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Abstract

In this paper, we establish infinite time discrete fractional stochastic differential equa-
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tions with distributed delays by using the fixed point theorem. We mainly study the

existence, uniqueness and asymptotic stability of solutions of Caputo fractional differ-

ential equations with Brownian motion and discrete distributed delays in infinite time

intervals. Among them, the compression mapping principle and accurate estimation

of Mittag Leffler function are used. Finally, the asymptotic stability is proved by the

method of contradiction.
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1. Úó

3L��A�c¥§©ê��©�§�ïÄ2�mÐ§¿��A/�)
Nõ©ê�a."

©ê��©�§)��3��5´­��ïÄ��"3©z [1]¥§ÏLA^ØÄ:½ny²
k

��m«mSCaputo©ê��êXÚ)��35Ú��5"éuHilfer©ê��©�§§ÏLA

^ [2]¥�Åg%C?Ø
Cauchy.¯K)3k��m«mS��35Ú��5"d	§��±

�Ä©ê��©�§�5�§X­½5" [3] ÏL|©/A^Mittag-Lefler¼ê�ìCÐm§��


�5Riemann-Liouville©ê��©XÚÚCaputo©ê��©�§|�­½5ÚìC­½5^�§

¿�?Ø
äkRiemannõLiouville©ê��ê��5�©XÚ�­½5ÚìC­½5"

�©Ì�ïÄÃ��m«mSäkÙK$ÄÚlÑ©Ù�¢�Caputo©ê��©�§)��

35!��5ÚìC­½5"du·��ÄÃ�«m§Ïd·�I�c[O��O�"�þã©

Ù�ïÄ��§Ïd·�$^
Mittag-Lefler¼ê�5�"·��ÄÃ�«�¥Mittag-Lefler¼ê

�¦�"éu��¼êf : [0,∞)→ R§p�f�Caputo [4]�êdeª�Ñ

∂pt f(t) =
1

Γ(1− p)
d

dt

∫ t

0

(t− s)−p (f(s)− f(0)) ds,

Ù¥0<p 6 1ÚΓ(s) :=
∫∞
0
ts−1e−tdt"
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·�òïÄ±e©ê��©�§

∂βt
[
xi(t)−

n∑
j=1

dijxj(t− τj(t))
]

=
n∑
j=1

cijxj(t) +
n∑
j=1

aijfj(xj(t))

+
n∑
j=1

bijgj(xj(t− τj(t))) +
n∑
j=1

lij
∫ t
t−r(t) hj(xj(s))ds

+
n∑
j=1

∂γt
∫ t
0
σij(s, xj(s), xj(s− τ(s)))dWj(s), t > 0,

xi(t) = φi(t), t ∈ [ϑ, 0],

(1)

Ù¥§∂βtÚ∂
γ
tL«©ê��ê§β ∈ ( 1

2
, 1)§γ ∈ ( 1

2
, β + 1

2
)§±9x(t) = φ(t), t ∈ [ϑ, 0]´

�§(1)�Ð©^�§Ù¥t 7−→ φ = (φ1(t), · · · , φn(t))TÚx(t) = (x1(t), · · · , xn(t))
T ∈ Rn¥

´� ²��'��þ¶C = diag(c1, c2, · · · , cn)¶·�¦^A = (aij)n×n!B = (bij)n×n!

C = (cij)n×n!D = (dij)n×nÚL = (lij)n×nL«ØÓ�Ý
¶·���
fj! gjÚhj�-¹

¼ê§Ù¥f (x(t)) = (f1 (x(t)) , · · · , fn (x(t)))
T ∈ Rn, g (x(t)) = (g1 (x(t)) , · · · , gn (x(t)))

T ∈
Rn, h (x(t)) = (h1 (x(t)) , · · · , hn (x(t)))

T ∈ Rn¶lÑ�Cò´Ú©Ùª�Cò´�.�L«
�τ(t)Úr(t)"4·�IPϑ = inft>0{t − τ(t), t − r(t)}"d	τ(t)Úr(t)´�KëY¼ê"d	§

w(t) = (w1(t), w2(t), · · · , wn(t))T ∈ Rn´��VÇ�m(Ω,F , P )¥�n�ÙK$Ä"

Ø©�Ù{Ü©|�Xe"312!¥§·��Ñ
'uMittag-Lefler¼ê�b�¿O�
�


(J"1n!|^ØÄ:½n?Ø
äklÑÚ©Ù�¢�Caputo©ê��Å�©�§)��

35!��5ÚìC­½5"

2. ý��£

�
¢y·��Ì�8I§·��±b�÷v±e^�µ

(A1) ò´τ(t)§r(t)´ëY¼ê§÷vt− τ(t)→∞Út− r(t)→∞ as t→∞"

(A2) N�fj(·)! gj(·)Úhj(·)§÷vf(0) ≡ 0, g(0) ≡ 0, h(0) ≡ 0§σij(t, 0, 0) ≡ 0 Úä

kLipschitz~ê��ÛLipschiz¼êαj§βj±9γjÙ¥j = 1, 2 · · ·n,

(A3) éuz�i, j = 1, 2, · · · , n§�3~êµj and υj §¦�

(σij(t, x, y)− σij(t, u, v))
2 6 µj (xj − uj)2 + υj (yj − vj)2 .

fj(·), gj(·), hj(·) and σij(t, ·, ·)�¼êäkÛÜLipschitzÚ�5O��±(��§(1))��35Ú

��5�^�"

½Â2.1. [5] Mittag-Lefler¼êa.�Vëê¼êd?êÐm½Â

Eα,β(z) =
∞∑
k=0

zk

Γ(kα+ β)
, α, β>0, z ∈ C.
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Ún2.1. [6] b�Eα,β´Mittag-Leffler¼ê§·��±��∫ ∞
0

e−sttβ−1Eα,β(±atα)dt =
sα−β

(sα ∓ a)
, <(α)>0, <(β)>0, <(s)>0,

,	

L
{
tβ−1Eα,β(±atα)

}
(s) =

sα−β

(sα ∓ a)
, <(α)>0, <(β)>0, <(s)>0,

Ù¥< L«¢Ü§LL«.Ê.dC�"
Ún2.2. [7] XJ0<α<2, β´?¿��ê, πα/2<µ<min{π, πα}, ,��3M>0 ÷v

Eα,β(z) 6
M

1 + |z|
, µ<|arg(z)|<π, |z| > 0.

