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(
A 0

U B

)
´/ªn�Ý
�, Ù¥ A

Ú B ´�, U ´� B-m A-V�.�©|^ A-�þ��(��)¢D�{Ln�| (C1, C2, C3)Ú B-�

þ��(��)¢D�{Ln�| (D1,D2,D3)�E
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Abstract

This paper consider cotorsion triples over formal triangular matrix rings. Let T =

∗ ÏÕ�ö"
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(
A 0

U B

)
be formal triangular matrix ring, where A and B are two rings and U is a

(B,A)-bimodule. In this paper, we use a complete (resp. perfect) hereditary cotorsion

triple (C1, C2, C3) over A and a complete (resp. perfect) hereditary cotorsion triple

(D1,D2,D3) over B to construct a complete (resp. perfect) hereditary cotorsion triple

(BC1D1
,UC2D2

, JC3D3
) over T .
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1. Úó

{LnØd Salce3 Abel+�ÆÚ��CqnØ�ïÄ¥JÑ,d�{LnØ��
2��ï

Ä,Ù¥{Lé���53�éÓN�ê�ïÄ¥å5�'���^. Estrada�3©z [1]¥|

^ quiverL«�{ïÄ
{LéÚ{Ln�|�m�éX,3ù���L§¥,¦�uy
 Abel�

Æ¥���#�A�,��3��¢D�{Ln�|�,3 Abel�Æ¥Òkv
�Ý�ÚS�é�.

2019c, Ren3©z [2] ¥�Ñ
{Ln�|��'A^,¿d����{Ln�|©Op�
��

Ý�ÚS���.(�,Ó���
ùü«�.(��m�A��d'X.

/ªn�Ý
�´�a������,Cc5,NõÆöé/ªn�Ý
�?1
ïÄ.�

C1 Ú C2 ´ü�� A-�a, D1 Ú D2 ´ü�� B-�a. 2020c, Mao3©z [3]¥ïÄ
/ªn�

Ý
�þ�{Lé,y²
 (1)eé?¿ i ≥ 1,k TorAi (U, C1) = 0� TorAi (U,
⊥ C2) = 0,K (C1, C2)

Ú (D1,D2)´{Lé��=� (BC1D1
,UC2D2

)´{Lé. (2)eé?¿ i ≥ 1,k ExtiB(U,D⊥1 ) = 0�

ExtiB(U,D2) = 0,K (C1, C2)Ú (D1,D2)´{Lé��=� (UC1D1
, JC2D2

)´{Lé.Ó�|^A-�ÚB

-�þAÏ�ý�äaÚýCXa�Ñ
 T-�þAÏ�ý�äaÚýCXa,¿��Ñ
 (BC1D1
,UC2D2

)

Ú (UC1D1
, JC2D2

) � T-�þ��¢D�{Lé�¿�^�. 2021c, XuÚ Hu3©z [4]¥|^Mao3

n�Ý
�þ�E�ü�{Lé (BC1D1
,UC2D2

) Ú (UC1D1
, JC2D2

) �E
/ªn�Ý
�þ�{Ln�|

(BC1D1
,UC2D2

, JC3D3
).

ÉþãïÄ�éu,�©?�ÚïÄ
{Ln�| (BC1D1
,UC2D2

, JC3D3
) �5�.Äk3Ún 1¥

|^ A-�þ{Ln�| (C1, C2, C3) Ú B-�þ{Ln�| (D1,D2,D3) �E
/ªn�Ý
� T
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þ�{Ln�| (BC1D1
,UC2D2

, JC3D3
);Ùg3½n 3¥�Ä
{Ln�| (BC1D1

,UC2D2
, JC3D3

)���¢D

5,3íØ 4¥�Ä
{Ln�| (BC1D1
,UC2D2

, JC3D3
)���¢D5;��2�Ñ
k'{Ln�|

(BC1D1
,UC2D2

, JC3D3
)�A�íØ.

2. ý��£

� T =

(
A 0

U B

)
´/ªn�Ý
�, A , B ´�� U ´ (B,A)-V�.?¿� T-�þ�^n�

|M =

(
M1

M2

)
ϕM

5L«,Ù¥M1´� A-�,M2´� B-�, ϕM : U ⊗A M1 →M2´ B-�Ó�.?

