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Abstract

This paper introduces the design process and specific algorithm of SQP (sequential

quadratic programming) in detail, and discusses its advantages and disadvantages and

its expansibility by solving an example of equality constraint optimization problem and

inequality constraint optimization problem. The core of SQP algorithm is to convert

the original solution of general constraint problem into a series of simple subproblems

(such as quadratic programming problem). However, the solution method of quadratic

programming problem is very mature and perfect. This method, which transforms the

solution of complex optimization problems into a series of simple problems, has been

widely popular after being proposed, making SQP method one of the most effective

methods to solve nonlinear constrained optimization. It has its unique advantages in

solving nonlinear optimization problems. Understanding and mastering it is also of

great help to understand and apply other SQP methods.
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NHessianÝ
(=Qéxqé.�KF¦f�HessianÝ
)�Cq?1?���{5?�"Hany²


PSB-SOP ÚBFGS-SOP �{�ÛÜÂñ5"
�§eæ^°(v¼ê?1|¢§K�{äk�

ÛÂñ5"gd§SQP �{�ïÄÉ�
2��­À"3IS�ïÄ¥§SQP�{~Ú&6�(

Üå5" [1]! [2]?ØØ�ª�å`z¯K§�Ñ��&6��{�SQP�{�(Ü�#��1

�{§ [3]?Ø
�«&6�SQP Èf�{�ÛÜÂñ5§ [4] Ì�ïÄ¦)��5�ª�å`z

¯K�&6�SQP�{§ [5]�EÑ
�«#�ÈfSQP�{§ [6]! [7]Ñ30��`z+�¥'

�¤Ù�Ä�nØ��{§î8��§SQP�{�ïÄó�®��
´a�¤J"3�©¥ò&

?SQP�{"

2. SQP�{

Äk§·�?Ø¹�ª�å^��`z¯K�SQP�{§,�&?Ó�¹�ª�å^��Ø

�ª�å^��`z¯K�SQP�{"�,=�¹�ª�å�¯K3¢�¥¿Ø~�§�§éu

�Oäk���å¯K�SQP�{äk­�/�¿Â�ë�d�"

2.1. �ª�å`z¯K�Úî{

·�Äk'5�ª�å`z¯K

min f(x) (2.1a)

s.t. c(x) = 0. (2.1b)

Ù¥§f : Rn → R, c : Rn → Rm´1w¼ê"SQP�Ä�g�´ÏL�g5yf¯K3�cS

�xk?é(2.1) ï�§¿¦^Tf¯K����5½Â#�S�xk+1"]Ô3uXÛ�O�g5y

f¯K§¦�.��å`z¯K��ûÐ�Ú�§l
¦��SQP�{äkûÐ�Âñ5ÚûÐ

�¢^5U"

�¯K(2.1)�'�.�KF¼ê´

L(x, λ) = f(x)− λT c(x). (2.2)

�^A(x) 5L«��å^��'�ä�'Ý
§=

A(x)T = [∇c1(x),∇c2(x), . . . ,∇cm(x)]. (2.3)

Ù¥ci(x)´�þc(x)�1i�©þ. l.�KF¼êL(x, λ)����ê34�:?���0§��

F (x, λ) =

[
∇f(x)−A(x)Tλ

c(x)

]
= 0. (2.4)

ù�´��KKT^�^u�ª�å��¹§d�§|¹n + m���ê(x§λ��)"XJA∗÷�§

K�ª�å¯K(2.1)�?Û)(x∗, λ∗)Ñ÷vþã�§|"
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��5�§|(2.4)�ä�'Ý
deª�Ñ[
∂
∂x

(∇f(x)−A(x)Tλ) ∂
∂λ

(∇f(x)−A(x)Tλ)
∂
∂x
c(x) ∂

∂λ
c(x)

]
=

[
W (x, λ) −A(x)T

A(x) 0

]
. (2.5)

