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Abstract

In this paper, Gorenstein FI-injective modules are extended to the category of com-

plex. Firstly, the concept of Gorenstein FI-injective complex is introduced. Secondly,

some properties of Gorenstein FI-injective complex are studied. Finally, it is proved
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that a complex X is Gorenstein FI-injective complex, and then each term Xn is Goren-

stein FI-injective in R-Mod and Hom(I,X) is acyclic for any FI-injective complex I.
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1. Úó

1995c, 3 [1]¥, Enochs �<Ú\
 Gorenstein S���Vg. ¡� R-� M ´ Gorenstein

S��, XJ�3S�� R-���Ü� E : · · · → E1 → E0 → E−1 → E−2 → · · · , ¦� M ∼=
Ker(E−1 → E−2),�é?¿S�� R-� E,¼f HomR(E,E)�Ü.��,NõÆöò²;ÓNn

Ø¥��í2� Gorenstein ÓNnØ¥. 2007c, 3 [2]¥, fá#�<Ú\
 FI-S���Vg,

¿�Ñùa���
5�Ú�d�x. 2016c,3 [3]¥,�öò FI-S��í2� GorensteinÓN

nØ¥,Ú\¿ïÄ
 Gorenstein FI-S��.3dÄ:þ,�À�<3 [4]¥?�ÚïÄ
ùa�

�Ãõ5�, �Ñ
 Gorenstein FI-S��´S�����¿©^�. 1998c, 3 [5]¥, Enochs Ú

Garćıa Rozasò GorensteinS���Vgí2�E/�Æ,½Â
 GorensteinS�E/.¡E/X

´ GorensteinS�E/,XJ�3S�E/��Ü� · · · → E1 → E0 → E−1 → E−2 → · · · ,¦�
X ∼= Ker(E−1 → E−2),�é?¿S�E/ E,¼f HomC(R)(E,−)¦þã�Ü��±�Ü. 2016c,

3 [6]¥,"���<Ú\¿ïÄ
 FI-S�E/,�Ñ
 FI-S�E/��d�x.

É±þó��éu,�©ò Gorenstein FI-S��í2�E/�Æ,Ú\¿ïÄ
 Gorenstein FI

-S�E/.�©1�Ü©´ý��£,1nÜ©?Ø
 Gorenstein FI-S�E/��
Ä�5�Ú

Gorenstein FI-S�E/�Ù�g��m�éX.¿��Ñ R-� X ´ Gorenstein FI-S�����¿

©7�^�.

2. ý��£

�©¥eÃAO`², RL«kü ���,�þ�� R-�.¡ R-��S� · · · −→ Xi+1

dX
i+1−−→

Xi
dX
i−−→ Xi−1 −→ · · · ´E/,XJé?¿�ê i,÷v dXi d

X
i+1 = 0,¿òE/{P� X.E/ X�1 i

g²£P�X[i].�M ´ R-�,K Sm(M)L«Xe�E/

· · · → 0→M → 0→ · · · ,
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Ù¥M 31m�g, M = S0(M). Dm(M)L«Xe�E/

· · · −→ 0 −→M
idM−−→M −→ 0 −→ · · · ,

Ù¥M 31m− 1Úm�g, M = D0(M).

·�^ C(R)L«¤k R-��E/�Æ.� XÚ Y´E/, HomC(R)(X,Y)L« X� Y�¤

kE/óN��¤� Abel+.é?¿�ê i ≥ 1, ExtiC(R)(−,−)L«��Ü¼f HomC(R)(−,−)�

1 igm�Ñ¼f. Ext1dw(X,Y)L«d�g���E/á�Ü��¤�+,§´ Ext1C(R)(X,Y)�

f+.Hom(X,Y)L«Xe Abel+�E/

· · · −→ Πt∈ZHomR(Xt, Yi+t)
di−→ Πt∈ZHomR(Xt, Yi−1+t) −→ · · · ,

Hom(X,Y)i = Πt∈ZHomR(Xt, Yi+t),é?¿ f = (ft)t∈Z ∈ Hom(X,Y)i, di((ft)t∈Z)

= (dYi+tft − (−1)ift−1d
X
t )t∈Z.