¿�ü�� T-�M =

(
M1

M2

)
ϕM

Ú N =

(
N1

N2

)
ϕN

�m����

(
f1

f2

)
, Ù¥ f1:M1 → N1´ A-�

Ó�, f2 :M2 → N2´ B-�Ó�¿�÷vXe��ã:

U ⊗A M1

ϕM

��

1⊗f1 // U ⊗A N1

ϕN

��
M2

f2 // N2

�½ T -� M =

(
M1

M2

)
ϕM

, k ϕ̃M : M1 → HomB(U,M2), Ù¥ ϕ̃M (x)(u) = ϕM (u ⊗ x), x ∈ M1,

u ∈ U .

½Â1 [3]� C ´��� A-�a� D´��� B-�a.½ÂXen�� T-�a:

UCD = {

(
M1

M2

)
ϕM

:M1 ∈ C,M2 ∈ D}.

BCD = {

(
M1

M2

)
ϕM

:M1 ∈ C,M2/im(ϕM ) ∈ D, ϕM ´ü�}.

JCD = {

(
M1

M2

)
ϕ̃M

: ker(ϕ̃M ) ∈ C,M2 ∈ D, ϕ̃M ´÷�}.

½Â2 [5]� A´��kv
�Ý�ÚS�é�� Abel�Æ,¡ (X ,Y)� A¥�{Lé,XJ

÷v X = ⊥Y � Y = X⊥,Ù¥ ⊥Y = {X | Ext1A(X,Y ) = 0,∀ Y ∈ Y}� X⊥ = {Y | Ext1A(X,Y ) =

0,∀ X ∈ X}.

¡{Lé (X ,Y)´���,e÷ve¡ü�^�¥���^�:

1)é?¿� R-�M ,�3�Ü� 0 //M // B // A // 0 ,Ù¥ A ∈ X , B ∈ Y.

2)é?¿� R-�M ,�3�Ü� 0 // B′ // A′ //M // 0 ,Ù¥ A′ ∈ X , B′ ∈ Y.
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¡{Lé (X ,Y) ´¢D�, eé?¿ i ≥ 1, ExtiA(X,Y ) = 0, Ù¥ X ∈ X , Y ∈ Y.
�du, e 0 // X3

// X2
// X1

// 0 ´�Ü�, X2, X1 ∈ X , K X3 ∈ X ; ½�du, e

0 // Y1
// Y2

// Y3
// 0 ´�Ü�, Y1, Y2 ∈ Y,K Y3 ∈ Y.

¡{Lé (X ,Y)´���,e X ´CXa� Y ´�äa.

½Â3 [2] [6]¡ Abel�ÆA¥�n�| (X ,Z,Y)�{Ln�|,XJ (X ,Z)Ú (Z,Y)Ñ�{
Lé.¡{Ln�| (X ,Z,Y)´��(¢D)�,XJ (X ,Z)Ú (Z,Y)´ü���(¢D)�{Lé.

¡ A�÷f�Æ C ´ thick�,e C 'u�Úµ4�÷v:é A¥?¿�Ü�

0 // A // B // C // 0,

e A, B, C ¥kü�3 C ¥,K1n��3 C ¥.

½Â4 [3]� R´�� C ´��� R-�a.

1)¡ C ´�)�,e C 'u*Üµ4,'u÷Ó��Øµ4� C �¹¤k�Ý�� R-�.

2)¡ C ´{�)�,e C 'u*Üµ4,'uüÓ��{Øµ4� C �¹¤k�S�� R-�.

½Â5 [5]� R��,�½�a X ,é� R-�M ,k±en�^�:

1)�3 φ :M → X,Ù¥ X ∈ X :

2)é?¿ X ′ ∈ X ,?¿ φ′ :M → X ′Ñ�3 f : X → X ′ ,¦� φ′ = fφ;

3)XJ f : X → X ,¦� φ = fφ,K f �gÓ�.

� 1) 2)÷v�,¡ φ : M → X �M � X-ý�ä;� 3)�÷v�,¡ φ : M → X �M � X-
�ä.éó/,�½Â X-ýCXÚ X-CX.

¡ü�� α : M → X, Ù¥ X ∈ X � M �AÏ X -ý�ä, eé?¿ X ′ ∈ X , k
Ext1R(coker(α), X

′) = 0.éó/,�½ÂAÏ X-ýCX.

