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Abstract

This paper considers strongly Gorenstein FP-injective modules over formal triangular

matrix rings. Let T =

(
A 0

U B

)
be formal triangular matrix ring, where A and B are

two rings and U is a (B,A)-bimodule. It is proved that if T is a left coherent ring, BU

is finitely presented and pd(BU) <∞, M =

(
M1

M2

)
ϕM

is strongly Gorenstein FP-injective

left T -modules, then kerϕ̃M is strongly Gorenstein FP-injective left A-modules, M2 is

strongly Gorenstein FP-injective left B-modules, and ϕ̃M is an epimorphism.
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1. Úó

AuslanderÚBridger31969c�k�)¤�Ú\
Gorenstein�ê�Vg. ù«�ê´Ý��

ê�[z. Enochs�3©z [1]¥, òGorenstein�ê�"�k�)¤�¡�GorensteinÝ��, ¿

�òGorensteinÝ��í2�?¿���/e. ¡�R-�M´FP-S��, XJé?¿k�L«

�R-�N , kExt1R(N,M) = 0. 2008c, Mao 3©z [2]¥ïÄ
Gorenstein FP-S��. 2013c,

Gao 3©z [3]¥Ú\
rGorenstein FP-S���Vg. rGorenstein FP-S��´Gorenstein

FP-S�����AÏ�¹; ¿y²
rGorenstein FP-S�� uFP-S��ÚGorenstein FP-S

���m.

3��nØ¥, n�Ý
�´�a­������, ´��Æ�dnØ�­�óä, 3���ê

©|Ñk­�A^. 2019c, Mao 3©z [4]¥�Ñ
/ªn�Ý
�þ�FP-S����d�x.

2022c, Yang 3©z [5]¥ïÄ
/ªn�Ý
�þ�Gorenstein FP-S��. É�±þ©z�é

u, �©Ì�ïÄ
/ªn�Ý
�þ�rGorenstein FP-S��.
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2. ý��£

�©¤k�þ�kü ��(Ü�.

� T =

(
A 0

U B

)
���n�Ý
�, Ù¥ A,B ´�, U´ B-A-V�. d©z [6]�, � T -��

Æ��Æ Ω �d. �Æ Ω ¥�é�´n�|M =

(
M1

M2

)
ϕM

§Ù¥M1 ∈ A-Mod§M2 ∈ B-Mod§

� ϕM : U ⊗AM1 →M2 ´ B-�Ó�. ?¿ü�é�M =

(
M1

M2

)
ϕM

�N =

(
N1

N2

)
ϕN

�m���

´

(
f1

f2

)
§Ù¥f1 ∈ HomA(M1, N1)§f2 ∈ HomB(M2, N2)§�÷v±e��ãµ

U ⊗AM1

ϕM

��

1⊗f1 // U ⊗A N1

ϕN

��
M2

f2 // N2

�½ T -�M =

(
M1

M2

)
ϕM

,k ϕ̃M : M1 → HomB(U,M2),Ù¥ ϕ̃M (x)(u) = ϕM (u⊗ x), x ∈M1,

u ∈ U .

�T -�S�

0 //

(
M
′

1

M
′

2

)
//

(
M1

M2

)
//

(
M
′′

1

M
′′

2

)
// 0

´�Ü���=� 0 //M
′

1
//M1

//M
′′

1
// 0 Ú 0 //M

′

2
//M2

//M
′′

2
// 0 Ñ�Ü.

3��Æ T -ModÚÈ�Æ A-Mod × B-Mod �m, ·�½Â
eã¼fµ

(1) p : A-Mod ×B-Mod→ T -Mod, é?¿(M1,M2)∈ A-Mod × B-Mod,

p(M1,M2) =

(
M1

(U ⊗AM1)⊕M2

)
.

é A-Mod × B-Mod¥�?¿��(f1, f2)§ p(f1, f2) =

(
f1

(1⊗ f1)⊕ f2

)
.

(2) h : A-Mod ×B-Mod→ T -Mod, é?¿(M1,M2)∈ A-Mod × B-Mod,

h(M1,M2) =

(
M1 ⊕HomB(U,M2)

M2

)
.

