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Abstract

Cox and Czanner (2016) put forward the concept of survival divergence and studied

the survival divergence of some distributions. As a generalization of KL divergence,

survival divergence has been widely used in statistics, ecology and other fields. This

paper proposes the distribution difference of Cox-Czanner divergence under double-

truncated random variables, studies the boundedness and monotonicity of the survival

divergence of double-truncated random variables by means of generalized failure rate

method, and discusses the influence of monotonic transformation on the survival di-

vergence. Finally, the survival divergence of double truncated random variables is

applied to the proportional dominance model by the transformation of distribution.
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1. Úó

ÑÝÝþ�nØ�£3CA�c5��
éÐ�ïÄ, ¿2�/A^3ó§Ú�Æ���+

�, �~��ÝþkKullback- leibler ÑÝ(KL divergence) [1]!Renyi ÑÝ [2]!KagansÑÝ(k�

ål) [3]!Cox-CzannerÑÝ�. 'uÑÝÝþnØÚA^��õ[!, �±ë�Basseville, M. [4],

Vonta, F.ÚKaragrigoriou, A. [5]�©z. Ù¥Cox-Czanner [6]ÑÝÏÝþü|)�¼ê�m��É

��
2�A^, ~X�±)º�´�|�ö3�mtk�,�|�ö3�mt��¹�ýéV

Ç��È©. b�ëY�ÅCþXÚY©Ok©Ù¼êF (x) ÚG(x)§)�¼êF̄ (x) ÚḠ(x), VÇ

�Ý¼êf(x) Úg(x) ±9��Ç¼êh1(x) = f(x)/F̄ (x) Úh2(x) = g(x)/Ḡ(x),KCox-CzannerÑ

Ý�½Â�,

I(F,G) =

∫ ∞
0

∣∣f(x)Ḡ(x)− g(x)F̄ (x)
∣∣dx. (1)
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2022c, MansourzarÚAsadi [7]?�Ú*Ð
Cox-CzannerÑÝ,?Ø
ü«�{Æ·XtÚYt�

m�ÑÝ, Ù¥Xt = (X − t|X > t) , Yt = (Y − t|Y > t), XtÚYt �VÇ�Ý¼ê©O�fXt
=

f(x+ t)/F̄ (t) ÚgYt
= g(x+ t)/Ḡ(t) , e

3D(F,G; t) =

∫∞
t

∣∣f(x)Ḡ(x)− g(x)F̄ (x)
∣∣ dx

F̄ (t)Ḡ(t)
. (2)

K¡D(F,G; t)�Cox-Czanner�{Æ·ÑÝ.

2022c, Mansourzar [8]ïÄ
�{Æ·�éóÝþ, =>��mtX = (t −X|X ≤ t) ÚtY =

(t − Y |Y ≤ t)�ÑÝ, ÙVÇ�Ý¼ê©O�f
tX(x) = f(x)/F (t)Úg

tY (x) = g(x)/G(t), \È©Ù

¼ê©O�F
tX(x) = F (x)/F (t) ÚG

tY (x) = G(x)/G(t),e

D̄(F,G; t) =

∫ t
0
|f(x)G(x)− g(x)F (x)|dx

F (t)G(t)
. (3)

K¡D̄(F,G; t)�Cox-Czanner>��mÑÝ.

Cc5, 'uV�ä�ÅCþ�Ýþ¯K�5�É�H [4, 9–11], 3)�©ÛÚ��5ó§�

+��´�É'5. ~X���XÚ�Æ·?u«m(t1, t2)�, I�ïÄT«mS�Æ·&E. ��

O(�ÝþV�ä�ÅCþ�&E, �©ÄuCox-Czanner�{Æ·Ú>��mÑÝ, ïÄ
V�ä

�ÅCþ�Cox-CzannerÑÝ, e¡�ÑÙ½Â.

½Â 1 b�XÚYL«ü�ëY�ÅCþ,©Ù¼ê©O�F (x)ÚG(x),�Ý¼ê©O�f(x)Úg(x),

Xt1,t2 = [X|t1 < X < t2] ÚYt1,t2 = [Y |t1 < Y < t2] ©O´XÚY �'�V�ä�m,

(t1, t2) ∈ D = {(x, y)|F (x) < F (y)ÚG(x) < G(y)}, e

ID(X,Y ; t1, t2) =

∫ ∞
0

|ft1,t2(x)Gt1,t2(x)− gt1,t2(x)Ft1,t2(x)|dx

=

∫ t2
t1
|f(x)G(x)− g(x)F (x)|dx

∆F∆G
+

∣∣∣∣F (t1)

∆F
− G(t1)

∆G

∣∣∣∣ ,
(4)

Ù¥∆F = F (t2)− F (t1), ∆G = G(t2)−G(t1),K¡ID(X,Y ; t1, t2)�V�äCox-CzannerÑÝ.

�©�SüXeµ312!¥, ·��Ñ
'uV�ÑÝ�Ì�(J. äN/, ·�¼�
ÑÝ

�.. 313!¥ïÄ
V�äÑÝ�üN1�±9üNC�éV�äÑÝ�K�. 314!¥, é,


a.�=��.?1
ÑÝÝþ�µ�.

2. V�äCox-CzannerÑÝ�5�

2.1. k.5

½n 1 b�XÚY´ü��ÅCþ, Xt1,t2 = [X|t1 < X < t2] ÚYt1,t2 = [Y |t1 < Y < t2] ©O´

�XÚY �'�V�ä�m,é(4)ª¥L«�ÑÝÝþID(X,Y ; t1, t2),k0 ≤ ID(X,Y ; t1, t2) ≤ 1.
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y² w,, ��m�'�ÑÝÝþID(X,Y ; t1, t2)´�K�, =ID(X,Y ; t1t2) ≥ 0, ��=

�F (x) = G(x) ��Ò¤á. Ïd�Iy²ID(X,Y ; t1t2) ≤ 1.