3. Ì�(J

Ún 1 � C1, C2, C3 ´n�� A-�a, D1,D2,D3 ´n�� B-�a. b�é?¿ i ≥ 1, k

TorAi (U, C1) = 0 = TorAi (U,
⊥ C2)� ExtiB(U,D2

⊥) = 0 = ExtiB(U,D3).K (C1, C2, C3) Ú (D1,D2,D3)

´{Ln�|��=� (BC1D1
,UC2D2

, JC3D3
)´ T-�þ�{Ln�|.

y²:�y² (BC1D1
,UC2D2

, JC3D3
)� T -�þ�{Ln�|,�Iy (BC1D1

,UC2D2
)Ú (UC2D2

, JC3D3
) � T

-�þ�ü�{Lé.Ï� (C1, C2, C3) ´ A-�þ�{Ln�|, (D1,D2,D3) ´ B-�þ�{Ln�

|,¤± (C1, C2)Ú (C2, C3)� A-�þ�{Lé, (D1,D2)Ú (D2,D3)� B-�þ�{Lé. d [3] [½
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n4.4(1)] 9b��, (BC1D1
,UC2D2

)� T-�þ�{Lé.2d [3] [½n4.4(2)]9b��, (UC2D2
, JC3D3

)� T-

�þ�{Lé.Ïd (BC1D1
,UC2D2

, JC3D3
)� T-�þ�{Ln�|.

��,e (BC1D1
,UC2D2

, JC3D3
)� T-�þ�{Ln�|,K (BC1D1

,UC2D2
)Ú (UC2D2

, JC3D3
) � T-�þ�ü�

{Lé.2d [3] [½n4.4]9b��, (C1, C2), (D1,D2) Ú (C2, C3), (D2,D3)©O� A-�Ú B-�þ�

{Lé,= (C1, C2, C3)� A-�þ�{Ln�|� (D1,D2,D3)� B-�þ�{Ln�|. �

Ún 2 [3]� C ´��� A-�a� D´��� B-�a.

1)b� UCD ´{�)a�é?¿ i ≥ 1,k TorAi (U,
⊥ C) = 0.e C Ú D ´AÏ�ý�äa,K

UCD ´��AÏ�ý�äa.e U ⊗A
⊥C ⊆ ⊥D,K_·K¤á.

2)b� UCD ´�)a�é?¿ i ≥ 1,k ExtiB(U,D⊥) = 0.e C Ú D´AÏ�ýCXa,K UCD

´��AÏ�ýCXa.e HomB(U,D⊥) ⊆ C⊥,K_·K¤á.

e¡´�©�Ì�(J.

½n 3 � C1, C2, C3 ´n�� A-�a, D1,D2,D3 ´n�� B-�a. b�é?¿ i ≥ 1, k

TorAi (U, C1) = 0 = ExtiB(U,D3). e (C1, C2, C3) ´ A-�þ��¢D�{Ln�|, (D1,D2,D3) ´

B-�þ��¢D�{Ln�|,K (BC1D1
,UC2D2

, JC3D3
)´ T-�þ��¢D�{Ln�|._·K¤á

�^��é?¿ i ≥ 1, TorAi (U, C1) = TorAi (U,
⊥ C2) = 0 = ExtiB(U,D⊥2 ) = ExtiB(U,D3) = 0 �

U ⊗A
⊥C2 ⊆ ⊥D2, HomB(U,D⊥2 ) ⊆ C⊥2 .

y²:dÚn 1�, (BC1D1
,UC2D2

)Ú (UC2D2
, JC3D3

) � T-�þ�{Lé.Ï� (C1, C2, C3) ´ A-�þ�

�¢D�{Ln�|� TorAi (U, C1) = 0 = TorAi (U,
⊥ C2),¤±dÚn 2(1) �, UC2D2

´AÏ�ý�

äa,¤± (BC1D1
,UC2D2

)´���{Lé.qÏ� (D1,D2,D3) ´ B-�þ��¢D�{Ln�|�

ExtiB(U,D⊥2 ) = 0 = ExtiB(U,D3),¤±dÚn 2(2) �, UC2D2
´AÏ�ýCXa,¤± (UC2D2

, JC3D3
)´�

��{Lé.= (BC1D1
,UC2D2

, JC3D3
)´ T-�þ����{Ln�|. Ï� C2,D2 ´{�)�,¤± UC2D2

´{�)�.u´ (BC1D1
,UC2D2

)´ T-�þ¢D�{Lé;Ï� C2,D2 ´�)�,¤± UC2D2
´�)�.u

´ (UC2D2
, JC3D3

)´ T-�þ¢D�{Lé.Ïd (BC1D1
,UC2D2

, JC3D3
)´ T-�þ��¢D�{Ln�|.