� f : X −→ Y ´E/�óN�, XJé?¿�ê i, �3 R-�Ó� si : Xi −→ Yi+1, ¦�

fi = dYi+1si + si−1d
X
i ,@o¡ f ´"Ô�,P� f ∼ 0.

½Â 2.1 [7] ¡ R-� G´ FP-S��,XJé?¿k�L«� A, Ext1R(A,G) = 0.

½Â 2.2 [2] ¡ R-� I ´ FI-S��,XJé?¿ FP-S�� G, Ext1R(G, I) = 0.

½Â 2.3 [3] ¡ R-�M ´ Gorenstein FI-S��,XJ�3S����Ü�

· · · → E1 → E0 → E−1 → E−2 → · · · ,

¦�

(1) M ∼= Ker(E−1 → E−2);

(2)é?¿ FI-S�� I,¼f HomR(I,−)¦þã�Ü��±�Ü.

½Â 2.4 [8] ¡E/G´ FP-S�E/,XJé?¿k�L«E/A,

Ext1C(R)(A,G) = 0.

½Â 2.5 [6] ¡E/ I´ FI-S�E/,XJé?¿ FP-S�E/G, Ext1C(R)(G, I) = 0.

3. Gorenstein FI-S�E/

½Â 3.1 ¡E/X´ Gorenstein FI-S�E/,XJ�3S�E/��Ü�

· · · → E1 → E0 → E−1 → E−2 → · · · ,

¦�

DOI: 10.12677/pm.2022.126114 1043 nØêÆ

https://doi.org/10.12677/pm.2022.126114


�Èï

(1) X ∼= Ker(E−1 → E−2);

(2)é?¿ FI-S�E/ I,¼f HomC(R)(I,−)¦þã�Ü��±�Ü.

~ 3.2

(1)z�S�E/´ Gorenstein FI-S�E/.¯¢þ,�3E/��ÜS�

· · · → 0→ E→ E→ 0→ · · · ,

Ù¥ E´S�E/,é?¿ FI-S�E/ I,¼f HomC(R)(I,−)¦þã�Ü��±�Ü.

(2)��5`, Gorenstein FI-S�E/´ GorensteinS�E/.

�X´ Gorenstein FI-S�E/,K�3S�E/��ÜS�

· · · → E1 → E0 → E−1 → E−2 → · · · ,

¦� X ∼= Ker(E−1 → E−2),�é?¿ FI-S�E/ I,¼f HomC(R)(I,−)¦þã�Ü��±�Ü.

Ï�S�E/´ FI-S��,¤±E/X´ GorensteinS�E/.

e¡·��Ñ Gorenstein FI-S�E/��
Ä�5�.

·K 3.3 Gorenstein FI-S�E/é�Èµ4.

·K 3.4 � X´E/.K X´ Gorenstein FI-S�E/��=��3E/��Ü� P : 0 →
K → E → X → 0, Ù¥ E ´S�E/, K ´ Gorenstein FI-S�E/, �é?¿ FI-S�E/ I,

HomC(R)(I,P)�Ü, Extn≥1C(R)(I,X) = 0.

y² ⇒d½Â�,�3�Ü� 0 → K → E → X → 0,Ú 0 → X → E → K → 0,Ù¥ E, E

´S�E/, K, K ´ Gorenstein FI-S�E/,�é?¿ FI-S�E/ I, HomC(R)(I,−)�±þãü

�S��Ü.l���ÜS�

· · · → HomC(R)(I,K)→ Ext1C(R)(I,X)→ Ext1C(R)(I, E)→ · · · → Extn−1C(R)(I,K)→

ExtnC(R)(I,X)→ ExtnC(R)(I, E)→ · · · .

