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Abstract

In this paper, we investigate the long-time dynamical behavior of solutions for the
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viscoelastic equation with time-dependent memory kernel. When the growth exponent

p of nonlinearity f(u) is up to 1 6 p 6 5, the well-posedness of the solutions is proved

by using the integral estimation method, and we obtained an invariant time-dependent

global attractor when 1 6 p < 5 .
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1. Úó

�©ïÄ
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utt −∆utt − ht(0)∆u−
∫ ∞

0

∂sht(s)∆u(t− s)ds+ f(u) = g, (x, t) ∈ Ω× (τ,+∞),

u(x, t) = 0, x ∈ ∂Ω, t > τ,

u(x, t) = uτ (x), x ∈ Ω, t 6 τ,

ut(x, t) = vτ (x), x ∈ Ω, t 6 τ,

(1.1)

Ù¥ Ω ⊂ R3��k1w>.�k.�.

��m�6¼ê ht(s) = kt(s) + k∞, k∞ = 1, kt(s) > 0, ∂skt(s) 6 0,∀s ∈ R+, t ∈ R.?�Ú,b

� µt(s) = −∂skt(s) = −∂sht(s),¿�N� (t, s) 7→ µt(s) : R× R+ → R+ = [0,∞)÷v±e^�:

(H1)éu?¿�½� t ∈ R,N� s 7→ µt(s)´�O�,ýéëY��Ú�.½Â

κ(t) =

∫ ∞
0

µt(s)ds, inf
t∈R

κ(t) > 0.

(H2)éu?¿ τ ∈ R,�3��ëY¼êKτ : [τ,∞)→ R+¦�

µt(s) 6 Kτ (t)µτ (s), ∀t > τ, a.e. s ∈ R+.
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(H3)éuz���½� s > 0,N� t 7→ µt(s)éu¤k� t ∈ R´���,¿�éu?¿�;

8 K ⊂ R× R+,k

(t, s) 7→ µt(s) ∈ L∞(K), (t, s) 7→ ∂tµt(s) ∈ L∞(K).

(H4)�3 δ > 0¦�

∂tµt(s) + ∂sµt(s) + δκ(t)µt(s) 6 0, ∀ t ∈ R+, a.e. s ∈ R+.

(H5)¼ê t 7→ ∂tµt(s)÷v

sup
t∈R

1

[κ(t)]2

∫ ∞
0

|∂tµt(s)|ds <∞.

(H6)éu?¿� t ∈ R, µt(0) < C,¿�

sup
t∈R

µt(0)

[κ(t)]2
< +∞.

(H7)éu?¿� a < b ∈ R,�3 ν > 0,¦�

∫ 1
ν

ν

µt(s)ds >
κ(t)

2
, ∀ t ∈ [a, b].

b�	å� g ∈ L2(Ω),���5� f ∈ C1(R)÷v f(0) = 0,¿�÷v

|f(u1)− f(u2)| 6 C(1 + |u1|p−1 + |u2|p−1)|u1 − u2|, ∀ u1, u2 ∈ R, (1.2)

Ù¥ 1 6 p 6 5, C ��~ê,��3 θ : 0 < θ 6 1,¦�

〈f(u), u〉 > 〈F (u), 1〉 − 1

2
(1− θ)‖u‖21 − cf , (1.3)

〈F (u), 1〉 > −1

2
(1− θ)‖u‖21 − cf , ∀ u ∈ H1

0(Ω), (1.4)

Ù¥ F (u) =
∫ u

0
f(s)ds, cf > 0.

�PÁØ kt(s) ≡ k(s)�,�§ (1.1)=z����PòPÁ.Ê�5�§.Cc5,kNõÆö

Ñ3l¯'uÊ�5�.�ïÄ,¿¼�
´a�ïÄ¤J [1–8].~X,©z [1]¥, Cavalcanti�<

3 2001cïá
äkPÁ�Ú��5� |ut|ρutt�Ê�5�.,¿y²
f)��N�35.

��§�¹PÁØ kt(s)�,L«Ê�5á��Ê5�X�m�6²¬Åì��,=ÑyPzy

�.3 2018c, Conti�<3©z [8]¥ïÄ
äk�m�6PÁØ�Ê�5�.

∂ttu− ht(0)∆u−
∫ ∞

0

∂sht(s)∆u(t− s)ds+ f(u) = g, (1.5)
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Ù¥PÁØ¼ê ht(·)��X�mCz��ÿ¼ê, Conti�<��
�§ (1.5)f)�·½5.3

dÄ:þ,¦�3©z [9]¥y²
d�§ (1.5)¤)¤�uÐL§��m�6�ÛáÚf��35

±9�K5.

É±þ©z�éu,�©3#�nØµee,|^È©�O�{��
)�·½5,¿y²
�

m�6�ÛáÚf��35�ØC5.�©(�Xe:31�!,0�
�
ò�^��VgÚ(Ø;

31n!,?Ø
·½5,¿y²
�§ (1.1)�m�6�ÛáÚf��35�ØC5.

3���Øã¥,�
{Bå�,½Â C �?¿��~ê.

2. ý��£

- µt(s) = −∂skt(s) = −∂sht(s)� kt(∞) = 1,K�§ (1.1)�=z�

utt −∆utt −∆u−
∫ ∞

0

µt(s)∆η
t(s)ds+ f(u) = g. (2.1)

éu?¿� t > τ,k

ηt(s) =

{
u(t)− u(t− s), s 6 t− τ,
ητ (s− t+ τ) + u(t)− uτ , s > t− τ.

(2.2)

�AÐ->�^��:

u(x, t) = 0, x ∈ ∂Ω, t > τ,

ηt(x, s) = 0, (x, s) ∈ ∂Ω× R+, t > τ,

u(x, τ) = uτ (x, t), x ∈ Ω,

ut(x, τ) = vτ (x, t), x ∈ Ω,

ητ (x, s) = ητ (x, s), (x, s) ∈ Ω× R+.

(2.3)

XÓ©z [10],� A = −∆�½Â� D(A) = H1
0 (Ω) ∩H2(Ω).�Ä Hilbert�mx D(A

k
2 ), k ∈

R,¿D��A�SÈ��ê

〈·, ·〉
D(A

k
2 )

= 〈A k
2 ·, A k

2 ·〉, ‖ · ‖
D(A

k
2 )

= ‖A k
2 · ‖,

ùp 〈·, ·〉Ú ‖ · ‖� L2(Ω)�SÈ��ê.