Ù¥§WL«.�KF¼ê(2.2)�¤k���ê/¤�HessianÝ


W (x) = ∇2
xxL(x, λ). (2.6)

�±¦^Úî{¦)þã��5�§|(2.4)§Úî{deªS�úª�Ñµ[
xk+1

λk+1

]
=

[
xk

λk

]
+

[
pk

pλ

]
. (2.7)

Ù¥§pkÚpλ÷v [
Wk −ATk
Ak 0

][
pk

pλ

]
=

[
−∇fk +ATk λk

−ck

]
, (2.8)

ùpWk = W (xk), Ak = A(xk), ck = c(xk). fk = f(xk), ∇fk = ∇f(xk).

(2.7)´ÚîS�{�Ì�Ú½"­E$�(2.7)�Âñ§Ò�±����5�§|(2.4)�)§

�Òm����`z¯K(2.4)�)"

2.2. �ª�å`z¯K�SQP�{

e¡�âþãÚîS�{§&?�ª�å`z¯K�SQP�{��OL§"lúª(2.7)§

(2.8)Ñu§½Â�g5y¯K£quadratic programming¤Xe

min
p

g(p) ≡ 1

2
pTWkp+∇fTk p (2.9a)

s.t. Akp+ ck = 0. (2.9b)

ùpb�Wk, Ak, ck�½ÂÓc�!"�¤½Â§¿�b½µ

(1)�åä�'Ý
Ak1��÷�"

(2)Ý
Wk3�å^����mþ´�½�§=éu¤k�d 6= 0ÑkdTWkd > 0=Akd = 0

�±y²§¯K(2.9)k����)(pk, µk), §÷v

Wkpk +∇fk −ATk µk = 0, (2.10a)

Akpk + ck = 0. (2.10b)
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Ù¥pkÚµk�±^Úî�§(2.8)�)5(½§XJò(2.8)�1���§ü>Ó�\þATk λk,Kk[
Wk −ATk
Ak 0

][
pk

pλ

]
=

[
−∇fk +ATk λk

−ck

]
. (2.11)

ùppλ ≡ µk − λk"'�(2.8)�(2.11)§�uy�ö��Ó�?"

¯¢þ: XJb�3xk?¤á§@o#�S�(xk+1, λk+1)Q�±½Â��g5y¯K(2.9)�

)§��±½Â�Úî{(2.7)§(2.8)A^u¯K��`^�e¤)¤�S�"Úî�*:r?


©Û§
SQP (sequential quadratic programming) µeU
í�ÑXe¢^��{µ

Algorithm 1. �ª�å`z¯K(2.1)�SQP�{

Ñ\:
å©:(x0, λ0),

1: for k=0,1,2, . . . do
2: O�fk, ∇fk, Wk = W (xk, λk), ck , and Ak ;

¦)(2.9) ½(2.10) ��pk Úµk ;
xk+1 ← xk + pk ; λk+1 ← µk ;

3: if ÷vÂñ5u� then
4: ÑÑCq)(xk+1, λk+1)
5: end if
6: end for

2.3. ����55y¯K�SQP�{

þãSQP�±éN´/*Ð�����55y¯K�¦)

min f(x) (2.12a)

s.t. ci(x) = 0, i ∈ E , (2.12b)

ci(x) ≥ 0, i ∈ I. (2.12c)

ùpE , Iþ´,
�ê|¤�®�8Ü"

SQP�Og´�,aq§��g´Xeµké�(2.12)��`)÷v�KKT^�¶,�|^Ú

îS�{5¦)KKT^�¤÷v��§|¶��ò1kÚÚîS�{����ª=��¹�å^�

��g5y¯K�¦)µ�Ò´§31kÚk½Âf¯K§��Xe¹�å^���g5y¯Kµ

min
p

g(p) ≡ 1

2
pTWkp+∇fTk p (2.13a)

s.t. ∇ci (xk)
T
p+ ci (xk) = 0, i ∈ E , (2.13b)