Ún2.3. [7] b�Eα,β ´Mittag-Leffler¼ê, ·��±��∫ t

0

Eα,β(λsα)sβ−1ds = tβEα,β+1(λt
α), α>0, β>0.

Ún2.4. [7] b�Eα,β ´Mittag-Leffler¼ê, ·��±��

1

Γ(γ)

∫ t

0

(t− s)γ−1Eα,β(λsα)sβ−1ds = tβ+γ−1Eα,β+γ(λtα), α>0, β>0, γ>0.

Ún2.5. [8] b�(X,Σ, µ) ´σk�ÿÝ�m, M´ëYÛÜ�, [M ] : [0, T ]×Ω→ R+ ´§��g

C�"eψ : X × [0, T ]× Ω→ R, T ∈ (0,∞) �ÅÚÿþ§éuω ∈ Ω, ��∫
X

(∫ T

0

|ψ(x, t, ω)|2d[M ](t, ω)

) 1
2

dµ(x)<∞,

@oéuA�¤kω ∈ Ω éu¤kt ∈ [0, T ], ��∫
X

∫ t

0

ψ(x, r, ω)dM(r)dµ(x) =

∫ t

0

∫
X

ψ(x, t, ω)dµ(x)dM(r).

3�©¥§·�ò�Ä±e�mþ�§(1)�)"½ÂSφ ´F0·AL§��mµϕ(t, ω) :

[ϑ,∞)× Ω→ Rn ÷vϕ ∈ C
(
[ϑ,∞), LPF0

(Ω;Rn)
)
�ê½ÂXeµ

‖ϕ‖p := sup
t>ϑ

(
E

n∑
i=1

|ϕi(t)|p
)
.

,	, ·�-ϕ(t, ·) = φ(t) 3t ∈ [ϑ, 0]þ�
∑n

i=1 E|ϕi(t)|
p → 0 �t→∞, ��Sφ ´�����m"

3. Ì�(J

4c̃i,i(·) = ci,i(·) + λi Ù¥λi ´�ê�c̃i,j(·) = ci,j(·) Ù¥i 6= j, i, j = 1, 2, · · · , n. XÚ(1) U
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��� 

∂βt
[
xi(t)−

n∑
j=1

dijxj(t− τj(t))
]

= −λi
[
xi(t)−

n∑
j=1

dijxj(t− τj(t))
]

−λi
n∑
j=1

dijxj(t− τj(t)) +
n∑
j=1

c̃ijxj(t) +
n∑
j=1

aijfj(xj(t))

+
n∑
j=1

bijgj(xj(t− τj(t))) +
n∑
j=1

lij
∫ t
t−r(t) hj(xj(s))ds

+
n∑
j=1

∂γt
∫ t
0
σij(s, xj(s), xj(s− τ(s)))dWj(s), t > 0,

xi(t) = φi(t), t ∈ [ϑ, 0].

Ún3.1. ^±e/ªL«�Caputo©ê��Å�©XÚ{
∂βt ϕ(t) = λϕ(s) + af(ϕ(t)) + ∂αt

∫ t
0
B(s)dWs,

ϕ(0) = ϕ0,

Ù¥a ´~ê�B(s) : [0,∞)→ R, @o§ù�XÚ�duÈ©�§

ϕ(s) =ϕ0Eβ,1(λt
β) + a

∫ t

0

(t− s)β−1Eβ,β(λ(t− s)β)f(ϕ(s))ds

+

∫ t

0

(t− s)β−αEβ,β−α+1(λ(t− s)β)B(s)dWs.

Proof. ÏL½Â�Caputo©ê�ê§·��±��

1

Γ(1− β)

d

dt

∫ t

0

(t− s)−β (ϕ(s)− ϕ(0)) ds =λϕ(s) + af(ϕ(t))

+
1

Γ(1− α)

d

dt

∫ t

0

(t− s)−α
∫ s

0

B(u)dWuds.

é�ªü>È©¿�¦^½n2.5, ��

1

Γ(1− β)

∫ t

0

(t− s)−β (ϕ(s)− ϕ(0)) ds = ∗λ
∫ t

0

ϕ(s)ds+ a

∫ t

0

f(ϕ(s))ds

+
1

Γ(2− α)

∫ t

0

(t− s)1−αB(s)dWs.

,�

1

Γ(1− β)

∫ t

0

(t− s)−βϕ(s)ds =
ϕ(0)

(1− β)Γ(1− β)
t1−β

+ λ

∫ t

0

ϕ(s)ds+ a

∫ t

0

f(ϕ(s))ds

+
1

Γ(2− α)

∫ t

0

(t− s)1−αB(s)dWs.
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3ü>¦^.Ê.dC�§·��±��

1

Γ(1− β)

Γ(1− β)

s1−β
ϕ̂(s) =

ϕ(0)

(1− β)Γ(1− β)

Γ(2− β)

s2−β
+ λ

1

s
ϕ̂(s) + a

1

s
f̂(ϕ(s))

+
1

Γ(2− α)

Γ(2− α)

s2−α

∫ ∞
0

e−stB(t)dWt,

'u
∫ t
0
(t− s)1−αB(s)dWs�.Ê.dC�, ·�¦^Ún2.5§��∫ ∞

0

e−st
∫ t

0

(t− v)1−αB(v)dWvdt

=

∫ ∞
0

B(v)dWv

∫ ∞
v

e−st(t− v)1−αdt

=

∫ ∞
0

B(v)dWv

∫ ∞
0

e−s(u+v)u1−αdu

=

∫ ∞
0

e−svB(v)dWv

∫ ∞
0

e−suu1−αdu,

Ïd,

ϕ̂(s) =
sβ−1

sβ − λ
ϕ(0) +

1

sβ − λ
f̂(ϕ(s)) +

sα−1

sβ − λ

∫ ∞
0

e−stB(t)dWt.