Ïd,éu?¿� k > r,k;i\ D(A
k
2 ) ↪→ D(A

r
2 ),±9éu¤k� k ∈ [0, n

2
),këYi\

D(A
k
2 ) ↪→ L

2n
n−2k (Ω).

éu 0 6 k < 3,PHk = D(A
k
2 ), ‖·‖k = ‖·‖Hk = ‖·‖

D(A
k
2 )

,KH = L2(Ω), H1 = H1
0 (Ω), H2 =

H1
0 (Ω) ∩H2(Ω).�âPÁØ¼ê÷v�^�,� 0 6 r < 3�,½ÂXePÁ�m

Mσ
t = L2

µt
(R+;H1+σ) = {ξt : R+ → H1+σ |

∫ ∞
0

µt(s)‖ξt(s)‖21+σds < +∞},

DOI: 10.12677/pm.2022.127122 1106 nØêÆ

https://doi.org/10.12677/pm.2022.127122


�°ÿ§�à

¿D��ASÈ��ê

〈ηt, ξt〉Mσ
t

=

∫ ∞
0

µt(s)〈ηt(s), ξt(s)〉1+σds,

‖ξt‖2Mσ
t

=

∫ ∞
0

µt(s)‖ξt(s)‖21+σds.

�â (H2),éu?¿� ηt ∈Mσ
τ ,k

‖ηt‖2Mσ
t
6 Kτ (t)‖ηt‖2Mσ

τ
, ∀t > τ, (2.4)

�këYi\

Mσ
τ ⊂Mσ

t , ∀t > τ.

AO/,½Â�m�6��m

H σ
t = H1+σ ×H1+σ ×Mσ

t ,

¿�D��ê

‖z‖2H σ
t

= ‖(u, v, ηt)‖2H σ
t

= ‖u‖21+σ + ‖v‖21+σ + ‖ηt‖2Mσ
t
.

éu?¿� r > 0±9?¿� t ∈ R,-

Bσt (R) = {z ∈H σ
t : ‖z‖H σ

t
6 R}.

½Â 2.1 [11] � {Ht}t∈R ´�xD��5�m,éuVëê�fx U(t, τ) : Hτ → Ht, t > τ ∈
R,XJ÷v±e5�:

(i)é?¿� τ ∈ R, U(τ, τ) = Id´Htþ�ð�N�;

(ii)é?¿� t > s > τ, τ ∈ R,k U(t, s)U(s, τ) = U(t, τ),

K¡ U(t, τ)´��L§.

Ún 2.2 [9](È©. GronwallØ�ª) � Γ : [τ,∞)→ R´ëY¼ê,éu,
 ε > 0±9?¿

� b > a > τ ,e�È©Ø�ª¤á:

Γ(b) + 2ε

∫ b

a

Γ(y)dy 6 Γ(a) +

∫ b

a

q1(y)Γ(y)dy +

∫ b

a

q2(y)dy,

Ù¥ q1, q2 > 0� qi ∈ L1
loc[τ,∞)(i = 1, 2)÷v,�3 c1, c2 > 0,¦�∫ b

a

q1(y)dy 6 ε(b− a) + c1, sup
t>τ

∫ t+1

t

q2(y)dy 6 c2,
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@o

Γ(t) 6 ec1
[
|Γ(τ)|e−ε(t−τ) +

c2e
ε

1− e−ε

]
, ∀t > τ.

½Â 2.3 [12, 13] XJ��8xB = {Bt}t∈R´��k.�,=

supt∈R ‖Bt‖Xt = supt∈R supξ∈Bt ‖ξ‖Xt < +∞,¿�éuz�� R > 0,�3~ê τe = τe(R) > 0,¦

�

U(t, τ)Bτ (R) ⊂ Bt, ∀ t− τ > τe,

K¡B = {Bt}t∈R��m�6áÂ8.

½Â 2.4 [12, 13] e��8xA = {At}t∈R÷vXe5�:

(i)é?¿� t ∈ R,z�� At3 Xt¥Ñ´;�;

(ii) A ´.£áÚ�,=A ���k.�,¿�é?¿���k.8x C = {Ct}t∈R,

lim
τ→−∞

distXt(U(t, τ)Cτ , At) = 0;

(iii) (��5)e�3��8x D = {Dt}t∈R÷v (i)Ú (ii),@o At ⊂ Dt, ∀ t ∈ R,
K¡A = {At}t∈R�L§ U(t, τ)��m�6�ÛáÚf.

Ún 2.5 [12] L§ U(t, τ) ��m�6áÚf A = {At}t∈R �3�����=�8Ü O =

{Ot}t∈R����,Ù¥Ot ∈ Xt´;�,¿� O´.£áÚ�.

Ún 2.6 [14] � U(t, τ)´�^u�m�6��m Xτ ���L§,é?¿� t > τ , U(t, τ) :

Xτ → Xt´ëY�,�Pk�m�6�ÛáÚfA = {A(t)}t∈R.@oA ´ØC�,=, U(t, τ)Aτ =

At, ∀t > τ .

Ún 2.7 [9] P I = [τ, T ],b� u ∈W 1,∞(I;H1+σ)� ητ ∈Mσ
τ .@o,éu?¿� τ 6 a 6 b 6

T,±eØ�ª¤á:

‖ηb‖2Mσ
b
−
∫ b

a

∫ ∞
0

[∂tµt(s) + ∂sµt(s)]‖ηt(s)‖21+σdsdt 6 ‖ηa‖2Mσ
a

+ 2

∫ b

a

〈ut(t), ηt〉Mσ
t
dt.

Ún 2.8 [9] éu?¿� b > a > τ ±9z� ω ∈ (0, 1],½Â�¼

Φ0(t) = 2〈u(t), ut(t)〉1,

Ψ0(t) = − 2

κ(t)

∫ ∞
0

µt(s)〈ψt(s), ut(t)〉1ds.