∇ci (xk)
T
p+ ci (xk) ≥ 0, i ∈ I, (2.13c)

e¡�(2.12)¤�O�ÛÜSQP�{�Ìþ¡�Og´.

lþ¡�{1��{2�±wÑµSQP�{�Ø%´ò�5���å¯K�)=���X��
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g5y¯K�¦)"Ï��g5y¯K�¦)�{®²�~¤Ù��õ§¤±ù«òE,¯K�

¦)=z�X�{ü¯K�¦)�{�JÑ��é¯��A^ó�ö��H"

Algorithm 2. �k{ZBFGS����å¯K�SQP�{

Ñ\:
å©:(x0, λ0), -k ← 0

1: while ØÂñ� do
2: O�fk, ∇fk, ∇2

xxfk, ck, ÚWk

3: ¦^QP¦)ì(XMatlab^�¥�quadprog)¦)(2.13), �pk
4: �#xk+1 = xk + pk
5: ^{ZBFGSCq��HessianÝ
Wk

6: u�Âñ5: �‖p‖∞ < ε Ê�; ÄKUYS�.
7: end while

3. ê�O�

3�!¥§ÏLü�~f�[?ØSQP�{�A^L§"·�©O?Ø
{ü�SQP�{§

�k{ZBFGS�SQP�{§�k{ZBFGS�SQP+�5|¢{�A^"

~1

min
x∈R5

ex1x2x3x4x5 − 1

2

(
x3

1 + x3
2 + 1

)2
(3.1a)

s.t. x2
1 + x2

2 + x2
3 + x2

4 + x2
5 − 10 = 0 (3.1b)

x2x3 − 5x4x5 = 0 (3.1c)

x3
1 + x3

2 + 1 = 0 (3.1d)

Ù¥§å©:x0 = (−1.71, 1.59, 1.82,−0.763,−0.763),®��`)�

x∗ = (−1.8, 1.7, 1.9,−0.8,−0.8)"

ù´���ª�å¯K§ò¦^S��g5y(SQP)5)û"§´ÄuS�5(½�
)§Ï

LÚî�{¦^O�Ú�Ú�5z�å§Ù¥KKT^�´l��5§S¥é��"�
¦{ü

�SQP�{ó�§b�ý��HessianÝ
´®���ÛÉ�"

Ú\.�KF¼ê�

L(x, λ) =ex1x2x3x4x5 − 1

2

(
x3

1 + x3
2 + 1

)2
−
[
λ1 λ2 λ3

]
x2

1 + x2
2 + x2

3 + x2
4 + x2

5 − 10

x2x3 − 5x4x5

x3
1 + x3

2 + 1

 . (3.2)
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KKT^����5�§|K´

F (x, λ) =

[
∇xL(x, λ)

∇λL(x, λ)

]
=

[
∇f(x)−∇c(x)λ

−c(x)

]
=

[
0

0

]
= 0 (3.3)

ä�'Ý
�

J
(
xk
)

=
[
∇F

(
xk
)]′

(3.4)

Kk

J
(
xk
) [ ∆x

∆λ

]
= −F

(
xk
)

(3.5)

F (x)�FÝ�

∇F
(
xk, λk

)
=

[
∇xF

(
xk, λk

)
∇λF

(
xk, λk

) ] =

[
∇2
xxL

(
xk, λk

)
−∇c

(
xk
)

−∇c
(
xk
)′

0

]
(3.6)

dÚî{� [
∇2
xxL

(
xk, λk

)
−∇c

(
xk
)

−∇c
(
xk
)′

0

][
∆x

∆λ

]
= −

[
∇xL

(
xk, λk

)
−c
(
xk
) ]

(3.7)

y3(3.7)k��÷vIO/ª���)

min
∆x∈Rn

1

2
∆x′H∆x+ g′∆x (3.8)

s.t. A′∆x = b (3.9)

Ù¥§H = ∇2
xxL

(
xk, yk

)
, g = ∇f

(
xk
)
, A = ∇c

(
xk
)

and b = −c
(
xk
)
.