é A-Mod × B-Mod¥�?¿��(f1, f2), h(f1, f2) =

(
f1 ⊕HomB(U, f2)

f2

)
.
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(3) q : T -Mod→ A-Mod ×B-Mod, é?¿

(
M1

M2

)
∈ T -Mod,

q(

(
M1

M2

)
) = (M1,M2).

é T -Mod ¥�?¿��

(
f1

f2

)
, q(

(
f1

f2

)
) = (f1, f2).

w,(p,q)Ú(q,h)Ñ´��é, l
p �±Ý�é�, h�±S�é�.

½Â2.1 [3] ¡�R-�M´rGorenstein FP-S��, XJ�3FP-S��R-���ÜS�

Λ : · · · f // E
f // E

f // E
f // · · ·

¦�M ∼= ker(f), ¿�é?¿k�L«�R-�P�pd(P ) <∞, kHomR(P,Λ)�Ü.

Ún2.2 [6] �M =

(
M1

M2

)
ϕM

´� T -�. K M´Ý�� T -���=�M1 ´Ý�� A-�,

M2/Imϕ
M ´Ý�� B-�Ú ϕM ´ü�.

Ún2.3 [7] �M =

(
M1

M2

)
ϕM

´� T -�, pd(BU) <∞, KM �Ý��êk���=�M1 �

Ý��êk�ÚM2 �Ý��êk�.

Ún2.4 [4] �M =

(
M1

M2

)
ϕM

´� T -�, BU´k�L«�, K M ´FP-S��T -���=

�kerϕ̃M ´FP-S��A-�, M2´FP-S��B-�, �ϕ̃M´÷�.

Ún2.5 [8] �B´�và�, BU´k�L«�,KM =

(
M1

M2

)
ϕM

´k�L«���=�M1

´k�L«�ÚM2 ´k�L«�.

3. Ì�(J

e¡?Øn�Ý
�þ�rGorenstein FP-S��.

·K 3.1 �M =

(
M1

M2

)
ϕM

´� T -�. �T´�và�, BU´k�L«�,� pd(BU) <∞, K±e

(Ø¤áµ

(1) XJM1´rGorenstein FP-S��A-�, K

(
M1

0

)
´rGorenstein FP-S�� T -�.

(2) XJM2´rGorenstein FP-S��B-�, K

(
HomB(U,M2)

M2

)
´rGorenstein FP-S��

T -�.
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y²: (1) �M1´rGorenstein FP-S��A-�, K�3 FP-S��A-���ÜS�

Λ : · · · f // E
f // E

f // E
f // · · ·

¦�M1
∼= ker(f), ¿�é?¿k�L«�A-�P�pd(P ) < ∞, kHomA(P,Λ)�Ü. dÚn 2.4�

� FP-S��T -���ÜS�

· · · //

(
E
0

)
ϕE

(
f

0

)
//

(
E
0

)
ϕE

(
f

0

)
//

(
E
0

)
ϕE

(
f

0

)
// · · ·

¦�

(
M1

0

)
∼= ker

(
f

0

)
. �

(
P1

P2

)
ϕP

´?¿k�L«�T -�, � pd(

(
P1

P2

)
) < ∞. Ï�T´�và

�, ¤±d©z [9]��B´�và�. qdÚn2.3ÚÚn2.5��P1´k�L«�, �pd(P1) < ∞.

dq,h¼f���5��HomT (

(
P1

P2

)
,

(
E

0

)
) ∼= HomA(P1, E), ¤±kE/�Ó�

HomT (

(
P1

P2

)
,

(
Λ

0

)
) ∼= HomA(P1,Λ)�Ü, Ïd

(
M1

0

)
´rGorenstein FP-S�� T -�.