¼ê Φ0÷v

Φ0(b) + (2− ω)

∫ b

a

‖p(t)‖21dt 6Φ0(a) + 2

∫ b

a

‖∂tp(t)‖21dt

+
1

ω

∫ b

a

κ(t)‖ϕt‖2Mt
dt− 2

∫ b

a

〈γ(t), p(t)〉dt,
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¿� Ψ0÷v

Ψ0(b) +

∫ b

a

‖∂tp(t)‖21dt 6Ψ0(a)−M
∫ b

a

∫ ∞
0

[∂tµt(s) + ∂sµt(s)] ‖ϕt(s)‖21dsdt

+ ω

∫ b

a

‖p(t)‖21dt+
C

ω

∫ b

a

κ(t)‖ϕt‖2Mt
dt

+ 2

∫ b

a

2

κ(t)

∫ ∞
0

µt(s)〈γ(t), ϕt(s)〉dsdt,

Ù¥M Ú C �=�6uPÁØ��~ê.

3. Ì�(J

3.1. ·½5

½Â 3.1 éu?¿� T > τ ∈ R,� g ∈ H,� zτ = (uτ , vτ , ητ ) ∈ Hτ ,XJ (u(τ), ut(τ), ητ ) =

(uτ , vτ , ητ ),¿�

(i) z(t) ∈Ht a.e. t ∈ [τ, T ];

(ii) u ∈W 2,∞(τ, T ;H1), ut ∈ C([τ, T ];H1), ηt÷vª (2.2);

(iii)éu?¿� ω ∈ H1,k

〈utt, ω〉+ 〈utt, ω〉1 + 〈u, ω〉1 +

∫ ∞
0

µt(s)〈ηt(s), ω〉1ds+ 〈f(u), ω〉 = 〈g, ω〉, a.e. t ∈ (τ, T ],

K¡ z(t) = (u(t), ut(t), η
t)�¯K (2.1)3�m«m I þ÷vÐ� z(τ) = zτ �f).

½n 3.2(·½5) P I = [τ, T ], ∀ T > τ . b� (1.2)-(1.4) ª±9^� (H1)-(H7) ¤á, g ∈
H, Kéu?¿�Ð� zτ ∈ Hτ , zτ ÷v ‖zτ‖Hτ

6 R, ¯K (2.1)-(2.3) �3��f) z(t) =

(u(t), ut(t), η
t) = U(t, τ)zτ ,Kéu?¿�½� t,k

sup
t>τ
‖z(t)‖2Ht

+

∫ t

τ

κ(y)‖ηy‖2My
dy + sup

t>τ

∫ t+1

t

‖utt(s)‖21ds 6 Q(R),

Ù¥ Q(R) > 0´ Rþ���ëYO¼ê,¿�

‖z̄(t)‖2Ht
6 Q(R)eC(R,T )(t−τ)‖z̄(τ)‖2Hτ

, t ∈ [τ, T ],

Ù¥ z̄(t) = z1(t) − z2(t), � z1(t), z2(t) ´¯K (2.1)-(2.3) ÷vÐ� z1 = (u1τ , v1τ , η1τ ), z2 =

(u2τ , v2τ , η2τ )�f).

y² �§ (2.1)¦± ut,��

d

dt
(‖u‖21 + ‖ut‖2 + ‖ut‖21 + 2〈F (u), 1〉 − 2〈g, u〉) + 2〈ut, ηt〉Mt

= 0. (3.1)
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½Â N(t) = ‖u‖21 + ‖ut‖2 + ‖ut‖21 + 2〈F (u), 1〉 − 2〈g, u〉.

|^ (1.4)ª,��

N(t) >
θ

2
(‖u‖21 + ‖ut‖21)−Q0, (3.2)

Ù¥ θd (1.4)ª½Â, Q0 = 2
θλ1
‖g‖2 + cf .

é (3.1)ª3 [τ, t]þÈ©,�

N(t) + 2

∫ t

τ

〈ut, ηy〉My
dy = N(τ) 6 Q(R), ∀t > τ. (3.3)

�âÚn 2.7,��

‖ηt‖2Mt
−
∫ t

τ

∫ ∞
0

[∂yµy(s) + ∂sµy(s)]‖ηy(s)‖21dsdy 6 ‖ητ‖2Mτ
+ 2

∫ t

τ

〈ut, ηy〉My
dy. (3.4)

d (1.2)ª,��

2〈F (u), 1〉 6 C(1 + ‖u‖p+1
1 ),

(Ü (3.2)ª,�

θ

2
(‖u‖2 + ‖ut‖21 + ‖ηt‖2Mt

)−Q0

6N (t) = N(t) + ‖ηt‖2Mt

6C(1 + ‖u‖21 + ‖u‖p+1
1 + 2‖ut‖21 + ‖g‖2), ∀t > τ. (3.5)

Ïd,

‖(u(t), ηt)‖2Ht
+

∫ t

τ

κ(y)‖ηy‖2My
dy 6 Q(R), ∀ t > τ, (3.6)

�§ (2.1)¦± utt,�

‖utt‖2 + ‖utt‖21 = −〈u, utt〉1 −
∫ ∞

0

µt(s)〈ηt(s), utt〉1ds− 〈f(u), utt〉+ 〈g, utt〉. (3.7)

d (1.2)ª,��

|〈f(u), utt〉| 6 ‖f(u)‖
L

1+ 1
p
‖utt‖Lp+1 6 C(1 + ‖u(t)‖p1)‖utt‖1,
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¿�d (H2)�∣∣∣∣−∫ ∞
0

µt(s)〈ηt(s), ∂tu〉1ds

∣∣∣∣ 6 ‖utt‖1 ∫ ∞
0

µt(s)‖ηt(s)‖1ds

6 ‖utt‖1
(∫ ∞

0

µt(s)ds

) 1
2
(∫ ∞

0

µt(s)‖ηt(s)‖21ds

) 1
2

6 ‖utt‖1
√
Kτ (t)

√
κ(τ)‖ηt‖Mt

.

d (3.7)ª��

‖utt‖21 6 C(1 + ‖u(t)‖1 + ‖u(t)‖p1 +
√
Kτ (t)

√
κ(τ)‖ηt‖Mt

+ ‖g‖)‖utt‖1
6 Q(R)(1 +

√
Kτ (t)

√
κ(τ)‖ηt‖Mt

)‖utt‖1

6
1

2
‖utt‖21 + C(R, T ), ∀ t ∈ [τ, T ]. (3.8)

qÏ�

‖utt‖21 6
1

2
‖utt‖21 +Q(R)(1 + κ(t)‖ηt‖2Mt

),

sup
t>τ

∫ t+1

t

‖utt(s)‖21ds 6 Q(R)