y3�±¦)∆xÚλk+1
old §��x

k+1Úλk+1
new�Ú��#:[

xk+1

λk+1
new

]
=

[
xk

λk+1
old

]
+

[
∆x

0

]
(3.10)

�\Ð©�

x0 = (−1.8, 1.7, 1.9,−0.8,−0.8)T

±e©O^^ÄuÚî{�SQP�{!HessianÝ
�{ZBFGSCq�SQP�{!HessianÝ
�

{ZBFGSCqÚ�5|¢�SQP�{5¦)§¿?1é'"

n«�{¦^�Ð©�þ�x0 = (−1.8, 1.7, 1.9,−0.8,−0.8)T§S�¥�¦)�Xe
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Table 1. Sequence of iterations of simple SQP

L 1. {üSQP�S�S�

S�� x1 x2 x3 x4 x5 λ1 λ2 λ3 F
1 -1.8 1.7 1.9 -0.8 -0.8 0.0024952 0.019985 -0.082223 0.02093
2 -1.6829 1.5594 1.8943 -0.76914 -0.76914 -0.034542 0.033611 -0.0043357 0.05249
3 -1.7231 1.6027 1.8179 -0.76381 -0.76381 -0.039848 0.037528 -0.0064712 0.053455
4 -1.7171 1.5957 1.8273 -0.76366 -0.76366 -0.040155 0.037949 -0.0052262 0.05394
5 -1.7171 1.5957 1.8272 -0.76364 -0.76364 -0.040163 0.037958 -0.0052226 0.05395

Table 2. SQP iteration sequence of BFGS algorithm with damping

L 2. �k{Z�BFGS�{�SQPS�S�

S�� x1 x2 x3 x4 x5 λ1 λ2 λ3 F
1 -1.8 1.7 1.9 -0.8 -0.8 0.0024952 0.019985 -0.082223 0.02093
2 -1.7269 1.6087 1.8132 -0.76362 -0.76362 -0.044088 0.019613 -0.084656 0.052928
3 -1.7243 1.6041 1.8138 -0.76282 -0.76282 -0.039379 0.037364 -0.019088 0.053973
4 -1.7207 1.5998 1.8207 -0.76325 -0.76325 -0.040605 0.038049 -0.0047908 0.053951
5 -1.7171 1.5957 1.8274 -0.76366 -0.76366 -0.039015 0.037338 -0.018446 0.053946
6 -1.7171 1.5957 1.8273 -0.76365 -0.76365 -0.04014 0.037929 -0.0055048 0.05395
7 -1.7172 1.5958 1.8271 -0.76363 -0.76363 -0.040108 0.037958 -0.0056514 0.05395
8 -1.7171 1.5957 1.8272 -0.76364 -0.76364 -0.040138 0.037981 -0.005331 0.05395
9 -1.7171 1.5957 1.8272 -0.76364 -0.76364 -0.040162 0.037957 -0.0052308 0.05395
10 -1.7171 1.5957 1.8272 -0.76364 -0.76364 -0.040163 0.037958 -0.0052227 0.05395

Table 3. SQP iterative sequence and linear search with damped BFGS

L 3. �k{ZBFGS�SQPS�S�Ú�5|¢

S�� x1 x2 x3 x4 x5 λ1 λ2 λ3 F
1 -1.8 1.7 1.9 -0.8 -0.8 0.0024952 0.019985 -0.082223 0.02093
2 -1.7269 1.6087 1.8132 -0.76362 -0.76362 -0.044088 0.019613 -0.084656 0.052928
3 -1.7243 1.6041 1.8138 -0.76282 -0.76282 -0.039379 0.037364 -0.019088 0.053973
4 -1.7207 1.5998 1.8207 -0.76325 -0.76325 -0.040605 0.038049 -0.0047908 0.053951
5 -1.7171 1.5957 1.8274 -0.76366 -0.76366 -0.039015 0.037338 -0.018446 0.053946
6 -1.7171 1.5957 1.8273 -0.76365 -0.76365 -0.04014 0.037929 -0.0055048 0.05395
7 -1.7171 1.5957 1.8272 -0.76364 -0.76364 -0.040133 0.037935 -0.0055349 0.05395
8 -1.7171 1.5957 1.8272 -0.76364 -0.76364 -0.040163 0.037958 -0.0052226 0.05395