ü>_.Ê.dC�±9�âÚn2.1, ·���

ϕ(s) =ϕ0Eβ,1(λt
β) + a

∫ t

0

(t− s)β−1Eβ,β(λ(t− s)β)f(ϕ(s))ds

+

∫ t

0

(t− s)β−αEβ,β−α+1(λ(t− s)β)B(s)dWs.

�
{B, PẼα,β(t) = tβ−1Eα,β(−λitα)"Ïd§·��±ÏL�Ún3.1�y²aq��{­

��§(1)"

xi(t) =
[
φi(0)−

n∑
j=1

dijφj(0− τj(0))
]
Eβ,1(−λitβ) +

n∑
j=1

dijxj(t− τj(t))

− λi
∫ t

0

Ẽβ,β(t− s)
n∑
j=1

dijxj(s− τj(s))ds+

∫ t

0

Ẽβ,β(t− s)
n∑
j=1

c̃ijxj(s)ds

+

∫ t

0

Ẽβ,β(t− s)
n∑
j=1

aijfj(xj(s))ds+

∫ t

0

Ẽβ,β(t− s)
n∑
j=1

bijgj(xj(s− τj(s)))ds

+

∫ t

0

Ẽβ,β(t− s)
n∑
j=1

lij

∫ s

s−r(s)
hj(xj(u))duds

+

∫ t

0

Ẽβ,β−γ+1(t− s)
n∑
j=1

σij(s, xj(s), xj(s− τ(s)))dWj(s).
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ÏL(Qϕ) (t) = φ(t) ½Â�f§Ù¥t ∈ [−τ, 0], t>0, i = 1, 2, 3, · · · , n,

(Qϕ)i (t) =
[
φi(0)−

n∑
j=1

dijφj(0− τj(0))
]
Eβ,1(−λitβ) +

n∑
j=1

dijϕj(t− τj(t))

− λi
∫ t

0

Ẽβ,β(t− s)
n∑
j=1

dijϕj(s− τj(s))ds (2)

+

∫ t

0

Ẽβ,β(t− s)
n∑
j=1

c̃ijϕj(s)ds (3)

+

∫ t

0

Ẽβ,β(t− s)
n∑
j=1

aijfj(ϕj(s))ds (4)

+

∫ t

0

Ẽβ,β(t− s)
n∑
j=1

bijgj(ϕj(s− τj(s)))ds

+

∫ t

0

Ẽβ,β(t− s)
n∑
j=1

lij

∫ s

s−r(s)
hj(ϕj(u))duds

+

∫ t

0

Ẽβ,β−γ+1(t− s)
n∑
j=1

σij(s, ϕj(s), ϕj(s− τ(s)))dWj(s)

=:

8∑
k=1

Jki.

½n3.1. b�£A1¤-£A3¤¤á¿�÷v±e^�§

(i) ¼êr(t) ±~êr�.§Ù¥>0;

(ii)�3T1>0, ÷v

8p−1
n∑
i=1

{(
n∑
j=1

|dij |q
) p

q

+

(
M

λi

)p [
λpi

(
n∑
j=1

|dij |q
) p

q

+

(
n∑
j=1

|c̃ij |q
) p

q

(5)

+

(
n∑
j=1

|aij |q |αj |q
) p

q

+

(
n∑
j=1

|bij |q |βj |q
) p

q

+ rp

(
n∑
j=1

|lij |q |γj |q
) p

q
]

+ np−12
p
2−1

(
µ
p
2 + υ

p
2

)( M2

2β − 2γ + 1
T 2β−2γ+1
1 +

M2

(2γ − 1)λ2
iT

2γ−1
1

) p
2

}
<1,

Ù¥M ´½n2.2¥�, µ = max{µ1, µ2, · · · , µn}, ν = max{ν1, ν2, · · · , νn}, 
Q : Sφ → Sφ ´Ø 
N���§(1)�)´���¿�3p�Ý¥ìC­½�.

Proof. ·�ò¦^ØÄ:½n5l±eÚ½y²"
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Ú½1. ·�y²ëY5"4x ∈ Sφ, t1 > 0, r ∈ R �|r| v
�¿�r>0�t1 = 0. dÚn2.2, ¦

^Hölder Ø�ª, ·�k

E

[
n∑
i=1

|J3i(t1 + r)− J3i(t1)|p
]

= E
[ n∑
i=1

∣∣∣∣λi ∫ t1

0

[
Ẽβ,β(t1 − s)− Ẽβ,β(t1 + r − s))

] n∑
j=1

dijϕj(s− τ(s))ds

− λi
∫ t1+r

t1

Ẽβ,β(t1 + r − s)
n∑
j=1

dijϕj(s− τ(s))ds

∣∣∣∣p]
6 (2n)p−1

n∑
i=1

n∑
j=1

λpiE
[∣∣∣∣ ∫ t1

0

[
Ẽβ,β(t1 − s)− Ẽβ,β(t1 + r − s))

]
dijϕj(s− τ(s))ds

∣∣∣∣p]
+ (2n)p−1

n∑
i=1

n∑
j=1

λpiE
[∣∣∣∣ ∫ t1+r

t1

Ẽβ,β−γ+1(t1 + r − s)dijϕj(s− τ(s))ds

∣∣∣∣p]
=: (2n)p−1

n∑
i=1

n∑
j=1

λpi I1 + (2n)p−1
n∑
i=1

n∑
j=1

λpi I2.

y3·�?Ø

I1 6 2p−1
{
E
[∣∣∣∣ ∫ t1

0

[
(t1 − s)β−1Eβ,β(−λi(t1 − s)β)

− (t1 − s)β−1Eβ,β(−λi(t1 + r − s)β)

]
× dijϕj(s− τ(s))ds

∣∣∣∣p]
+ E

[∣∣∣∣ ∫ t1

0

[
(t1 − s)β−1Eβ,β(−λi(t1 + r − s)β)

− (t1 + r − s)β−1Eβ,β(−λi(t1 + r − s)β)

]
× dijϕj(s− τ(s))ds

∣∣∣∣p]}
=: 2p−1I11 + 2p−1I12.