(
1 + sup

t>τ

∫ t+1

t

κ(s)‖ηs‖2Ms
ds

)
6 Q(R). (3.9)

� zn(t) = (un, vn, η
t
n),�3H1���Ä {wj}∞j=1,� Awj = λjwj , j = 1, 2, · · · ,¦�

〈∂ttun, wj〉+ 〈∂ttun, wj〉1 + 〈un, wj〉1 +

∫ ∞
0

µt(s)〈ηtn(s), wj〉1ds+ 〈f(un), wj〉

=〈g, wj〉, j = 1, · · · , n, t > τ, (3.10)

Ù¥ un = Σn
j=iTjn(t)(wj),¿�

ηtn(s) =

 un(t)− un(t− s), s 6 t− τ,

ητn(s− t+ τ) + un(t)− uτn , s > t− τ,

±9�AÐ©^�

(un(τ), ∂tun(τ), ητn) = (uτn , vτn , ητn)→ (uτ , vτ , ητ ).

'u (3.10)ª3 [τ, t]þÈ©,�∫ t

τ

(〈∂ttun, wj〉+ 〈∂ttun, wj〉1 + 〈un, wj〉1 +

∫ ∞
0

µt(s)〈ηtn(s), wj〉1ds

+ 〈f(un), wj〉 − 〈g, wj〉)dt = 0, j = 1, · · · , n. (3.11)
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qdu

‖f(un)‖
L

1+ 1
p
6 C(1 + ‖un‖p1) 6 Q(R),

KkXe(J

3 L∞(τ, T ;H1 ×H1 ×H1)þ (un, ∂tun, ∂ttun)→ (u, ∂tu, ∂ttu)f ∗Âñ,

3H1 ×H1 ×H1þ (un(t), ∂tun(t), ∂ttun(t))→ (u(t), ∂tu(t), ∂ttu(t))fÂñ,

3 C([τ, T ];H×H)þ (un(t), ∂tun(t))→ (u(t), ∂tu(t)),

3 Ω× (τ, T )þ (un, ∂tun)→ (u, ∂tu),

3 L∞(τ, T ;L1+ 1
p )þ f(un)→ f(u)f ∗Âñ,

¿�d (3.16)ª�,�3 qt ∈Mt¦�

3Mtþ ηtn → qtf ∗Âñ, ∀ t ∈ [τ, T ].

q�

η̄tn = ηtn − ηt, ūn = un − u, η̄τn = ητn − ητ , ūτn = uτn − uτ .

d (2.4)ª,�

‖η̄tn‖2M−1
t

6Kτ (t)‖η̄tn‖2M−1
τ

=C(T )

(∫ t−τ

0

µτ (s)‖ūn(t)− ūn(t− s)dr‖2ds

+

∫ ∞
t−τ

µτ (s)‖η̄τn(s− t+ τ) + ūn(t)− ūτnds

)
6C(T )(‖ūn‖2C([τ,T ];H)κ(τ) + ‖η̄τn‖2Mτ

)→ 0, ∀t ∈ [τ, T ].

�â4����5,� qt = ηt.

du

η̄tn(s) =

{
ūn(t)− ūn(t− s), s 6 t− τ,
η̄τn(s− t+ τ) + ūn(t)− ūτn , s > t− τ,

Kk ∫ ∞
0

µt(s)〈η̄tn(s), wj〉1ds

=

∫ t−τ

0

µt(s)〈ūn(t), wj〉1ds−
∫ t−τ

0

µt(s)〈ūn(t− s), wj〉1ds

+

∫ ∞
t−τ

µt(s)〈η̄τn(s− t+ τ)− ūτn , wj〉1ds+

∫ ∞
t−τ

µt(s)〈ūn(t), wj〉1ds

=κ(t)〈ūn(t), wj〉1 −
∫ t−τ

0

µt(s)〈ūn(t− s), wj〉1ds

+

∫ ∞
0

µt(s+ t− τ)〈η̄τn(s), wj〉1ds− 〈ūn(s), wj〉1
∫ ∞
t−τ

µt(s)ds. (3.12)
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du

|µt(s)〈ūn(t− s), wj〉1| 6 µt(s)‖ūn(t− s)‖1‖wj‖1 6 Q(R)µt(s) ∈ L1(R+),∣∣∣∣∫ ∞
0

µt(s+ t− τ)〈η̄τn(s), wj〉1ds

∣∣∣∣ 6 CKτ (t)
√
κ(τ)‖η̄τn‖Mτ

→ 0,

Ïd,� n→∞�,A^ Lebesgue��Âñ½n,��

lim
n→∞

∫ ∞
0

µt(s)〈η̄tn(s), wj〉1ds = 0, j = 1, 2, · · · , n, a.e. t ∈ (τ, T ].

qdu ∣∣∣∣∫ ∞
0

µt(s)〈η̄tn(s), wj〉1ds

∣∣∣∣ 6 ∫ ∞
0

µt(s)‖η̄tn(s)‖1‖wj‖1ds

6 C
√
κ(t)‖η̄τn‖Mt

6 Q(R)(1 + κ(t)) ∈ L1(τ, t).

�â Lebesgue��Âñ½n,k

lim
n→∞

∫ t

τ

∫ ∞
0

µt(s)〈η̄tn(s), wj〉1dsdt = 0.

- (3.12)ª¥ n→∞�� z = (u, ut, η
t)�¯K (2.1)-(2.3)�f).

e¡y²f)� Lipschitz½5.�

z1 = (u1(t), ∂tu1(t), ηt1), z2 = (u2(t), ∂tu2(t), ηt2)

�¯K (2.1)-(2.3)�ü�f).@o z̄(t) = (ū(t), ∂tū(t), η̄t) = z1(t)− z2(t)÷v

ūtt +Aūtt +Aū+

∫ ∞
0

µt(s)Aη̄
t(s)ds = −f(u1) + f(u2), (3.13)

