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Abstract

This paper is devoted to studying the global existence of solutions to initial value
problem of the three-dimensional stochastic primitive equations, which are a basic sys-
tem that is usually used to describe the dynamic behavior of the atmospheric and the
oceanic flows. Firstly, by using the Littlewood-Paley theory and Bony para-product de-
composition technique, we establish a new bilinear estimation for the Stokes-Coriolis-
Stratification semigroup. Then, by establishing the boundedness estimations for solu-
tions of the corresponding stochastic linear initial value problem, and combining the
superposition principle and Banach’s fixed point theorem, we prove the global exis-
tence and uniqueness of mild solutions to the three-dimensional stochastic primitive
equations with small initial values and small random external forces in the Fourier-
Besov space frame. Our main result is a generalization of the global existence of the
solutions for the initial value problem of the classical three-dimensional primitive e-

quations under the stochastic case.
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1. 3IEREZRER

AT ET AT = GEREALAR JFT RE LA ) R A () AR AR AE I

du+ (Kes x u — vAu + (u - V)u + Vp)dt = ghesdt + hdW,
df + ((u- V)0 — uAf)dt = —N?ugdt + 1dW,
divu = 0,

U|t:0 = Uy, 9\:&:0 = 0o,
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o RERE u = (wi,us,us), p 5 0 20 MFTR AR R E Y, AR (%), IEH 8 v, p Ml g
AT REPE RE, VAR BANE 7). K € R /2 Coriolis Z4Y(, Hoh%E R? L7 A& e3 = (0,0,1) Jig
R IR E B A%, Kes x w BPRATIER Coriolis J1; N > 0 24524, /R £ 7R Brunt-Viisila
A0, FLZ 5y JE RN R 55, I gfes A3 Boussinesq TN IR KAE T J7. W A 8 AR 73 [A]
(Q, F, (Fi)is0, P) o] oA SR AR HF 2 18] H LB TC PR 4E B A B Wiener & #%2, I HARK W A RR N
W =30y fiW5(t), e {W;} s 2 R IS ) SEAE Brownian 3830, {f;},51 /& H f—411E
B hdW HLAW 73 R s RERLAT ), 385 P T AEREEUE AR 2 B AT SE . uo R 60 739 3Ross
SE W AR T8 M AR IR 2. J7 R 2H (1.1) 388 48 FH SRk IR UM o 45 M R A B A 00 K RUBE AL B

N =0,K=0H0=0m,THEH (1.1) BN =4EFEHL Navier-Stokes J7 F# 24, H I8 % 1
F R AR FAR R IR, W25 SRR [1-3]. S 3RATHT AN, 8 T =4EREHL Navier-Stokes J7 #2240 1) 5
— AN e SR AT IE I 2 Bensoussan A1 Temam 7E C#R [4] HF Q014 TAE. Fi )5, Holz F1 Ziane 7 3
Bk [5] FPUER] TR R S R A A X A ) S 4E R = 4EBE ML Navier-Stokes 7 FEZH T H HIE 5 5K
FEAC AR Sy BAFAE ME— 18, FRUER] 7 2B T AR B ARAEAE N, B, PR BR AN 5K BE 2R AE S
Wk (6] RIS T 4k K s 4E S IBE AL Navier-Stokes 77 FE4H ¢TIl 5 2 [a] B,?,Z (R RN
SR AR B A7 A PE— P

BN =0H0=00mr 74 (1.1) BN =4EAT] E45HEHL Navier-Stokes-Coriolis 77 F24H. i
i, FAEBEAEDNHERVNBENLI TS AR, 73 B #E Besov %% [8] 1 Fourier-Besov % [A] [ HE
BURRIG T = 4EE ML Navier-Stokes-Coriolis 7 #4220 FTE 17 &5 A I8 A1 At 1) B AR A7 A2 M, AR AT e
Hk [7,8]. Dong £E3CHR [9] HEW] T A3 Lévy M T —4E gk S BRI B BN Navier-Stokes 7518
ZH SRR P A AE PR P — 12

BN =0HKL=00r, 74 (1.1) B =4ERENL Boussinesq J5 F241. Ferrario ££3CHR [10] H
O T A A P T B 1 ) — 4ERE AL Boussinesq J7 F£4H, AR 3 7 HA 12 5 10) R 04 A7
FEAEANME— kDA K AH 23 ) AN AR 2. i 2 R AN A R e A2 SCHR [11] P Fe 1 bk g =
N EAR R PER) —4EBEHL Boussinesq 7 A5 4 WL ) R A RE Aol i 1. LT, FEAI PR R AN 5K HE B
FESCHR [12] 2518 T SRePEME S~ T E 1Y) Boussinesq 75 F2 44 B vl L #% A% 1) JR i AA AE M. 9 L, 76
—ERIE R B AT T, P3R5 T ARR A N4 (1.1) BARAR B AR AE L.