¦^Hölder Ø�ª, ·���

I11 = E
[∣∣∣∣ ∫ t1

0

[
(t1 − s)β−1

(
Eβ,β(−λi(t1 − s)β)− Eβ,β(−λi(t1 + r − s)β)

)]
dijϕj(s− τ(s))ds

∣∣∣∣p]
= E

[∣∣∣∣ ∫ t1

0

[
(t1 − s)

β−1
q (t1 − s)

β−1
p

(
Eβ,β(−λi(t1 − s)β)

− Eβ,β(−λi(t1 + r − s)β)

)]
dijϕj(s− τ(s))ds

∣∣∣∣p]
6 E

[∣∣∣∣( ∫ t1

0

(t1 − s)(β−1)ds
) p
q
∫ t1

0

(t1 − s)(β−1)
[(
Eβ,β(−λi(t1 − s)β)

− Eβ,β(−λi(t1 + r − s)β)

)
dijϕj(s− τ(s))

]p
ds

∣∣∣∣]
6

(
tβ1
β

)p−1
dpij

∫ t1

0

(t1 − s)(β−1)E
[∣∣∣∣ϕj(s− τ(s))

∣∣∣∣p]ds
× sup

06s6t1

∣∣∣∣[Eβ,β(−λi(t1 − s)β)− Eβ,β(−λi(t1 + r − s)β)

]p∣∣∣∣.
Ï�(Eβ,β(−λi(t1 − s)β) ´ëY��E

∣∣∣∣ϕj(s− τ(s))

∣∣∣∣p k., ¤±·�N´��I11 → 0, r → 0.
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Á�

¦^Hölder Ø�ªÚÚn2.2 ,

I12 = E
[∣∣∣∣ ∫ t1

0

[
(t1 − s)β−1 − (t1 + r − s)β−1

]
Eβ,β(−λi(t1 + r − s)β)dijϕj(s− τ(s))ds

∣∣∣∣p]
6 E

[∣∣∣∣ (∫ t1

0

[
(t1 − s)β−1 − (t1 + r − s)β−1

]
ds

) p
q

×
∫ t1

0

[
(t1 − s)β−1 − (t1 + r − s)β−1

] [
Eβ,β(−λi(t1 + r − s)β)dijϕj(s− τ(s))

]p
ds

∣∣∣∣]
=

(
1

β
tβ1 +

1

β
rβ − 1

β
(t1 + r)β

) p
q

× E
[∣∣∣∣ ∫ t1

0

[
(t1 − s)β−1 − (t1 + r − s)β−1

] [
Eβ,β(−λi(t1 + r − s)β)dijϕj(s− τ(s))

]p
ds

∣∣∣∣]
6

(
1

β
tβ1 +

1

β
rβ − 1

β
(t1 + r)β

) p
q

× E
[∣∣∣∣ ∫ t1

0

[
(t1 − s)β−1 − (t1 + r − s)β−1

] M

(1 + λi(t1 + r − s)β)p
[dijϕj(s− τ(s))]

p
ds

∣∣∣∣]
6

(
1

β
tβ1 +

1

β
rβ − 1

β
(t1 + r)β

)p
dpij

M

(1 + λi(r)β)p

∣∣∣∣E [|ϕj(s− τ(s))|p]
∣∣∣∣.

(
1
β
tβ1 + 1

β
rβ − 1

β
(t1 + r)β

)
→ 0, �r → 0 �ϕ ∈ Sφ, E

[∣∣∣∣ϕj(s− τ(s))

∣∣∣∣p] k.§�±��I12 → 0,

�r → 0. ¤±I1 → 0, �r → 0.

éuI2,·��Ó�?Ø

E
[∣∣∣∣ ∫ t1+r

t1

Ẽβ,β(t1 + r − s)dijϕj(s− τ(s))ds

∣∣∣∣p]
= E

[∣∣∣∣ ∫ t1+r

t1

[
Ẽβ,β(t1 + r − s)

] 1
q
[
Ẽβ,β(t1 + r − s)

] 1
p

dijϕj(s− τ(s))ds

∣∣∣∣p]
6 E

[∣∣∣∣ (∫ t1+r

t1

Ẽβ,β(t1 + r − s)ds
) p
q
∫ t1+r

t1

Ẽβ,β(t1 + r − s)dpijϕj(s− τ(s))pds

∣∣∣∣]
6

(∫ t1+r

t1

(t1 + r − s)β−1

1 + λi(t1 + r − s)β
ds

) p
q

E
[∣∣∣∣ ∫ t1+r

t1

Ẽβ,β(t1 + r − s)dpijϕj(s− τ(s))pds

∣∣∣∣]
6 dpij(

1

λiβ
)(p−1)(ln(1 + λir

β))p−1
∣∣∣∣ ∫ t1+r

t1

Ẽβ,β(t1 + r − s)E [|ϕj(s− τ(s))|p] ds

∣∣∣∣.
w,, ln(1 + λir) → 0 �r → 0 �ϕ�LP -�êk.,·���I2 → 0 �r → 0. nþ¤�,

E [
∑n

i=1 |J3i(t1 + r)− J3i|p]→ 0, �r → 0.