Ù¥

η̄t(s) =

{
ū(t)− ū(t− s), s 6 t− τ,
η̄τ (s− t+ τ) + ū(t)− ūτ , s > t− τ,

�§ (3.13)¦± ūt,�

1

2

d

dt
F (t) +

∫ ∞
0

µt(s)〈η̄t(s), ūt(t)〉1ds

=− 〈f(u1)− f(u2), ū(t)〉
6C(1 + ‖u1‖p−1

Lp+1 + ‖u2‖p−1
Lp+1)‖ū‖Lp+1‖ūt‖Lp+1

6C(R, T )F (t), t ∈ [τ, T ],

Ù¥ F (t) = (‖ū‖21 + ‖ūt‖2 + ‖ūt‖21).
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Ïd,éþª3 [τ, t]þÈ©,�

F (t) + 2

∫ t

τ

〈ūt(y), η̄y〉My
dy 6 F (τ) + C(R, T )

∫ t

τ

F (y)dy, t ∈ [τ, T ]. (3.14)

dÚn 2.7��

‖η̄t‖2Mt
−
∫ t

τ

∫ ∞
0

[∂yµy(s) + ∂sµy(s)]‖η̄y(s)‖21dsdy

6‖η̄τ‖2Mτ
+ 2

∫ t

τ

〈ūt, η̄y〉My
dy. (3.15)

� F(t) = F (t) + ‖η̄t‖2M1
t
,Kk

‖z̄(t)‖2Ht
6 F(t) 6 Q(R)‖z̄(t)‖2Ht

,

l

F(t) 6 F(τ) + C(R, T )

∫ t

τ

F(y)dy,

F(t) 6 F(τ)eC(R,T )(t−τ),

‖z̄(t)‖2Ht
6 Q(R)eC(R,T )(t−τ)‖z̄(τ)‖2Hτ

, t ∈ [τ, T ].

Ù¥, ‖z̄τ‖2Hτ
6 R.

�â½n 3.2,�±½Â¯K (2.1)-(2.3)3Htþ�)L§,=

U(t, τ) : Hτ →Ht, U(t, τ)zτ = z(t), ∀ zτ ∈Hτ , t > τ, (3.16)

� {U(t, τ)}��^uHtþ�L§x.

3.2. �m�6�ÛáÚf

½n 3.3(ÑÑ5) � {U(t, τ)}t>τ � (3.16)ª½Â�)L§,¿� (1.2)-(1.4)ª±9^� (H1)-

(H7)¤á, g ∈ H,� zτ ∈Hτ ÷v ‖zτ‖Hτ
6 R,K�3 ε > 0, R0 > 0¦�

‖U(t, τ)zτ‖2Ht
6 Q(R)e−ε(t−τ) +R0, ∀ t > τ.

y² ò�§ (2.1)¦± 2u(t),��

d

dt
Φ(t)− 2‖ut‖21 − 2‖ut‖2 + 2〈f(u)− g, u〉 = −2

∫ ∞
0

µt(s)〈ηt(s), u〉1ds

6 −2

∫ ∞
0

µt(s)‖ηt(s)‖1‖u‖1ds

6
θ

2
‖u(t)‖21 +

2

θ
κ(t)‖ηt‖2Mt

, (3.17)
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Ù¥

Φ(t) = 〈ut, u〉+ 〈ut, u〉1 6 Q(R)(‖u‖21 + ‖ut‖21). (3.18)

é (3.17)ª3 [a, b]þÈ©,¿|^ (1.3)ª,��

Φ(b) + (1 +
θ

2
)

∫ b

a

‖u‖21dt+ 2

∫ b

a

〈F (u), 1〉dt− 2

∫ b

a

〈g, u〉dt

6Φ(a) + 2

∫ b

a

‖ut‖2dt+ 2

∫ b

a

‖ut‖21dt+
2

θ

∫ b

a

κ(t)‖ηt‖2M1
t
dt+ cf (b− a). (3.19)

�§ (2.1)��¦± − 2
κ(t)

µt(s)η
t(s),'u s ∈ (0,∞)È©,�

− 2

κ(t)

∫ ∞
0

µt(s)
[
〈utt, ηt(s)〉+ 〈utt, ηt(s)〉1

]
ds

=
2

κ(t)

∫ ∞
0

µt(s)〈u, ηt(s)〉1ds+
2

κ(t)

∥∥∥∥∫ ∞
0

µt(s)A
1
2 ηt(s)ds

∥∥∥∥2

+
2

κ(t)

∫ ∞
0

µt(s)〈f(u)− g, ηt(s)〉ds. (3.20)

�
�O (3.20)ª��à,½Â�¼

Ψ(t) = − 2

κ(t)

∫ ∞
0

µt(s)
[
〈ut(t), ηt(s)〉+ 〈ut(t), ηt(s)〉1

]
ds, (3.21)

�

|Ψ(t)| 6 2

κ(t)

∫ ∞
0

µt(s)
[
‖ut(t)‖1‖ηt(s)‖1 + ‖ut(t)‖‖ηt(s)‖

]
ds

6
2

κ(t)

[√
κ(t)‖ut(t)‖1‖ηt‖Mt

+
√
κ(t)‖ut(t)‖‖ηt‖Mt

]
6 Q(R)

[
‖ut(t)‖21 + ‖ηt‖2Mt

]
. (3.22)

½Â©ã¼ê

φε(s) =



0, 0 6 s < ε,

s
ε
− 1, ε 6 s < 2ε,

1, 2ε 6 s 6 1
ε
,

2− εs, 1
ε
6 s < 2

ε
,

0, 2
ε
6 s,
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Ù¥ 0 < ε < 1
2
,¿�

µεt (s) = φε(s)µt(s) 6 µt(s), ∀s ∈ R+.

w,, suppµεt (s) = [ε, 2
ε
].�

κε(t) =

∫ ∞
0

µεt (s)ds =

∫ 2
ε

ε

µεt (s)ds 6 κ(t).

|^ (3.18)Ú (3.21)ª,��

|Φ(t)|+ |Ψ(t)| 6 Q(R)E(t), (3.23)

Ù¥ E(t) = 1
2
‖U(t, τ)zτ‖2Ht

.

½Â�¼

Ψε(t) = − 2

κε(t)

∫ ∞
0

µεt (s)
[
〈ut(t), ηt(s)〉+ 〈ut(t), ηt(s)〉1

]
ds,

K
d

dt
Ψε(t) = J1 + J2, (3.24)

Ù¥

J1 = −2
d

dt

[
1

κε(t)

] ∫ ∞
0

µεt (s)〈ut(t), ηt(s)〉1ds− 2

κε(t)

d

dt

∫ ∞
0

µεt (s)〈ut(t), ηt(s)〉1ds,

J2 = −2
d

dt

[
1

κε(t)

] ∫ ∞
0

µεt (s)〈ut(t), ηt(s)〉ds−
2

κε(t)

d

dt

∫ ∞
0

µεt (s)〈ut(t), ηt(s)〉ds.