� n = 1�,dþã�Ü��� Ext1C(R)(I,X) = 0.b� n− 1�(Ø¤á.Ï�K ´ Gorenstein FI-

S�E/.¤± Extn−1C(R)(I,K) = 0.l ExtnC(R)(I,X) = 0.

⇐Ï�K´ Gorenstein FI-S�E/,¤±kE/��Ü�

· · · → En → · · · → E1 → K→ 0, (1)

Ù¥z� Ei´S�E/,�é?¿ FI-S�E/ I, HomC(R)(I,−)�±±þS��Ü.�X�S�©

)

0→ X→ E−1 → E−2 → · · · . (2)
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Ï�é?¿�ê n ≥ 1, ExtnC(R)(I,X) = 0.� HomC(R)(I,−)�±TS��Ü,2ò (1), (2)ë�.�

�(Ø.

Ún 3.5 � I ´ FI-S��,K I ´ FI-S�E/.

y² � F´ FP-S�E/,d [ [8],·K 2.7]�,é?¿�ê n, Fn−1 ´ FP-S��.d [ [9],Ú

n 3.1]��

Ext1C(R)(F[−n], I) ∼= Ext1C(R)(F, I[n]) ∼= Ext1R(Fn−1, I) = 0.

¤± I ´ FI-S�E/.

½n 3.6 � X´ Gorenstein FI-S�E/,Ké?¿�ê n, Xn ´ Gorenstein FI-S��,�é

?¿ FI-S�E/ I,E/Hom(I,X)�Ü.

y² �X´ Gorenstein FI-S�E/,K�3S�E/��Ü�

E : · · · → E1 → E0 → E−1 → E−2 → · · · ,

¦� X ∼= Ker(E−1 → E−2),�é?¿� FI-S�E/ I,¼f HomC(R)(I,−)¦�ÜS� E�±�
Ü.

Äky Xn´ Gorenstein FI-S��.

d�Ü� E��S����Ü�

En : · · · → (E1)n → (E0)n → (E−1)n → (E−2)n → · · · ,

¦� Xn
∼= Ker((E−1)n → (E−2)n).dÚn 3.5�,é?¿ FI-S�� I, I[n]´ FI-S�E/.l,

HomC(R)(I[n],E)�Ü.d [ [9],Ún 3.1]�,é?¿�ê i,

HomC(R)(I[n],Ei) ∼= HomR(I, (Ei)n).

Ïd, HomR(I,En)�Ü.¤± Xn´ Gorenstein FI-S��.

e¡yHom(I,X)�Ü.

� I´ FI-S�E/.d·K 3.4��

Ext1dw(I,X) ⊂ ExtnC(R)(I,X) = 0.

d [ [10],Ún 2.1]�,E/Hom(I,X)�Ü.

·K 3.7 � X ´ R-�,K X ´ Gorenstein FI-S����=� X ´ Gorenstein FI-S�E/.

y² ¿©5d½n 3.7��.ey7�5.

� I ´ FI-S�E/.d [ [6],½n 1]�, I−1 ´ FI-S��.Ï� X ´ Gorenstein FI-S��,¤
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±�3S����Ü�

· · · → E1 → E0 → E−1 → E−2 → · · · ,

¦� X ∼= Ker(E−1 → E−2),�¼f HomR(I−1,−)¦þã�Ü��±�Ü.?kE/��Ü�

· · · → E1 → E0 → E−1 → E−2 → · · · ,

� X ∼= Ker(E−1 → E−2).d [ [9],Ún 3.1]��±e��ã

· · · // HomR(I−1, E0)

∼=
��

// HomR(I−1, E−1)

∼=
��

// HomR(I−1, E−2)

∼=
��

// · · ·

· · · // HomC(R)(I, E0) // HomC(R)(I, E−1) // HomC(R)(I, E−2) // · · · .

Ï�þ1�Ü,¤±e1�Ü.Ïd, X ´ Gorenstein FI-S�E/.
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