aq/§·��±��

E

[
n∑
i=1

|J4i(t1 + r)− J4i(t1)|p
]
→ 0, r → 0, E

[
n∑
i=1

|J5i(t1 + r)− J5i(t1)|p
]
→ 0, r → 0,

E

[
n∑
i=1

|J6i(t1 + r)− J6i(t1)|p
]
→ 0, r → 0, E

[
n∑
i=1

|J7i(t1 + r)− J7i(t1)|p
]
→ 0, r → 0.
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Á�

¦^BurkhölderØ�ª§·��±��

E

[
n∑
i=1

|J8i(t1 + r)− J8i(t1)|p
]

= E
[ n∑
i=1

∣∣∣∣ ∫ t1

0

[
Ẽβ,β−γ+1(t1 + r − s)− Ẽβ,β−γ+1(t1 − s)

] n∑
j=1

σij(s, ϕj(s), ϕj(s− τ(s)))dwj(s)

+

∫ t1+r

t1

Ẽβ,β−γ+1(t1 + r − s)
n∑
j=1

σij(s, ϕj(s), ϕj(s− τ(s)))dwj(s)

∣∣∣∣p]

6 cp(2n)p−1
n∑
i=1

n∑
j=1

E
[∣∣∣∣ ∫ t1

0

[
Ẽβ,β−γ+1(t1 + r − s)− Ẽβ,β−γ+1(t1 − s)

]2
σ2
ij(s, ϕj(s), ϕj(s− τ(s)))ds

∣∣∣∣
p
2
]

+ (2n)p−1E
[∣∣∣∣ ∫ t1+r

t1

[
Ẽβ,β−γ+1(t1 + r − s)

]2
σ2
ij(s, ϕj(s), ϕj(s− τ(s)))ds

∣∣∣∣
p
2
]
.

�â^�(A3)ÚHölderØ�ª§Ù¥ 1
p′

+ 1
q′

= 1, p′ = p
p−2 , q′ = p

2
§·��±��

E

[
n∑
i=1

|J8i(t1 + r)− J8i(t1)|p
]

6 cp(2n)p−12
p
2−1

n∑
i=1

n∑
j=1

E

[∣∣∣∣ ∫ t1

0

[
Ẽβ,β−γ+1(t1 + r − s)− Ẽβ,β−γ+1(t1 − s)

]2
µjϕj(s)

2
ds

∣∣∣∣
p
2

]

+ cp(2n)p−12
p
2−1

n∑
i=1

n∑
j=1

E
[∣∣∣∣ ∫ t1

0

[
Ẽβ,β−γ+1(t1 + r − s)− Ẽβ,β−γ+1(t1 − s)

]2

× υjϕj(s− τ(s))
2
ds

∣∣∣∣
p
2
]

+ (2n)p−12
p
2−1E

[∣∣∣∣ ∫ t1+r

t1

[
Ẽβ,β−γ+1(t1 + r − s)

]2
µjϕj(s)

2
ds

∣∣∣∣
p
2

]

+ (2n)p−12
p
2−1E

[∣∣∣∣ ∫ t1+r

t1

[
Ẽβ,β−γ+1(t1 + r − s)

]2
υjϕj(s− τ(s))

2
ds

∣∣∣∣
p
2

]

6 cp(2n)p−12
p
2−1

n∑
i=1

n∑
j=1

E

[∣∣∣∣ ∫ t1

0

[
Ẽβ,β−γ+1(t1 + r − s)− Ẽβ,β−γ+1(t1 − s)

]2
µjϕj(s)

2
ds

∣∣∣∣
p
2

]

+ cp(2n)p−12
p
2−1

n∑
i=1

n∑
j=1

E
[∣∣∣∣ ∫ t1

0

[
Ẽβ,β−γ+1(t1 + r − s)− Ẽβ,β−γ+1(t1 − s)

]2
υjϕj(s− τ(s))

2
ds

∣∣∣∣
p
2
]

+ (2n)p−12
p
2−1

(∫ t1+r

t1

[
Ẽβ,β−γ+1(t1 + r − s)

]2
ds

) p−2
2

E
[∣∣∣∣ ∫ t1+r

t1

[
Ẽβ,β−γ+1(t1 + r − s)

]2
µ
p
2

j ϕj(s)
p
ds

∣∣∣∣]

+ (2n)p−12
p
2−1

(∫ t1+r

t1

[
Ẽβ,β−γ+1(t1 + r − s)

]2
ds

) p−2
2

× E
[∣∣∣∣ ∫ t1+r

t1

[
Ẽβ,β−γ+1(t1 + r − s)

]2
υ
p
2

j ϕj(s− τ(s))
p
ds

∣∣∣∣] .
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Á�

du∫ t1+r

t1

(t− s)2(β−γ)Eβ,β−γ+1(−λi(t1 + r − s)β)2ds 6
∫ t1+r

t1

M2 (t1 + r − s)2β−2γ

(1 + λi(t1 + r − s)β)2
ds

6 M2

∫ t1+r

t1

(t1 + r − s)2β−2γds

=
M2

2β − 2γ + 1
r2β−2γ+1 → 0, as r → 0,

�(t1 + r − s)β−γEβ,β−γ+1(−λi(t1 + r − s)β)ëY, ¤±·���§

�r → 0, E [
∑n

i=1 |J8i(t1 + r)− J8i(t1)|p]→ 0.