ØÓSQP�{�Âñ�ÝÚÂñ5deãL«

lL 1!L 2!L 3�(Jw§S�S����)Âñu�`)x∗ = (−1.8, 1.7, 1.9,−0.8,−0.8)"

lã 1¥�±wÑ§¤k��{q�Ñäk��5�Âñ�Ý"äký�HessianÝ
�ÛÜSQPq

�äk�Ð�Âñ�Ý§Xã 2¤«§ù´k¿Â�§Ï�.�KFHessianÝ
O\
'u

`z¯K��	&E§
Ø7Cq"lã 2¥�±wÑ§ÛÜSQPÚäk��|¢Ú�k{

ZBFGS�SQPq�é¯Âñ�)§¦^��|¢�{ZBFGSA��ÛÜSQP��¯/�C)§

�´I��õ�S�âU��Âñ���N�"
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Figure 1. Convergence rate of different SQP methods

ã 1. ØÓSQP�{�Âñ�Ý

Figure 2. Convergence of different SQP methods

ã 2. ØÓSQP�{�Âñ5
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~2

min x2
1 + 2x2

2 − 2x1 − 6x2 − 2x1x2 (3.11a)

s.t.
1

2
x1 +

1

2
x2 ≤ 1, (3.11b)

− x1 + 2x2 ≤ 2, (3.11c)

x1, x2 ≥ 0. (3.11d)

�þ��¯K�'§�Ñ
��Ø�ª�å¯K"ùI�éSQPµe?1*Ð§�Ñ���

����55y¯K

min
x

f(x) (3.12a)

s.t. ci(x) = 0, i ∈ E (3.12b)

ci(x) ≥ 0, i ∈ I (3.12c)

3�K¥

c1(x) = −1

2
x1 −

1

2
x2 + 1, (3.13a)

c2(x) = x1 − 2x2 + 2, (3.13b)

c3(x) = x1, (3.13c)

c4(x) = x2. (3.13d)

(3.13e)òÙ�5z��

min
p

fk +∇fTk p+
1

2
pT∇2

xxLkp (3.14a)

s.t. ∇ci (xk)
T
p+ ci (xk) = 0, i ∈ E (3.14b)

∇ci (xk)
T
p+ ci (xk) ≥ 0, i ∈ I (3.14c)

þ¡�ªf�±�¤IO/ª§dufk�´��~ê§�Ñfk:

min
p∈R2

1

2
pTHp+ gp (3.15a)

s.t. ATp− b ≥ 0 (3.15b)

-

A (xk)
T

=
[
∇c1 (xk) ∇c2 (xk)

]
, (3.16a)

b (xk) = −
[
c1 (xk) c2 (xk)

]
, (3.16b)

g (xk) = ∇f (xk)
T
, (3.16c)

H = ∇2
xxLk (3.16d)
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d(3.11)��FÝ∇f(x)

∇f(x) =

[
∂f
∂x1

∂f
∂x2

]
=

[
2x1 − 2− 2x2

4x2 − 6− 2x1

]
. (3.17)

OÚîCqBkd{ZBFGS�{Cq,ÏdBk ≈ ∇2
xxLk"�å¼ê�FÝXe:

∇c1(x) =

[
∂c1
∂x1

∂c1
∂x2

]
=

[
− 1

2

− 1
2

]
, (3.18a)

∇c2(x) =

[
∂c2
∂x1

∂c2
∂x2

]
=

[
1

−2

]
, (3.18b)

∇c3(x) =

[
∂c3
∂x1

∂c3
∂x2

]
=

[
1

0

]
, (3.18c)