��,e (BC1D1
,UC2D2

, JC3D3
)´ T-�þ���¢D�{Ln�|,K (BC1D1

,UC2D2
)Ú (UC2D2

, JC3D3
) ´ T

-�þ��¢D�{Lé.d^�ÚÚn 1��, (C1, C2, C3)� A-�þ�{Ln�|� (D1,D2,D3)

� B-�þ�{Ln�|.qÏ� U ⊗A
⊥C2 ⊆ ⊥D2 � HomB(U,D⊥2 ) ⊆ C⊥2 ,¤±dÚn 2Ú [3] [½

n5.6],�� (C1, C2, C3) ´ A-�þ��¢D�{Ln�|, (D1,D2,D3)´ B-�þ��¢D�{Ln

�|. �

aqu½n 3��Ä T-�þ��¢D�{Ln�| (BC1D1
,UC2D2

, JC3D3
).

íØ 4 � C1, C2, C3 ´n�� A-�a, D1,D2,D3 ´n�� B-�a. b�é?¿ i ≥ 1, k

TorAi (U, C1) = 0 = TorAi (U,
⊥ C2)� ExtiB(U,D2

⊥) = 0 = ExtiB(U,D3).e (C1, C2, C3) ´ A-�þ��

�¢D�{Ln�|, (D1,D2,D3) ´ B-�þ���¢D�{Ln�|� C1, C2 Ú D1, D2 'u�

�4�µ4,K (BC1D1
,UC2D2

, JC3D3
)´ T-�þ��¢D�{Ln�|.

y²:aqu½n 3�y²��, (BC1D1
,UC2D2

)Ú (UC2D2
, JC3D3

)´ T-�þ�ü�¢D�{Lé.Ï�

C1Ú D1'u��4�µ4,¤±d [3] [íØ5.8(1)] �, (BC1D1
,UC2D2

)´ T-�þ��¢D�{Lé.Ï
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� C2 Ú D2 'u��4�µ4,¤±d [3] [íØ5.8(2)]�, (UC2D2
, JC3D3

)´ T-�þ��¢D�{Lé.

u´ (BC1D1
,UC2D2

, JC3D3
)´ T-�þ��¢D�{Ln�|.

�©�ïÄé�þ��,����Ä���ê(�,�J�ÑäN��ý~f,��
`²�©

�{�k�5, ��Ñ T-�þ{Ln�| (BC1D1
,UC2D2

, JC3D3
)�A�íØ.

eUC½n 3�b�^��,��ÑXeíØ:

íØ 5� C1, C2, C3 ´n�� A-�a, D1,D2,D3 ´n�� B-�a.b� UA ´²"�, BU ´Ý

���U ⊗A
⊥C2 ⊆ ⊥D2, HomB(U,D⊥2 ) ⊆ C⊥2 .K (C1, C2, C3) Ú (D1,D2,D3) ´��¢D�{Ln�

|��=� (BC1D1
,UC2D2

, JC3D3
)´ T-�þ���¢D�{Ln�|.

b� R´�,e T �AÏ�/ªn�Ý
�

(
R 0

R R

)
,��ÑXeíØ:

íØ 6b� R´�� T =

(
R 0

R R

)
,K (C1, C2, C3) ´ R-�þ���¢D�{Ln�|��=

� (BC1C1 ,U
C2
C2 , J

C3
C3)´ T-�þ���¢D�{Ln�|.

íØ 7b� R´�� T =

(
R 0

R R

)
, C1, C2, C3´n�� R-�a.e C1Ú C2'u��4�µ4

� (C1, C2, C3) ´ R-�þ���¢D�{Ln�|, K (BC1C1 ,U
C2
C2 , J

C3
C3)´ T-�þ���¢D�{Ln

�|.

íØ 8e (BC1D1
,UC2D2

, JC3D3
)´ T-�þ�{Ln�|,K UC2D2

´ thick���=� (BC1D1
,UC2D2

, JC3D3
)

´ T-�þ¢D�{Ln�|.

y²: e (BC1D1
,UC2D2

, JC3D3
) ´ T -�þ�{Ln�|, K (BC1D1

,UC2D2
) Ú (UC2D2

, JC3D3
) ´ T -�þ

�{Lé. Ïd, UC2D2
´ thick ���=� (BC1D1

,UC2D2
) Ú (UC2D2

, JC3D3
) ´¢D�{Lé��=�

(BC1D1
,UC2D2

, JC3D3
)´ T-�þ¢D�{Ln�|.

Ä7�8
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