Ïd, QëY"

Ú½2. ·�y²Q(Sφ) ⊆ Sφ. ·�m©?Ø±eØ�ª�mý,

n∑
i=1

E |((Qϕ)i (s))|p =

n∑
i=1

E

[∣∣∣∣∣
8∑
k=1

Jki(s)

∣∣∣∣∣
p]

6 8p−1
8∑
k=1

n∑
i=1

E [|Jki(s)|p] .

dHölderØ�ª��

E

[
n∑
i=1

|J3i|p
]

= E

[
n∑
i=1

λpi

∣∣∣∣∣
∫ t

0

Ẽβ,β(t− s)
1
q Ẽβ,β(t− s)

1
p

(
n∑
j=1

dijϕj (s− τ(s))

)
ds

∣∣∣∣∣
p]

6
n∑
i=1

λpi

(∫ t

0

Ẽβ,β(t− s)ds
) p
q

E

[∣∣∣∣∣
∫ t

0

Ẽβ,β(t− s)

(
n∑
j=1

dijϕj (s− τ(s))

)p
ds

∣∣∣∣∣
]

6
n∑
i=1

λpi

(
n∑
j=1

dqij

) p
q (∫ t

0

Ẽβ,β(t− s)ds
) p
q n∑
j=1

E
[∣∣∣∣∫ t

0

Ẽβ,β(t− s) (ϕj (s− τ(s)))
p

ds

∣∣∣∣] .
Ï
∑n

i=1 E|ϕi(t)|
p → 0 �t → ∞, éuε>0, �3t ÷vt>T1 L²

∑n
i=1 E|ϕi(t)|

p
<ε. ÏLÚn2.2

Ú2.3, ��

E

[
n∑
i=1

|J3i|p
]
6

n∑
i=1

λpi

(
n∑
j=1

dqij

) p
q (∫ t

0

Ẽβ,β(t− s)ds
) p
q n∑
j=1

E
[∣∣∣∣∫ t

0

Ẽβ,β(t− s) (ϕj (s− τ(s)))
p

ds

∣∣∣∣]

=

n∑
i=1

λpi

(
n∑
j=1

dqij

) p
q (
tβEβ,β+1

(
−λitβ

))p−1 E [∣∣∣∣∫ t

0

Ẽβ,β(t− s) (ϕj (s− τ(s)))
p

ds

∣∣∣∣]

6
n∑
i=1

λpi

(
n∑
j=1

dqij

) p
q (

Mtβ

1 + λitβ

)p−1
E
[∣∣∣∣∫ t

0

Ẽβ,β(t− s) (ϕj (s− τ(s)))
p

ds

∣∣∣∣] .
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Á�

4·�?Ø

E
[∣∣∣∣∫ t

0

Ẽβ,β(t− s) (ϕj (s− τ(s)))
p

ds

∣∣∣∣]
6 E

[∣∣∣∣∫ T1

0

Ẽβ,β(t− s) (ϕj (s− τ(s)))
p

ds

∣∣∣∣]+ E
[∣∣∣∣∫ t

T1

Ẽβ,β(t− s) (ϕj (s− τ(s)))
p

ds

∣∣∣∣]
6 sup

06s6T1

[E [(ϕj (s− τ(s)))
p
]]

∫ T1

0

Ẽβ,β(t− s)ds+ ε

∫ t

T1

Ẽβ,β(t− s)ds

6 sup
06s6T1

[E [(ϕj (s− τ(s)))
p
]]

∫ T1

0

M(t− s)(β−1)

1 + λi(t− s)β
ds+

(
Mtβ

1 + λitβ

)
ε.

Ïd, E [
∑n

i=1 |J3i|
p
]→ 0 �t→∞.

Ï
∑n

i=1 E|ϕi(t)|
p → 0 �t → ∞, éu?Ûε>0, �3t ÷vt>T2 L²

∑n
i=1 E|ϕi(t)|

p
<ε.¦^Itô�å

úª, HölderØ�ª§Ù¥ 1
p′

+ 1
q′

= 1, p′ = p
p−2 , q′ = p

2
Ú^�(A3), ��

E

[
n∑
i=1

|J8i|p
]

6 np−1
n∑
i=1

n∑
j=1

E

[∣∣∣∣∫ t

0

Ẽβ,β−γ+1(t− s)σij(s, ϕj(s), ϕj(s− τ(s)))dWj(s)

∣∣∣∣p
]

= np−1
n∑
i=1

n∑
j=1

E
[∣∣∣∣∫ t

0

[
Ẽβ,β−γ+1(t− s)

]2
σ2
ij(s, ϕj(s), ϕj(s− τ(s)))ds

∣∣∣∣]
p
2

6 np−1
n∑
i=1

n∑
j=1

E
[∣∣∣∣ ∫ t

0

[
Ẽβ,β−γ+1(t− s)

]2− 4
p
[
Ẽβ,β−γ+1(t− s)

] 4
p

×
(
µjϕ

2
j(s) + υjϕ

2
j(s− τ(s))

)
ds

∣∣∣∣
p
2
]

6 np−1
n∑
i=1

n∑
j=1

2
p
2−1

(∫ t

0

[
Ẽβ,β−γ+1(t− s)

]2
ds

) p−2
2

× E
[∣∣∣∣ ∫ t

0

[
Ẽβ,β−γ+1(t− s)

]2 (
µ
p
2

j ϕ
p
j (s)

)
ds

∣∣∣∣]+ np−1
n∑
i=1

n∑
j=1

2
p
2−1

(∫ t

0

[
Ẽβ,β−γ+1(t− s)

]2
ds

) p−2
2

× E
[∣∣∣∣ ∫ t

0

[
Ẽβ,β−γ+1(t− s)

]2 (
υ
p
2

j ϕ
p
j (s− τ(s))

)
ds

∣∣∣∣]
6 np−1

n∑
i=1

2
p
2−1

(
µ
p
2 + υ

p
2

)

×
(∫ t

0

[
Ẽβ,β−γ+1(t− s)

]2
ds

) p−2
2
∫ t

0

[
Ẽβ,β−γ+1(t− s)

]2 n∑
j=1

E|ϕj(s)|pds

6 np−1
n∑
i=1

2
p
2−1

(
µ
p
2 + υ

p
2

)( M2

2β − 2γ + 1
T 2β−2γ+1
1 +

M2

(2γ − 1)λ2
iT

2γ−1
1

) p−2
2

×
(∫ T1

0

(
Mtβ−1

1 + λitβ

)2 n∑
j=1

sup
06s6T1

[
E
(
ϕpj (s)