-

Rε(t) =

[
κ(t)

κε(t)

]2

> 1.

d^� (H7),� ε¿©�,k

sup
t∈[a,b]

Rε(t) 6 4, ∀ t ∈ [a, b]. (3.25)

aqu©z [9]¥�y²,��

J1(t) 6− (2−Rε(t))‖ut‖21 −M
∫ ∞

0

[∂tµt(s) + ∂sµt(s)] ‖ηt(s)‖21ds

+Q(R)

∫ ∞
0

rε(t, s)ds−
2
√
Rε(t)

κ(t)

∫ ∞
0

µεt (s)〈utt, ηt(s)〉ds

+ Cκ(t)‖ηt(s)‖2Mt
. (3.26)
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J2(t) 6− (2−Rε(t))‖ut‖2 −M
∫ ∞

0

[∂tµt(s) + ∂sµt(s)] ‖ηt(s)‖21ds

+Q(R)

∫ ∞
0

rε(t, s)ds−
2
√
Rε(t)

κ(t)

∫ ∞
0

µεt (s)〈utt, ηt(s)〉ds

+ Cκ(t)‖ηt(s)‖2Mt
. (3.27)

òª (3.25)-(3.27)�\ª (3.24),¿3 [a, b]þÈ©,�

Ψε(b) +

∫ b

a

[2−Rε(t)] ‖ut‖21dt+

∫ b

a

[2−Rε(t)] ‖ut‖2dt

6Ψε(a)− 2M

∫ b

a

∫ ∞
0

[∂tµt(s) + ∂sµt(s)] ‖ηt(s)‖21dsdt+ C

∫ b

a

κ(t)‖ηt(s)‖2Mt
dt

+Q(R)

∫ b

a

∫ ∞
0

rε(t, s)dsdt−
∫ b

a

2
√
Rε(t)

κ(t)

∫ ∞
0

µεt (s)〈utt +Autt, η
t(s)〉dsdt. (3.28)

� ε→ 0�,w,k

µεt (s)→ µt(s), κε(t)→ κ(t), Rε(t)→ 1, ∀ (t, s) ∈ [a, b]× R+.

é?¿� δ > 0Ú?¿�½� s > 0,�3 δ1 = s
2
> 0,¦�� ε < δ1�,

1

ε
χ[ε,2ε](s) = 0 < δ, lim

ε→0
rε(t, s) = 0.

- (3.28)ª¥ ε→ 0,¿|^ Lebesgue��Âñ½n,��

Ψ(b) +

∫ b

a

‖ut‖21dt+

∫ b

a

‖ut‖2dt

6Ψ(a)− 2M

∫ b

a

∫ ∞
0

[∂tµt(s) + ∂sµt(s)] ‖ηt(s)‖21dsdt+ C

∫ b

a

κ(t)‖ηt(s)‖2M1
t
dt

−
∫ b

a

2

κ(t)

∫ ∞
0

µt(s)〈ut +Aut, η
t(s)〉dsdt. (3.29)

d�§ (2.1)��

− 2

κ(t)

∫ ∞
0

µt(s)〈utt +Autt, η
t(s)〉ds

=
2

κ(t)

[∫ ∞
0

µt(s)〈u(t), ηt(s)〉1ds+

∥∥∥∥∫ ∞
0

µt(s)A
1
2 ηt(s)ds

∥∥∥∥2

+

∫ ∞
0

µt(s)〈f(u)− g, ηt(s)〉ds
]

6
2

κ(t)

[
(‖u(t)‖1 + ‖f(u)‖

L
6
5

+ ‖g‖−1)

∫ ∞
0

µt(s)‖ηt(s)‖1ds

+

∫
Ω

(∫ ∞
0

µt(s)ds

∫ ∞
0

µt(s)(A
1
2 ηt(s))2ds

)
dx

]
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6
2√
κ(t)

(‖u(t)‖1 + (1 + ‖u‖4L6)‖u‖L6 + ‖g‖)‖ηt‖Mt
+ 2

∫ ∞
0

µt(s)

∫
Ω

∣∣∣A 1
2 ηt(s)

∣∣∣2 dxds

6
θ

16
‖u(t)‖21 +

θ

32
‖g‖2 +Q(R)‖ηt‖2Mt

6
θ

16
‖u(t)‖21 +

θ

32
‖g‖2 +Q(R)κ(t)‖ηt‖2Mt

, (3.30)

Ù¥A^
Ø�ª 1 6 1
inft∈R κ(t)

κ(t) 6 Cκ(t).

ò (3.30)ª�\ (3.29)ª,�

Ψ(b) +

∫ b

a

‖ut‖21dt+

∫ b

a

‖ut‖2dt

6Ψ(a)− 2M

∫ b

a

∫ ∞
0

[∂tµt(s) + ∂sµt(s)] ‖ηt(s)‖21dsdt+
θ

16
‖u‖21dt

+Q(R)

∫ b

a

κ(t)‖ηt(s)‖2Mt
dt+

θ

32
‖g‖2(b− a). (3.31)

�

Υ(t) = N (t) + 2ε [Φ(t) + 4Ψ(t)] +Q0,

Ù¥ N (t)d (3.5)ª¤½Â, Φ(t)Ú Ψ(t)d (3.23)ª¤½Â.

� ε > 0¿©�,d (3.5)Ú (3.23)ª��

θ

4
E(t)−Q0 6 N (t) 6 Q(R)E(t) + C‖g‖2,

θ

2
E(t) 6 Υ(t) 6 Q(R)E(t) +Q1, (3.32)

Ù¥ E(t)d (3.23)ª½Â,� Q1 = C(Q0 + ‖g‖2) = C(cf + ‖g‖2).