(2) �M2´rGorenstein FP-S��B-�, K�3FP-S��B-���ÜS�

Φ : · · · g // Q
g // Q

g // Q
g // · · ·

¦�M2
∼= ker(g), ¿�é?¿k�L«�B-�P�pd(P ) < ∞, kHomB(P,Φ)�Ü. Ï�BU´k

�L«�, � pd(BU) <∞, ¤±HomB(U,Φ)�Ü,=k�A���ÜS�

HomB(U,Φ) : · · · g
∗
// HomB(U,Q)

g∗ // HomB(U,Q)
g∗ // HomB(U,Q) // · · ·

. Ïd���T -���ÜS�

∆ : · · · //

(
HomB(U,Q)

Q

) (
g∗

g

)
//

(
HomB(U,Q)

Q

) (
g∗

g

)
//

(
HomB(U,Q)

Q

)
// · · ·

¦�

(
HomB(U,M2)

M2

)
∼= ker

(
g∗

g

)
. ?�k�L«�T -�

(
P1

P2

)
ϕP

, � pd(

(
P1

P2

)
) < ∞. Ï�T´�

và�, ¤±d©z [9]��B´�và�. qdÚn2.3ÚÚn2.5��P2´k�L«�, �pd(P2) <

∞, ¤±HomB(P2,Φ) ´�Ü�. dq,h¼f���5��HomT (

(
P1

P2

)
,

(
HomB(U,Q)

Q

)
) ∼=

HomB(P2, Q), ¤±kE/�Ó�HomT (

(
P1

P2

)
,∆) ∼= HomB(P2,Φ)�Ü, Ïd

(
HomB(U,M2)

M2

)
´rGorenstein FP-S�� T -�.

�
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½n 3.2 �M =

(
M1

M2

)
ϕM

´� T -�. �T´�và�, BU´k�L«�,� pd(BU) < ∞.

XJM =

(
M1

M2

)
ϕM

´r Gorenstein FP-S�� T -�,Kkerϕ̃M ´rGorenstein FP-S��A-�,

M2´rGorenstein FP-S��B-�, �ϕ̃M´÷Ó�.

y²: Ï�M =

(
M1

M2

)
ϕM

´r Gorenstein FP-S�� T -�,¤±�3 FP-S��T -���ÜS�

∆ : · · · //

E
Q


ϕE

(
f

g

)
//

E
Q


ϕE

(
f

g

)
//

E
Q


ϕE

// · · ·

¦�M ∼= ker

(
f

g

)
. é?¿k�L«�T -�

(
P1

P2

)
ϕP

, � pd(

(
P1

P2

)
) <∞, kHomT (

(
P1

P2

)
,∆)�Ü.

dÚn2.4�� FP-S��B-���ÜS�

∆2 : · · · g // Q
g // Q

g // Q
g // · · ·

�M2
∼= ker(g).

�H2´?¿k�L«�B-�, �pd(H2) <∞, K�3�B-���ÜS�

0 // L // K // H2
// 0 ,

Ù¥L´k�)¤�B-�, K´k�)¤Ý��B-�, ���T -���ÜS�

0 //

0

L

 //

 0

K

 //

 0

H2

 // 0 .

Ï�BU´k�)¤�, d©z [8]ÚÚn 2.2 ��

(
0

L

)
´k�)¤�T -�,

(
0

K

)
´k�)¤�

Ý�T -�, ¤±

(
0

H2

)
´k�L«�T -�. 2dpd(H2) < ∞ÚÚn 2.3�pd(

(
0

H2

)
) < ∞. ^¼

fHomT (

(
0

H2

)
,−) �^�Ü�∆,Kk�T -���ÜS�

· · · // HomT (

 0

H2

 ,

E
Q

) // HomT (

 0

H2

 ,

E
Q

) // HomT (

 0

H2

 ,

E
Q

) // · · ·
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qdp,q¼f���5�HomT (

(
0

H2

)
,

(
E

Q

)
) ∼= HomB(H2, Q), Ïd

HomT (

(
0

H2

)
,∆) ∼= HomB(H2,∆2)�Ü, ¤±M2´rGorenstein FP-S��B-�.

�Äe¡��ã

E

ϕ̃E

��

α //M1

ϕ̃M

��
HomB(U,Q)

β // HomB(U,M2)

duBU´k�L«�, � pd(BU) < ∞, ¤±HomB(U,∆2)�Ü, ¤±β´÷�. qÏ�

(
E

Q

)
´

FP-S��, dÚn2.4�ϕ̃E´÷�, ¤±ϕ̃M´÷�.