)]
ds+

(
M2

2β − 2γ + 1
T 2β−2γ+1
1 +

M2

(2γ − 1)λ2
iT

2γ−1
1

)
ε

)
.
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Á�

3þ��Ø�ª¥§·�/ÏÚn2.2Ú0<T1<t¦^
±e�O§∫ t

0

(t− s)2β−2γ
[
Eβ,β−γ+1(−λ(t− s)β)

]2
ds

=

∫ t

0

s2β−2γ
[
Eβ,β−γ+1(−λsβ)

]2
ds

=

∫ T1

0

s2β−2γ
[
Eβ,β−γ+1(−λsβ)

]2
ds+

∫ t

T1

s2β−2γ
[
Eβ,β−γ+1(−λsβ)

]2
ds

6
∫ T1

0

M2s(2β−2γ)

(1 + λsβ)2
ds+

∫ t

T1

M2s(2β−2γ)

(1 + λsβ)2
ds

6 M2

∫ T1

0

s(2β−2γ)ds+M2

∫ t

T1

s(2β−2γ)

λ2s2β
ds

= M2

(
1

2β − 2γ + 1
T 2β−2γ+1
1 +

1

(2γ − 1)λ2
(

1

T 2γ−1
1

− 1

t2γ−1
)

)
6 M2

(
1

2β − 2γ + 1
T 2β−2γ+1
1 +

1

(2γ − 1)λ2T 2γ−1
1

)
.

Ïd, E [
∑n

i=1 |J8i|
p
] → 0, �t → ∞. ¦^aq�Ø:§·���

∑n
i=1 E [|(Qϕ)i (s)|p] → 0 �t →

∞. Ïd, Q(Sφ) ⊆ Sφ.

Ú½3. ·�y²Q ´��Ø N�"éu?¿ϕ,ψ ∈ Sφ, ��

sup
t>0

{
E

[
n∑
i=1

|(Pϕ)i (t)− (Pψ)i (t)|p
]}

6 7p−1 sup
t>0

{
E

[
n∑
i=1

∣∣∣∣∣
n∑
j=1

dij (ϕj(t− τ(t))− ψj(t− τ(t)))

∣∣∣∣∣
p]}

+ 7p−1 sup
t>0

{
E
[ n∑
i=1

∣∣∣∣λi ∫ t

0

(t− s)β−1Eβ,β(−λi(t− s)β)

n∑
j=1

dij (ϕj(s− τ(s))− ψj(s− τ(s))) ds

∣∣∣∣p]}

+ 7p−1 sup
t>0

{
E

[
n∑
i=1

∣∣∣∣∣
∫ t

0

Ẽβ,β(t− s)
n∑
j=1

c̃ij (ϕj(s)− ψj(s)) ds

∣∣∣∣∣
p]}

+ 7p−1 sup
t>0

{
E

[
n∑
i=1

∣∣∣∣∣
∫ t

0

Ẽβ,β(t− s)
n∑
j=1

aij (fj(ϕj(s))− fj(ψj(s))) ds

∣∣∣∣∣
p]}

+ 7p−1 sup
t>0

{
E
[ n∑
i=1

∣∣∣∣ ∫ t

0

Ẽβ,β(t− s)
n∑
j=1

bij (gj(ϕj(s− τ(s))− gj(ψj(s− τ(s)))) ds

∣∣∣∣p]}

+ 7p−1 sup
t>0

{
E
[ n∑
i=1

∣∣∣∣ ∫ t

0

Ẽβ,β(t− s)
n∑
j=1

lij

∫ s

s−r(s)
(hj(ϕj(u))− hj(ψj(u))) duds

∣∣∣∣p]}

+ 7p−1 sup
t>0

{
E

[
n∑
i=1

∣∣∣∣∣
∫ t

0

Ẽβ,β−γ+1(t− s)

×
n∑
j=1

[
σij(s, ϕj(s), ϕj(s− τ(s)))− σij(s, ψj(s), ψj(s− τ(s)))

]
dWj(s)

∣∣∣∣∣
p]}

.
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Á�

ÏLÚ½2§·���

E

[
n∑
i=1

|J4i|p
]

6
n∑
i=1

(
n∑
j=1

|c̃ij |q
) p

q n∑
j=1

(
Mtβ

1 + λitβ

)p−1
E
[∫ t

0

Ẽβ,β(t− s) |ϕj(s)|p ds

]
,

E

[
n∑
i=1

|J5i|p
]

6
n∑
i=1

(
n∑
j=1

|aij |q |αj |q
) p

q n∑
j=1

(
Mtβ

1 + λitβ

)p−1
E
[∫ t

0

Ẽβ,β(t− s) |ϕj(s)|p ds

]
,

E

[
n∑
i=1

|J6i|p
]

6
n∑
i=1

(
n∑
j=1

|bij |q |βj |q
) p

q n∑
j=1

(
Mtβ

1 + λitβ

)p−1
E
[∫ t

0

Ẽβ,β(t− s) |ϕj(s− τ(s))|p ds

]
,

E

[
n∑
i=1

|J7i|p
]

6 rp
n∑
i=1

(
n∑
j=1

|lij |q |γj |q
) p

q n∑
j=1

(
Mtβ

1 + λitβ

)p−1
E
[∫ t

0

Ẽβ,β(t− s) |ϕj(s)|p ds

]
.