�â (3.3), (3.19)Ú (3.29)ª,¿|^^� (H4)±9 (3.32)ª��

Υ(b) + 2ε

∫ b

a

Υ(t)dt+ P1 + P2 6 Υ(a) + εQ1(b− a),

�

P1 = ε

∫ b

a

(θE(t)− 4ε [Φ(t) + 4Ψ(t)]) dt > 0,

P2 = −(1− 16εM)

∫ b

a

∫ ∞
0

[∂tµt(s) + ∂sµt(s)] ‖ηt(s)‖21dsdt− εQ(R)

∫ b

a

κ(t)‖ηt‖2Mt
dt

> [δ(1− 16εM)− εQ(R)]

∫ b

a

κ(t)‖ηt‖2Mt
dt > 0.
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��,A^Ún 1.2��

Υ(t) 6 Υ(τ)e−ε(t−τ) +
εQ1e

ε

1− e−ε
,

E(t) 6
2

θ
Υ(t) 6 Q(R)e−ε(t−τ) +R0,

Ù¥ R0 = 2Q1

θ
sup
ε∈(0,1]

εeε

1−e−ε .

½n 3.4 e½n 3.3�b�¤á,� cf = 0, g = 0,K R0 = Q1 = 0,¿�

‖U(t, τ)‖2Ht
6 Q(R)e−ε(t−τ), ∀‖zτ‖2Hτ

6 R, t > τ.

�?¿�½� τ ∈ R� (pτ , ϕτ ) ∈Hτ .�Ä�§

Aptt +Ap+

∫ ∞
0

µt(s)Aϕ
t(s)ds+ γ(t) = 0, (3.33)

Ù¥ γ �	å�,�

ϕt(s) =

 p(t)− p(t− s)dr,

ϕτ (s− t+ τ) + p(t)− pτ ,
(3.34)

�AÐ�^��

(p(τ), pt(τ), ϕτ ) = (pτ , qτ , ϕτ ). (3.35)

Ún 3.5 XJ��5� f ÷v (1.2)ª,òÙ©)�:

f(s) = f0(s) + f1(s),

Ù¥ f1� LipschitzëY¼ê� f1(0) = 0,¿�

f0(s) = 0, ∀s ∈ [−1, 1], f0(s)s > F0(s) :=

∫ s

0

f0(y)dy, ∀s ∈ R,

|f0(s1)− f0(s2)| 6 C|s1 − s2|(1 + |s1|+ |s2|)p−1, ∀s1, s2 ∈ R.

½n 3.3L²L§ U(t, τ)k�m�6áÂ8B = {Bt}t∈R.éu?¿� zτ = (uτ , vτ , ητ ) ∈ Bτ ,
©)¯K (2.1)-(2.3)�) U(t, τ)zτ ,k

U(t, τ)zτ = U0(t, τ)zτ + U1(t, τ)zτ ,
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Ù¥ U0(t, τ)zτ = z1(t)� U1(t, τ)zτ = z2(t),= z = (u, ut, η
t) = z1(t) + z2(t), z1(t)÷v

vtt +Avtt +Av +

∫ ∞
0

µt(s)Aξ
t(s)ds+ f0(v) = 0,

U0(τ, τ)zτ = zτ ,

�

ξt(s) =

 v(t)− v(t− s)dr, s 6 t− τ,

ξτ (s− t+ τ) + v(t)− vτ , s > t− τ,

z2(t)÷v 
wtt +Awtt +Aw +

∫ ∞
0

µt(s)Aζ
t(s)ds+ f(u)− f0(v) = g,

U1(τ, τ)zτ = 0,

(3.36)

�

ζt(s) =

 w(t)− w(t− s), s 6 t− τ,

ζτ (s− t+ τ) + w(t)− wτ , s > t− τ,

Ù¥ ητ = ξτ + ζτ .

�â½n 3.4,��

‖U0(t, τ)zτ‖2Ht
6 Ce−ε(t−τ), ∀t > τ, (3.37)

¿�d (3.9)ª,��

sup
t>τ

∫ t+1

t

‖vtt(t)‖21dt 6 Q(R). (3.38)

Ún 3.6 b� (1.2)-(1.4) ª±9^� (H1)-(H7) ¤á, g ∈ H, � zτ = (uτ , ητ ) ∈ Hτ , ÷v

‖zτ‖Hτ
6 R.K

‖U1(t, τ)zτ‖2H σ
t
6 Q(R), ∀t > τ. (3.39)

Ù¥ 0 < σ 6 1
3
.

y² ò�§ (3.36)¦± Aσwt,��

d

dt
Nσ(t) + 〈utt − vtt, Aσw〉+ 2〈ζt, wt(t)〉Mσ

t

=2〈g − f1(u), Aσw〉 − 2〈f0(u)− f0(v), Aσw〉, (3.40)

Ù¥ Nσ(t) = ‖w(t)‖21+σ + ‖wt(t)‖21+σ.
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dÚn 3.5,½n 3.2±9 Sobolevi\,�

2|〈g − f1(u), Aσwt〉| 6 C(‖g‖+ ‖u‖)‖Aσwt‖ 6
ε1

2
‖wt‖21+σ +

Q(R)

ε1

, (3.41)

2|〈f0(u)− f0(v), Aσwt〉| 6 C(1 + ‖u‖p−1

L
3(p−1)

2

+ ‖v‖p−1

L
3(p−1)

2

)‖w‖L18‖Aσwt‖L 18
5

6 Q(R)(‖w‖21+σ‖wt‖21+σ)

6
ε1

2
‖wt‖21+σ +

Q(R)

ε1

‖w‖21+σ

6
ε1

2
(‖w‖21+σ + ‖wt‖21+σ) +

Q(R)

ε1

, (3.42)

〈utt − vtt, Aσwt〉 6 ε1‖wt(t)‖21+σ +
Q(R)

ε1

(‖utt‖21 + ‖vtt‖21). (3.43)

Ù¥A^
Ø�ª 3(p−1)
2(p+1)

< 1.

ò (3.41)-(3.43)ª�\ (3.40)ª,k

d

dt
Nσ(t) + 2〈ζt, wt(t)〉Mσ

t
6 ε1(‖w(t)‖21+σ + ‖wt(t)‖21+σ) +

Q(R)

ε1

y1(t),

Nσ(b) + 2

∫ b

a

〈ζt, wt〉Mσ
t
dt

6Nσ(a) + ε1

∫ b

a

(‖w‖21+σ + ‖wt‖21+σ)dt+
Q(R)

ε1

∫ b

a

y1(t)dt, (3.44)

Ù¥ y1(t) = 1 + ‖utt‖21 + ‖vtt‖21,� sup
t>τ

∫ t+1

t
y1(r)dr 6 Q(R).