5 EIRSCERI IR, AR SCREAE Fourier-Besov 25 8] i 7t = 4EREALAS J5U7 FE 4L A04E 1) (1.1) 8
HIBEARAFAENE. FE4Y R B R AT, AT RN A LA

EMX 1.1 X T4 ERIMERE (Q,F, P, (Fi)iso), WEREL f: Q — R3 & F, (¢ > 0) ATIE, 40
P
FHU) ={weQ; flw)eU}y e F,

SEHTE 4L U € R® (BEA L, X3 BT [ Borel 42 U € R?) oL

EX 1.2( [18]) SHTFAEIMEEN (Q,F, P, (F)is0), M [0,T] x R® x Q L F, ERI45
AAEFR f R AT, WRAHER ¢ € (0,7, f(w,t,-) € F; x B[0,1].

EX 1.3 XFFHEMIMESRE (Q,F,P,(Fiso), B M, A F, Wi/ o RE BHXE Ve >0,
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o(- - w) € L*0,T; FB,. ")\ M, H

v(t) = Tic n( fo Tien(t— PV - (v(r) @ v(7))dr + f(f Tic n(t — T)PGaW. (1.2)

WFR v 2R (1.1) BRI, LT P ATV BUBCETE (T n (8) boso MR SURES 045 A8

iz A Littlewood-Paley P&l Bony i #7315, it & 379 T Stokes-Coriolis-Stratification
T DR BB M A T, DA A S S A S ATL e MR WA In) R PR A SR ot 456 B in B R L K ANB))
E B FRAAE N WIE AN INBEALAN 7 BB B SRR R, UEI T = 4ERE LA S5 7 B LD AE IR) R (1.1) £E
Fourier-Besov 7 [A] HH il A ) BEARAEAE PRI ME— . AT ) 3 B4 R a0 T

BHE 14 M T4EMEEE (QF P, (Fcer W), 2 EMENE & r € 2,00,
(uo,00) € LA (9 FBZ, (R?)) & Fo i, 3 LSRRI T > 0, (h,1) € LA L0, T; FBZ,)) (| Mx.
MAEAERH € > 0 DR IEHERBEHLA B4k O, (8754

(1 + D[R, Dl + (w0, Oo)ll -, 1 <€

S 1
L4(Q;L4(0,T;F B3 ,.)) LY FB3 )

i, SHE R w € Q, 7R (1.1) FEEME—IIRAE (u,0)(w, -, ) € L0, T; FB}, (R?)).

R 1.5 EE 1.4 X R [14] ok T R U7 FEAL B B AR A AEVE S RAE REALIG TR T Y
e ARSCH R ZH R AR AT FRATESS H Littlewood-Paley #i8 LA & 5 Fourier-Besov
Z7 [A)AH 5 1) bR 0 R FR 8 S, 45t Stokes-Coriolis-Stratification B R {Tie v (¢) }iso HIE L. FE5
=i, 12 A Littlewood-Paley P18 LA & Bony 1/ #44- fil £7 7555, % 37 Stokes-Stratification - #E{E
Fourier-Besov Z¥[] b XN EAG 11, DAAAH N BEALZE A 0] 23 ) S At i, R — 19 3RA 45 e
1.4 HIUERS.

TEASCH, F(f) B f 9308 £ O35 A8 B O B AR 30, 7 — 1 SR ML 1) R ERL P A e

2. FE&FIR

%6, /M4 Littlewood-Paley F i1 Bony 1 #17 fiBL 6 A & 555 UK Fourier-Besov 7% [B] 15K [
PRI llﬂE’JEx BARRr 2 0434 (15, 16].

B 7 (R?) A Schwartz 451, ' (R?) NI LB, o, ¢ € S (R?) RARFEEL, K o A
@ Wi AL R FITER:

R 4
supp@CB:={£€R3:|§|§f},

suppy C C:={£ € R*: Z <|¢| < }

»Mw

Y p(277¢) =1, VEeR*\{0}.