Ïd§·�k

sup
t>0

{
E

[
n∑
i=1

|(Pϕ)i (t)− (Pψ)i (t)|p
]}

6 7p−1
n∑
i=1

{(
n∑
j=1

|dij |q
) p

q

+

(∫ t

0

Ẽβ,β(t− s)ds
)p [

λpi

(
n∑
j=1

|dij |q
) p

q

+

(
n∑
j=1

|c̃ij |q
) p

q

+

(
n∑
j=1

|aij |q |αj |q
) p

q

+

(
n∑
j=1

|bij |q |βj |q
) p

q

+ rp

(
n∑
j=1

|lij |q |γj |q
) p

q
]

+ np−12
p
2−1

(
µ
p
2 + υ

p
2

)(∫ t

0

[
Ẽβ,β−γ+1(t− s)

]2
ds

) p
2

}
sup
t>0

{
E

[
n∑
i=1

|ϕi(t)− ψi(t)|p
]}

6 7p−1
n∑
i=1

{(
n∑
j=1

|dij |q
) p

q

+

(
M

λi

)p [
λpi

(
n∑
j=1

|dij |q
) p

q

+

(
n∑
j=1

|c̃ij |q
) p

q

+

(
n∑
j=1

|aij |q |αj |q
) p

q

+

(
n∑
j=1

|bij |q |βj |q
) p

q

+ rp

(
n∑
j=1

|lij |q |γj |q
) p

q
]

+ np−12
p
2−1

(
µ
p
2 + υ

p
2

)( M2

2β − 2γ + 1
T 2β−2γ+1
1 +

M2

(2γ − 1)λ2
iT

2γ−1
1

) p
2

sup
t>0

{
E

[
n∑
i=1

|ϕi(t)− ψi(t)|p
]}

.

Ïd§d(5),·���Q : Sφ → Sφ ´Ø N�"dÚn2.2 ÚØ N��n, ·�uyQ äk��

�ØÄ:x(t)´�§(1)�)"

Ú½4. ·�y²�§)´p�Ý­½�"dÚn2.2, 4·�ÀJδ ∈ (0, ε) ÷v8p−1Mpδ<(1 − α)ε,

Ù¥α ´�§(5)�>.. XJx(t) = (x1(t), · · · , xn(t))
T
´�§(1)�)�÷v‖φ‖p<δ, ¤±x(t) =

(Qx) (t). ·�½Â
∑n

i=1 E|xi(t)|
p
<ε éu¤kt > 0. ·�b��3t∗>0 ÷v

∑n
i=1 E|xi(t∗)|

p
= ε
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�
∑n

i=1 E|xi(t)|
p
<ε éuϑ 6 t<t∗. ·�y3�O

∑n
i=1 E|xi(t∗)|

p

n∑
i=1

E|xi(t∗)|p

6 8p−1E
[ n∑
i=1

∣∣∣∣φi(0)−
n∑
j=1

dijφj(0− τj(0))

∣∣∣∣p∣∣∣∣Eβ,1(−λit∗β)

∣∣∣∣p]+ 8p−1E
[ n∑
i=1

∣∣∣∣ n∑
j=1

dijxj(t
∗ − τ(t∗))

∣∣∣∣p]

+ 8p−1E
[ n∑
i=1

∣∣∣∣λi ∫ t∗

0

(t∗ − s)β−1Eβ,β(−λi(t∗ − s)β)
n∑
j=1

dijxj(s− τ(s))ds

∣∣∣∣p]

+ 8p−1E
[ n∑
i=1

∣∣∣∣ ∫ t∗

0

(t∗ − s)β−1Eβ,β(−λi(t∗ − s)β)
n∑
j=1

c̃ijxj(s)ds

∣∣∣∣p]

+ 8p−1E
[ n∑
i=1

∣∣∣∣ ∫ t∗

0

(t∗ − s)β−1Eβ,β(−λi(t∗ − s)β)
n∑
j=1

aijfj(xj(s))ds

∣∣∣∣p]

+ 8p−1E
[ n∑
i=1

∣∣∣∣ ∫ t∗

0

(t∗ − s)β−1Eβ,β(−λi(t∗ − s)β)

n∑
j=1

bijgj(xj(s− τ(s))ds

∣∣∣∣p]

+ 8p−1E
[ n∑
i=1

∣∣∣∣ ∫ t∗

0

(t∗ − s)β−1Eβ,β(−λi(t∗ − s)β)

n∑
j=1

lij

∫ s

s−r(s)
hj(xj(v)dvds

∣∣∣∣p]

+ 8p−1E

[
n∑
i=1

∣∣∣∣∣
∫ t∗

0

(t∗ − s)β−γEβ,β−γ+1(−λi(t∗ − s)β)

n∑
j=1

σij(s, xj(s), xj(s− τ(s)))dWj(s)

∣∣∣∣∣
p]
.

d(5) Út∗�ß�, �±��

n∑
i=1

E|xi(t∗)|p 6 8p−1E

[
n∑
i=1

∣∣∣∣∣φi(0)−
n∑
j=1

dijφj(t
∗ − τj(0))

∣∣∣∣∣
p ∣∣Eβ,1(−λit∗β)

∣∣p]

+ 8p−1
n∑
i=1

{(
n∑
j=1

|dij |q
) p

q

+

(
Mtβ

1 + λitβ

)p [
λpi

(
n∑
j=1

|dij |q
) p

q

+

(
n∑
j=1

|c̃ij |q
) p

q

+

(
n∑
j=1

|aij |q |αj |q
) p

q

+

(
n∑
j=1

|bij |q |βj |q
) p

q

+ rp

(
n∑
j=1

|lij |q |γj |q
) p

q
]

+ np−12
p
2−1

(
µ
p
2 + υ

p
2

)( M2

2β − 2γ + 1
T 2β−2γ+1
1 +

M2

(2γ − 1)λ2
iT

2γ−1
1

) p
2

}
ε

6 8p−1Mpδ + 8p−1
n∑
i=1

{(
n∑
j=1

|dij |q
) p

q

+

(
M

λi

)p [
λpi

(
n∑
j=1

|dij |q
) p

q

+

(
n∑
j=1

|c̃ij |q
) p

q

+

(
n∑
j=1

|aij |q |αj |q
) p

q

+

(
n∑
j=1

|bij |q |βj |q
) p

q

+ rp

(
n∑
j=1

|lij |q |γj |q
) p

q
]

+ np−12
p
2−1

(
µ
p
2 + υ

p
2

)( M2

2β − 2γ + 1
T 2β−2γ+1
1 +

M2

(2γ − 1)λ2
iT

2γ−1
1

) p
2

}
ε

< (1− α)ε+ αε = ε,
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