�

Eσ(t) :=
1

2
‖U1(t, τ)zτ‖2H σ

t
=

1

2
(‖w(t)‖21+σ + ‖wt(t)‖21+σ + ‖ζt‖2Mσ

t
),

¿|^Ún 2.7,��

2Eσ(b)−
∫ b

a

∫ ∞
0

[∂sµt(s) + ∂tµt(s)] ‖ζt(s)‖21+σdsdt

62Eσ(a) + ε1

∫ b

a

(‖w‖21+σ + ‖wt‖21+σ)dt+
Q(R)

ε1

∫ b

a

y1(t)dt. (3.45)

�

(p, pt, ϕ
t) = (A

σ
2w,A

σ
2wt, A

σ
2 ζt), γ(t) = g − f(u) + f0(v)− utt + vtt,
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K

Φ0(t) = Φσ(t) = 2〈wt(t), w(t)〉1+σ, Ψ0(t) = Ψσ(t) = − 2

κ(t)

∫ ∞
0

µt(s)〈ζt(s), wt(t)〉1+σds.

aqu½n 3.3�y²,��

|Φσ(t)|+ |Ψσ(t)| 6 CEσ(t). (3.46)

dÚn 2.8 (- w = 1
20

),��

Φσ(b) + 4Ψσ(b) +
7

4

∫ b

a

‖w(t)‖21+σdt+ 2

∫ b

a

‖wt(t)‖21+σdt+
5

4

∫ b

a

‖ζt‖2Mσ
t
dt

6Φσ(a) + 4Ψσ(a)− 4M

∫ b

a

∫ ∞
0

[∂sµt(s) + ∂tµt(s)] ‖ζt(s)‖21+σdsdt

+ C

∫ b

a

(κ(t) + 1)‖ζt‖2Mσ
t
dt− 2

∫ b

a

〈γ(t), Aσw(t)〉dt

+ 8

∫ b

a

2

κ(t)

∫ ∞
0

µt(s)〈γ(t), Aσζt(s)〉dsdt. (3.47)

d (3.41)-(3.43),� ε1 = 1
16
,k∣∣∣∣∣2

∫ b

a

〈γ(t), Aσw(t)〉dt

∣∣∣∣∣ 6 1

8

∫ b

a

‖w(t)‖21+σdt+Q(R)

∫ b

a

y1(t)dt, (3.48)

¿�

〈γ(t), Aσζt(s)〉 6 1

64
‖w(t)‖21+σ + C‖ζt(s)‖21+σ +Q(R)y1(t),

8

∫ b

a

2

κ(t)

∫ ∞
0

µt(s)〈γ(t), Aσζt(s)〉dsdt

6
1

4

∫ b

a

‖w(t)‖21+σdt+ C

∫ b

a

κ(t)‖ζt‖2Mσ
t
dt+Q(R)

∫ b

a

y1(t)dt. (3.49)

ò (3.48)-(3.49)ª�\ (3.47)ª,��

Φσ(b) + 4Ψσ(b) +
5

2

∫ b

a

Eσ(t)dt+
1

8

∫ b

a

(‖w(t)‖21+σ + ‖wt(t)‖21+σ)dt

6Φσ(a) + Ψσ(a) + C

∫ b

a

κ(t)‖ζt‖2Mσ
t
dt+Q(R)

∫ b

a

y1(t)dt

− 4M

∫ b

a

∫ ∞
0

[∂sµt(s) + ∂tµt(s)] ‖ζt(s)‖21+σdsdt. (3.50)
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�

Υσ(t) = Nσ(t) + 2ε [Φσ(t) + 4Ψσ(t)] .

d (3.46)ª�,éu¿©�� ε > 0,k

3

2
Eσ(t) 6 Υσ(t) 6

5

2
Eσ(t). (3.51)

� ε1 = ε
4
,��

Υσ(b) + 2ε

∫ b

a

Υ1(t)dt+ P (t) 6 Υσ(a) +

∫ b

a

q2(t)dt, (3.52)

Ù¥

P (t) = −(1− 8εM)

∫ b

a

∫ ∞
0

[∂sµt(s) + ∂tµt(s)] ‖ζt(s)‖21+σdsdt− εC
∫ b

a

κ(t)‖ζt‖2Mσ
t
dt

> [δ(1− 8εM)− εC]

∫ b

a

κ(t)‖ζt‖2Mσ
t
dt > 0,

¿�éuv
�� ε > 0,k

sup
t>τ

∫ t+1

t

q2(r)dr = sup
t>τ

∫ t+1

t

(
2εQ(R)y1(r) +

Q(R)

ε
y1(r)

)
dr 6

Q(R)

ε
.

|^Ún 1.2±9 (3.51)ª,��

Eσ(t) 6 Q(R), ∀t > τ.

Ïd, (3.39)ª¤á.

½n 3.7 e (1.2)-(1.4) ª±9^� (H1)-(H7) ¤á, g ∈ H, � zτ = (uτ , ητ ) ∈ Hτ , ÷v

‖zτ‖Hτ
6 R. L§ U(t, τ) Pk�m�6�ÛáÚf A = {At}t∈R. d	, áÚf´ØC�, =,

U(t, τ)Aτ = At, ∀t > τ.

y² ½n 3.3 L² U(t, τ) k�m�6áÚ8 B = {Bt}t∈R. ½n 3.6 L², é?¿� r >√
2Q(R),8xB = {Bσt (r)}t∈R´.£áÚ�,Ù¥ Bσt (r) = {ξ ∈H σ

t |‖ξ‖H σ
t
6 r}.

� τ → −∞�,k

distHt
(U(t, τ)Bτ ,Bσt (r)) 6 sup

zτ∈Bτ
distHt

(U0(t, τ)zτ + U1(t, τ)zτ ,Bσt (r))

6 sup
zτ∈Bτ

‖U0(t, τ)zτ‖Ht
6 Ce−

ε
2 (t−τ) → 0.

éuz� t ∈ R,3�mHtþ�3;8 Ct ⊂ Bσt (r),¦�8Ü C = {Ct}t∈R´.£áÚ�.Ïd,

dÚn 2.5�, U(t, τ)k�ÛáÚfA = {At}t∈R.dL§�ëY5±9Ún 2.6,��A ´ØC�.
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