JEZ
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B api(x) = 2% (29z), p, () = 2% p(27x), WIFF RN B A; FISF AR S, f 7]
G 5E SUH
Aif=gixf, S;f=w;xf VjeZ feSR.
4 F(R?) = " (R%)/P[R?], Hr PR3] A5 SUAE RS 114k 22 100 20 T 440 Ak ) 28 1 2 ).
MFTRAR, 7E 7] (R?) FRAG U0 R 43 ff BT :
F=3"0f Sif= Y Auf,

JEL J'<i—1

IR T A, RGN T S; %94 Lp 5] Lr {9450 T JE4F, Littlewood-Paley 4
AR 2 LR U TF A R
AAS =0, |j—k>2,

i
Aj(Sk-1fAf) =0, [j—k|l=5.
S5IE 2.1([16]) W 1<p<qg<oo, re(0,R),jeZ NIHERMZIEN: v € 23 U{0}, AT
kAT
(1) % suppf C {€ € R®: [¢] < R27}, W ||(6€)" f|| o < C2IMH3G=2)| F)l s
(2) # suppf C {€ € R? : 727 < [¢] < R}, W || fl|zo < C2791 sup gy 116€)° f | o

EN 2.2 (1) % seR, 1<p, r< oo, FIK Fouier-Besov %] FB (R?) & XN

FB;, () = {f € Z®) : | fllps,, = [{2°185711e: }

<oc)
l'r‘

(2) SAEFEM 0 < T < o0, % s € R, 1 <6, p, r < 0o, Chemin-Lerner 445 [d] L°(0, T; FB;’,T(R?’))
SE SUAZE] C((0, T); F B, (R?)) TETEHK

JEL

1Flzsozirsg, = [ {218 o razen} _ |,

TSR

EX 23 WEERNO<T <oco,®secR,1<p,r 6 p< oo, Bochner ] Chemin-Lerner
AL Le(Q; L2(0, T; F B3, (R%))) & XM

L2 100, T; FBS, (R?))) := {f € My : f(w,t) € Z(R),P — a.s, B

» — 1
I lze@zscoerss, ) = {2 EUBF s omirzmon) 1 }

< oo}.
jezllir

w5, e TR (1.1) BN 2 77 FE AT Stokes-Coriolis-Stratification 8 {Tic n >0 H15E
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X.

Wp=v=10v:1= (u,ugus/g0/N), vy = (u},ud,ul, /960/N), V = (01,04, 05,0),
N =N /g, VAR R (1.1) A4 AR S0 ) &

V-v=0, (z,t,w) € R3 x (0,00) x Q, (2.1)

dv + (Qu + Sv + Vp)dt = —(v- V)vdt + GdW, (z,t,w) € R® x (0, 00) x €,
vli=0 = o, (z,w) € R x Q,

Hr G = (h, \/gl/N),

—A 0 0 0 0 —-K 0 0
0 —A 0 0 K 0 0 0
Q= , S:= (2.2)
0 0 —-A 0 0 0 -—-N
0 0 0 -A 0 N 0

B [17] AT, Ja) R (2.1) B2 Ak a) @ A e Stokes-Coriolis-Stratification 8 {Tic v (t) }e>o0

] BARRIE -
€l e P U e P le ;
T’C,N(t)f = ‘/ C05< ‘ | ) Ml(f)f+51n<mt)e M2(£>f+ € MS(S)f ) (23)
Hp &= (6,6,8) eR3, ¢ =VE+E+8, |¢ = /N2 + N2&2 + K28,
K2§ 0 N2¢1¢5 ’CN§/2253
l% K23 Nl é2§s _1&{7%53 4
Ml(é) - _K’4¢s @%263 N (éﬂ;’f ) ‘6‘ ’ (2' )
eVEle, kb T N2(€313)
BE BE €172
0 _ K& Kok N&i&s
e e, Kl
MO = | L cee, G W | (2:5)
|£ y 2, .2 lley’
_ ké, 7§V‘§2§;¥ N(§1+§3) lO
[€11€] [€11€] [€l1€]
NZ¢3 _ N6 _KN&gs
|€]"2 |§|’2 €172

_N251252 N? 521
T
KNE2Es KN&1&s
|€]72 B

0

0

0
AR —IRIZ, BHWIE, X € € R3, M(€) (I = 1,2,3) WM ERSE ML) (k= 1,2,3,4)
B |Mjlk(£)| < max{2 L] WN‘} (4,k=1,2,3,4).

’ N

5E X Helmholtz #FHH T P = (Pj)axa, FHH

P., — { Ojx + R;Ry, 1<7,k<3,
Jk { 6jk, /\/ﬁijty
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Hrb 6§, KR Kronecker 75, { R, }1<j<3 %7~ Riesz 4. H Duhamel JFEE, F7F24H (1.1) 4 T
N TR

(t) = Tie v (t)vo — [ Tien (t = 7)PV - (0(7) @ o(7))dr + [ Tie.n(t — 7)PGAW. (2.7)

3. Wkttt ApEHlfE it

AT AR 7 RR A PR IR I, R AT T B AR AH B 1 R £ S 18] o 57 K T Stokes-Coriolis-
Stratification =TI PEAS T jﬂlﬂ:, PATTS R S AH B 1 e AL .