∇c4(x) =

[
∂c4
∂x1

∂c4
∂x2

]
=

[
0

1

]
. (3.18d)

¢y���HessianÝ
k{Z�BFGSCq�SQPL§"����L§Ù¥�¹ØÓå:�S�

S�"3�p�ã¥±�S�S�"ÀJo�Ð©å::ü�3�1«��SÜ§��3��º:§

��3�1«��>.(Ø´��º:)"

Figure 3. SQP method + BFGS

ã 3. SQP�{ + BFGS
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Table 4. SQP iterative sequence with damped BFGS + linear search

L 4. �k{ZBFGS�SQPS�S�

S�� x1 x2 x1 x2 x1 x2 x1 x2

0 0 0.5 1 0.5 -2 0 0 0
1 0.6667 1.3333 0.6667 1.3333 1.9999 5.9814*e−5 0.6667 1.3333
2 0.8799 1.1201 0.7476 1.2524 0.6667 1.3333 0.7997 1.2003
3 0.8224 1.1776 0.7567 1.2433 0.7621 1.2321 0.7998 1.2002
4 0.8 1.2 0.7944 1.2056 0.7924 1.2076 0.8 1.2
5 0.8 1.2 0.8 1.2 0.8 1.2 0.8 1.2
6 0.8 1.2 0.8 1.2 0.8 1.2
7 0.8 1.2
8 0.8 1.2
9 0.8 1.2
10 0.8 1.2
11 0.8 1.2
12 0.8 1.2

^HessianÝ
�{ZBFGSCqÚ��|¢¢yù�L§"^S�S�����L"���

��¹�'ÚO&E�L�(¼êN^�)"3�p�ã¥±�S�S�"

Figure 4. SQP method + BFGS + linear search

ã 4. SQP�{ + BFGS+�5|¢
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Table 5. SQP iterative sequence with damped BFGS + linear search

L 5. �k{ZBFGS�SQPS�S� +�5|¢

S�� x1 x2 x1 x2 x1 x2 x1 x2

0 0 0.5 1 0.5 -2 0 0 0
1 0.6667 1.3333 0.6667 1.3333 1.2000 4.7851*e−5 0.6667 1.3333
2 0.8031 1.1969 0.7476 1.2524 0.6667 1.3333 0.7997 1.2003
3 0.8009 1.1991 0.7567 1.2433 0.7633 1.2367 0.7998 1.2002
4 0.7998 1.2002 0.7944 1.2056 0.7696 1.2304 0.8 1.2
5 0.8 1.2 0.8 1.2 0.7955 1.2045 0.8 1.2
6 0.8 1.2 0.8 1.2 0.8 1.2
7 0.8 1.2

lþãL 4!L 5�O�(J��§�¯K��`)Cq�x∗ = (0.8, 1.2)"lã 3!ã 4��§

�Ð©:u)Cz�(ü�3�1«��SÜ§��3��º:§��3�1«��>.),¦)�

S�gê�¬u)UC"

4. (Ø

¦)�ª�å¯KÚØ�ª�å¯K�§SQP�{Ñ´�«k�¦)�¯K��{"�©Ï

LÚ\.�KF¼ê§2éKKT^����5�§|?1¦)§3¦)L§¥2�½ØÓ�Ð©

:?1S�"3�©¥§éØÓ��{?1'�§'u{ü�SQP�{§�k{ZBFGS�SQP�

{§�k{ZBFGS�SQP +�5|¢{¦)¯K�L§?1?Ø§ïÄ
ØÓ�{�`³§¤

k�{Ñäk��5Âñ5"SQP�{��OØ%´ò�5���å¯K�)=���X�{ü

f¯K�¦)§'X�
{üf¯K  ´�g5y¯K"SQP�{��)û��5�å`z�

k���{��§8c®²�þA^3¢S¯K¥"n)ÚÝºSQP�{éu)û�ª�å¯K

ÚØ�ª�å¯Kké���Ï"
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