7},
{4,5,6,7},{1,4,5,6},{1,4,5,7},{1,5,6,7},{1,4,5,6,7}} ’

W C(Y)cD,UD,\{14,5},{16,7},{4,56,7},{1,4,56},{1,4,57},{1,56,7},{1,4,56,7} A1 n<15+79-13,
fin<8l, 8L MEAABEMXHITY FH n N, F)E.

THI5: uy,uy, -, uy, B LN o AN R R T o A5 (u;) ={1,2,3,4,5}(i =1,2,---,11) ,
HC(vy) R 2T, A 1,238,455 HEAC(v, ) H#IAR{L, 2,3, 4, 5} 3- T4, 4- T4, 5-T4,

St 4 (2}@{2]:1@, AL BBL{L 2 3 4 5 6 Ty T fE N COY) BT K H N

@{;}@{;}@{g_le_zo=s4, 84 ME ARSI A Y HE n AT, .
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BT 6: up,uy, -,y B9 11 NG EE B AR E RN AT (u;)=1{1,2,3,4,5,6}(i=12,---,11),
WA C(v; ) #ARE 2- T4, HAAC(v) ) EIAR{L 2,3, 4,5, 6} 3- T4, 4-T4. 5-T4#. 6- T4,

*EH (2]{2}@{2}:42 A {1, 2, 3 4,5 6 T}HAERN CNIMWTFEEHEN

@+@+@+@+@_42:57, 57 M A RESK AL Y B n AT, 6.

L, 7 P AREE X B K,y W89 <n<2128F, x5 (Ky,)28. FHEFIAMIGELREOE, %
t Ky, —> 8-VDET 4th,

B, H5E fa2e X FT0S U vy, u, MEESESIA: {1,3,4,5,7,8},{2,3,4,5,7,8},{1,3,4,6,7,
8},{2,3,4,6,7,8,{1,3,4,5,6,7,8},{2,3,4,5,6,7,8},{1,2,3,4,7,8}, {1,3,4,7,8},{1,2,3,4,5,7, 8},
{1,2,3,4,6,7,8},{1,2,3,4,56,7,8}. HZ& XHu,u,,---,u, 11 NTAFTRMBIGESHN L2, 1,2,1,2,
1,1,2,1,2.

AR X UV, Vy, e Vg } T — AT BT K g BT HE 2 45 1K) 7-VDET Bt foe BEAT 4400, SR)5
SR EMTEAORBOU AT Y . v, (89 < j <104) FI'E HSRIRIA4E IR 1 (07 BT R 1 138 —
TR U, (1< <11) M EES ARG MBI, AR (1<i <11) Frfpigits, =171 38
(3) AR A vy F 3 RYL L, SCHK U Vg, UV, -+, Uy Ve 77 I FH 8, 8,8, 8,8, 8,8, 8,8, 8,8 K4, JfHTALA
X (Vg ) =1{3,8} » FFHLAMIHET %),

T v, (105 < j < 212) 43 5HIx B 5451, 2, 3, 4,5, 6, 7, 8HII A B 8 11 2-1 3-1 4-. 5-. 6-,
-4, HAR{L 2,8}, {3, 8}, HARE I ER—ATAMOES LG M. Ty, (105< j<212)
HEHIRBL UV, UV, Uy vy R AR R T SR I 2. 2989 < j < 2121Kf, K, 5, Y 8-VDET Heth f,
FEF X U{Vy,Vy, o, Vg | TS RIS T I AR R A1) 502 Ky ; 1) 8-VDET H+ 4 fjo

when 89< j<104

Table 1. The coloring method of vertex v, and its incident edges of K,,,,,

T L Ky, AV, (89< j<104) REXBINKSEHT R
26 -16 -25 -5 2 -1 -5 256 6 -5

1 2 1 2 1 2 1 1 2 1 2
Vgo 38 (3) 8 8 8 8 8 8 8 8 8 8 8
Voo 48 (4) 8 8 8 8 8 8 8 8 8 8 8
Vo1 58 (5) 8 8 8 8 8 8 8 8 8 8 8
Voo 68 (6) 8 8 8 8 8 8 8 8 8 8 8
Ves 78 (7) 8 8 8 8 8 8 8 8 8 8 8
Vos 13457 (7) 3 4 4 4 5 5 4 4 4 4 1
Ves 23457 (7) 3 3 4 4 5 5 2 4 4 4 2
Vos 13467 (7) 4 4 6 4 3 6 3 3 1 3 1
Vo7 23467 (7) 3 4 3 6 3 6 3 3 4 3 2
Ves 134567 (7) 3 4 4 4 5 6 3 4 1 4 6
Voo 234567 (7) 5 4 4 4 3 6 4 4 5 4 2
V100 12347 (7) 3 3 3 3 3 3 2 3 1 2 3
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Continued
Vior 1347 (7) 3 3 3 3 4 4 4 3 1 4 3
Vig 123457 (7) 4 5 3 3 3 3 2 3 1 2 3
Vios 123467 (7) 4 4 3 6 4 4 2 4 4 2 1
V104 1234567 (7) 5 5 3 4 6 6 2 3 1 2 3
Table 2. The coloring method of vertex v, and its incident edges of K, ,, when 105< j<212
2. Ky, AV, (105< <212) REXBHANREHTR
Ak W v, e T v BB i
3<ac<7 {1,438} a; 88888888181
2<a<b<7 {a, b, 8} b; 8888888888a
2<a<b<7 {1,ab,8} b; 8888888818a
2<a<b<c<7 {a,b,c, 8} c; 88888a8888b
2<a<b<c<7 {1,4ab,c, 8} c; 88888a8188h
2<a<b<c<d<7 {a, b, c,d,8} d; 888ab8888ab
2<a<b<c<d<7 {1,a,b,cd, 8} d; 8888ab881ab
2<a<b<c<d<e<7? {a,b,c,d,e 8} e; 8a88bc8888d
2<a<b<c<d<e<7? {1,4a,b,c,d, e, 8} e; 8abc888881d

4. &EiE

MR SR BT rl LA 2, 2489 <n <2121, H 7 MBI ARERT Ky, 1, 4T VDET 44t [AL,

289 <n<212f, g5 (Ky,)28. SREFIRAMIGYOE, B 8 Fgitnl bt K, , 347 AT X5 E-
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