SI3R 3.1 [FRFEM] 2 <p<oo, 1<r < oo, MAFEHE C > 0 15

lvrva]| 1S < Cy|lv|| 1y g, lval| T
LZ(OOQFBPT ) L4(0,00;F By, - L4(000FB E )
ERR  HI5E X 2.2 LA Bony (i HHIT A, pr
lore] = H{T( 0 (0109) | 20,0012 )}. ,
L2(0 ooFBpr jezllir
< H{W TS (i * i) }
|k—jl<4 L2(0,00;L2) ) jezllir
+ H{?“*f') 3 o (nts * o) }
|[k—j|<4 L2(0,00;L%) J jezllir

Z Z ©;(prd1 * prra)

k>j—2 |k—k/|<1

s

= Il—f—IQ-f—Ig.

LZ(O,OO;ng) }jEZ i

XTJ? Il, /T'_E'j, “n n'glﬁ 2.1, TT?

S 3 ~ A~
2NN o (bn * prn)
Jh—jl<a L2(0,003L)
i(— 3 ~ A~
<P N llwwdn e lewtallee [ 2o o)
[k—j|<4
i(— 3
SCQJ( ) Z Z 23K (1 ||<Pk'U1||L”||<PkU2HLP
lk—jl<a ' k' <k—2 £#(0,0)

o o A )
<02 NN 2O o | s 0,000) |9 D2l (0,001

|k—j|<4 k' <k—2
<ot Y H{zk (-3+2) ||@k,@1||L4(0700;L§)} 122}
QU1 ),
3

17 (k' <k—2) l""(k’Sk—2)||('0kv2HL4(0’°°5L§)

< Clv]l 143 oh(=3+37
L4(OooFB - P
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TESEHEA b FRE ) Young A5, IS

L < Cfull 1vs [Joaf T Ay
L4(O,oo;FBp,T p) L4(O,oo;FBp’T p)
[FIER A4, Fer
LEClol, gyl
L4(O,oo;FBpT L4(0,00;F By, 2 7')
AT I, T E e g, iS5
(143 N A
2]( 1+P/) Z Z Spj(spk’vl k gpk/vg)
E>j—2 |k—k'|<1 L2(0,00;L7)

et At DI D [ O] e
k>j—2|k—k'|<1

<02 ST S [lewdall lewn g o oy

kE>j—2 [k—k'|<1

<P NS 2O D lpwtal g lerin gl x o

kE>j—2 [k—k'|<1

S 3 /(1 _ 1 " N
< 021( 14+) Z Z 23k 1-3) ||g0k"U2||L4(0,oo;L§) ”(pkleL“(O,oo;Lg)
k>j—2|k—k'|<1

<O ST 2N T gt s o,00ii }
k>j—2

I (|k—k'|<1) H {2%/}

2 I~ i—k)(—14+3
% Z +p)||(pk5v1||L4(0,OO;L§)2(J k)( 1+p1).
k>j—

v i< 19RO 000 0012)

< Cllvell -
L4(0,00;F B,

1
3+
r

eI, 32 H Young A%, w4

Iy < Cllo| S | ||1)2||~ BTN
L4(0,00,F B, 2 L4(0,00,FB, 2 7'

45 EWAS, fEAE Cy > 0 fEf5

- »’

V10 _ < Cillv 1,3
H 1 2||Z2( 0,00: B 1+7) 1|| 1||~ (O,OQFB } 3 L4(OOOFB

|U Il b
Rl &5 18 A5HIE. 0

SIFE 3.2[MEMEIT] B2 <p <oo, 1 <7 < oo, MAFERHL O, > 0, 17

H /ot Tiew(t = T)PV (01 @ v2)(7)dr

-3+3 SCZHU1”~ 3+3 HU || ~143 .
L4(0,00;F By 7)) L4(0,00;F By 2 L4(0,00;F B, ;
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WERR F5IFE 2.1 FI5 3 3.1, Al

/0 T]QN(t — T)P%(’Ul (%9 ’UQ)(T)d

t
_ Hy’(%ﬂf’/)