Ï�

(
E

Q

)
ϕE

´ FP-S��, dÚn2.4�ϕ̃E´÷�, ¤±k�Ü�

0 // kerϕ̃E // E // HomB(U,Q) // 0 ,

Ù¥kerϕ̃E´ FP-S��A-�, Q´ FP-S��B-�.´�±e1�Ü���ã

...

��

...

��

...

��
0 // kerϕ̃E

��

// E

��

// HomB(U,Q) //

��

0

0 // kerϕ̃E

��

// E

��

// HomB(U,Q) //

��

0

0 // kerϕ̃E

��

// E

��

// HomB(U,Q) //

��

0

0 // kerϕ̃E

��

// E

��

// HomB(U,Q)

��

// 0

...
...

...

Ï�1��Ú1n�´�Ü�, ¤±1���´�Ü�, Ïdk�A-���ÜS�

∆1 : · · · h // kerϕ̃E
h // kerϕ̃E

h // kerϕ̃E
h // · · · ,
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¦�kerϕ̃M ∼= ker(h). e¡y²é?¿k�L«�A-�H, � pd(H) <∞, kHomA(H,∆1)�Ü. Ø

�� pd(H) = m <∞, ém?18B.

em = 0, Kw,¤á.

em ≥ 1, K�3�A-���ÜS� 0 // K // L // H // 0 , Ù¥L´k�)¤Ý��A-

��pd(K) ≤ m − 1. qÏ�T´�và�, d©z [9]�, A´�và�, ¤±K´k�L«�A-�.

qÏ�kerϕ̃E´ FP-S��, ¤±Ext1A(H, kerϕ̃E) = 0, �k±e1�Ü���ã

...

��

...

��

...

��

0 // HomA(H, kerϕ̃E)

��

// HomA(L, kerϕ̃E)

��

// HomA(K, kerϕ̃E) //

��

0

0 // HomA(H, kerϕ̃E)

��

// HomA(L, kerϕ̃E)

��

// HomA(K, kerϕ̃E) //

��

0

0 // HomA(H, kerϕ̃E)

��

// HomA(L, kerϕ̃E)

��

// HomA(K, kerϕ̃E) //

��

0

0 // HomA(H, kerϕ̃E)

��

// HomA(L, kerϕ̃E)

��

// HomA(K, kerϕ̃E)

��

// 0

...
...

...

Ï�L´k�)¤Ý��A-�, ¤±1���Ü. d8Bb��, 1n��Ü. d��ÜS�Ún�,

1����Ü, =HomA(H,∆1)�Ü, nþ��kerϕ̃M ´rGorenstein FP-S��A-�.

�

íØ 3.3 �M =

(
M1

M2

)
ϕM

´� T -�. �T´�và�, BU´k�L«�,� pd(BU) < ∞. X

JM´r Gorenstein FP-S�� T -�, HomB(U,M2)´k�L«�, �pd(HomB(U,M2)) < ∞, K

�3r Gorenstein FP-S�� A-�EÚr Gorenstein FP-S�� B-�Q, ¦�M ∼= h(E,Q).

y²: �M =

(
M1

M2

)
ϕM

´r Gorenstein FP-S�� T -�, d½n2.2�ϕ̃M´÷�, ��3�A-�

��ÜS�

0 // kerϕ̃M //M1
// HomB(U,M2) // 0 ,

Ù¥kerϕ̃M´rGorenstein FP-S��A-�, M2´rGorenstein FP-S��B-�. qÏ�HomB(U,M2)´

k�L«�, �pd(HomB(U,M2)) <∞,¤±kExt1A(HomB(U,M2), kerϕ̃M ) = 0. Ïdþã�ÜS�
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´���, =M1
∼= kerϕ̃M ⊕HomB(U,M2). �E = kerϕ̃M , Q = M2,Kk

M =

(
M1

M2

)
∼=

(
kerϕ̃M ⊕HomB(U,M2)

M2

)
=

(
E ⊕HomB(U,Q)

Q

)
= h(E,Q).

�
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