<c {2j<—;+§,> }
L4(0,00:L7) ) j€Z
e )
<o|{pid ot 0, 157 01 © ) Ol

<C {2“ ) FIV (U1®U2)(t)]||L2(0mLP)}

+l
p

")
[Tien (t — T)IP’V(vl ® ve)(7)]dT

M‘H

L4(0,00; FB

L4(0,OO;L§) }jEZ i

t
/ e P ZV 0y @ v)(7))dr

0

r

jezllir

- jezllir
SCHV(’Ul ®’U2)|| 243
L2(0,00;F B, *")
SCH U1 ®'U2)H 143
L2(0,00,F By, *')
< C||vl||L4(O s |v2 ||L4(0 patithy
RN 2518 AHIE. -

FJTH, N T AR RN R (1.1) MR BARAFAENE, i n i, B 125 e an 1 B LG ) il

{ dB + QBdt + Spdt = GdW,  (x,t,w) € R3 x (0,00) x Q, 3.1)
Bli=0 = vo, (z,w) € R? x Q.

AR, MR R (3.1) WO SEARAFAE HoE—. S b alad o) ) @ (3.1) AR 455 1 i [ Ff O 2 ) AR
1 Fourier 28, W] B35 2R i) B AR R T 2L
N, FRATTEE ST BE AL M A (3.1) 7E Fourier-Besov 75 [AIHESE N A R4 T

BIHE 3.3 4 re (2400 By & Fo A, H vy € L4(Q; FBZ, (R)), A H2 G 48 AT
MEy, H G e LA L0, T; FBjT(RS))). Wl R (3.1) [fR B € L4( LY(0,T; FBS . (R?))), Hi /e

181z o0y < Csllwoll, oy +Q+DIGH, oy | (3.2)

LY FBE ) EA(E4(0, T FBE )
MERR  OeFA) R (3.1) PRILIRIIN 5G T 7% ()AL B Fourier 22 #t, X5 [T o, AT 14
d(p;5) = €7 (ps8) + S(w; B)]dt + (p;G)aW. (3:3)
B, Xt ;B2 1A Ito AR, T

dll;BlI3- = d(y;B, ;B)

2(d(;8), 0;B) + (d(; B), d(;B))

2(p;8, n&r (958) + S B)dt + (¢;G)AW) + [0, G132t

(=2[1l - lsBI32 + llp; GlIF2)dt + 2{p;8,0; G, (3.4)
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e () T L2(R?) A
IRIG, X (|l 81122 + )2 A Teo A, Horh e > 0, 454 (3.4) R, 743

d(leiBl: + 0% = 2(lliBlIz + (=21 - lesBl72 + l9iGlIz2)dt + 28, 0, G)dW]

+ 4(p;8, 0, G)2dt. (3.5)
H [B{= ) )
Tn:{ inf{t>0: @Bz >n},  {t: e ﬁiuLz > n} 0,
T, {t: @Bl >n} =0,
Hobin=1,2,3, - . 75 [0,¢] (f < min{T, 7)) EXF (3.5) B, AJ5 0 FifaL: AUNE, /e

E(Iletﬁlliz +6)? = E(|lg;00ll72 +¢)? t
- QE/ (llpsBl7 +e>\|sojél|%zdf—4E/ (leiBl122 + Ol - ;8] 22dr
0

0 t t
B / (G 0,B)%dr + 4B / (losB122 + )y 0 C)aW
0 0
=: J1+J2+J3+J4.

BT RIKKAGTS Ty, Jo, Js, o FE L, RFTE Iy, Js, Jo, BN T, REATTH ZRER

t
Jy = 28 / (08122 + ©)ll0;GI2dr
< C2E 51[1p ||<,0]5||L2+6 / ||%G||L2d7'

< CeE sup (||g;8]%2 + €)? +C€tE/ Gl 72l
T€[0,t] 0
J+H,
t
Js < CeE sup |¢;8]%2 —i—C'JE/ l;Gll7-dr.
0

T€[0,t]

4k, B Burkholder-Davis-Gundy A3 f1 Young A&, AJ 15

t
J, = 4E / (lesBI2: + ) (s By 0, Gdw
0

’

<c® s | [ <|rsoj/%||%2+e><sojﬁ7sojé>dWI
0

7/€[0,1]

t
< CE( [ ez +6)<%B7<PjG>I2dT)

1
2

N|=

t
< CE( [ sz + 6)2!|<Pjﬂl|i2|<ﬁjG|2deT>
< CB s (ol +€)||<Pgﬁ||L2< / ||<PJG||deT>

< CeE sup [(||g0j6||Lz + 6)||90]5||L2}3 + Ce tE/ ;G| 724
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