ID(X,Y ; t1, t2)

=

∫ t2
t1
|f(x)(G(t2)−G(x))− g(x)(F (t2)− F (x))| dx

∆F∆G

=

∣∣∣∣∣
∫ t2
t1
f(x)G(t2)dx−

∫ t2
t1
f(x)G(x)

∆F∆G
−
∫ t2
t1
g(x)F (t2)dx−

∫ t2
t1
g(x)f(x)dx

∆F∆G

∣∣∣∣∣
≤
∣∣∣∣G(t2)∆F −G(t2)∆F − F (t2)∆G+ F (t2)G(t2)− F (t1)G(t1)−G(t2)∆F

∆F∆G

∣∣∣∣
= 1.

(5)

y²�¤.

2.2. üN5

½n 2 ��ÅCþXÚY©Ok�Ý¼êf(x)Úg(x), ©Ù¼ê©O�F (x)ÚG(x).

(i) éu?¿t1 ≤ t2 , t2�½�, eID(X,Y ; t1, t2)'u´t14O(4~)�, KID(X,Y ; t1, t2) ≥ (≤)∣∣∣hX1 (t1, t2)G(t1)
∆G
− hY1 (t1, t2)F (t1)

∆F

∣∣∣− ∣∣∣hX1 (t1, t2)F (t2)
∆F
− hY1 (t1, t2)G(t2)

∆G

∣∣∣
hX1 (t1, t2) + hY1 (t1, t2)

; (6)

(ii) éu?¿t1 ≤ t2 , t1�½�, et2 'uID(X,Y ; t1, t2) ´4O(4~)�, KID(X,Y ; t1, t2) ≤
(≥) ∣∣∣hX2 (t1, t2)G(t2)

∆G
− hY2 (t1, t2)F (t2)

∆F

∣∣∣+
∣∣∣hY2 (t1, t2)G(t1)

∆G
− hX2 (t1, t2)F (t1)

∆F

∣∣∣
hX2 (t1, t2) + hY2 (t1, t2)

. (7)

y² (4)©O'ut1Út2¦�, ��

∂

∂t1
ID(X,Y ; t1, t2)

= (hX1 (t1, t2) + hY1 (t1, t2))ID(X,Y ; t1, t2)−
∣∣∣∣hY1 (t1, t2)

F (t1)

∆F
− hX1 (t1, t2)

G(t1)

∆G

∣∣∣∣
+

∣∣∣∣hY1 (t1, t2)
G(t2)

∆G
− hX1 (t1, t2)

F (t2)

∆F

∣∣∣∣ ,
(8)

DOI: 10.12677/pm.2023.133057 536 nØêÆ

https://doi.org/10.12677/pm.2023.133057


ë�w

Ú

∂

∂t2
ID(X,Y ; t1, t2)

= −(hX1 (t1, t2) + hY1 (t1, t2))ID(X,Y ; t1, t2) +

∣∣∣∣hY2 (t1, t2)
F (t2)

∆F
− hX2 (t1, t2)

G(t2)

∆G

∣∣∣∣
+

∣∣∣∣hX2 (t1, t2)
F (t1)

∆F
− hY2 (t1, t2)

G(t1)

∆G

∣∣∣∣ .
(9)

?-∂ID(X,Y ;t1t2)
∂t1

≥ (≤)0, ∂ID(X,Y ;t1t2)
∂t2

≥ (≤)0, ²L{z§��(6)Ú(7),=½ny²�¤.

3. üNC�

y3?ØüNC�éV�äCox-Czanner ÑÝID(X,Y ; t1t2)�K�.

½n 3 �XÚY´ü�ýéëY��K�ÅCþ, VÇ�Ý¼ê©O�f(x) Úg(x), ©Ù¼ê©O

�F (x)ÚG(x). eV�¼êφ1Úφ2´î�üN����, Kéu¤k0 ≤ t1 < t2 < +∞, k

ID(φ1(X), φ2(Y ); t1, t2) =



IDφ1(X,φ−1
1 (φ2(Y ));φ−1

1 (t1), φ−1
1 (t2)),

XJφ1 Úφ2 ´î�üN4O�;

IDφ1(X,φ−1
1 (φ2(Y ));φ−1

1 (t2), φ−1
1 (t1)),

XJφ1 Úφ2 ´î�üN4~�.

y²XJφ1(x) Úφ2(x) ´î�4O¼ê, @oφ1(X)Úφ2(Y ) �VÇ�Ý¼êÚ©Ù¼ê©O�±

L«�

fφ1
(x) =

f(φ−1
1 (x))

φ1
′(φ−1(x))

Fφ(x) = F (φ−1
1 (x)), (10)

Ú

gφ2
(x) =

g(φ−1
2 (x))

φ1
′(φ−1(x))

Gφ(x) = G(φ−1
2 (x)), (11)

d	, �±��φ−1
1 (φ2(x) �VÇ�Ý¼êÚ©Ù¼ê©O�

gφ−1
1 (φ2)(x) =

g(φ−1
2 (φ1(x))φ1

′(x)

φ2
′(φ−1

2 (φ1(x))
, Gφ−1

1 (φ2)(x) = G(φ−1
2 (φ1(x))). (12)
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ò(10)Ú(11)�\(4)��

ID(φ1(X), φ2(Y ); t1, t2)

=

∣∣∣∣∣
∫ t2
t1

(F (φ−1
1 (x))g(φ−1

2 (x))/φ2
′(φ−1

2 (x))− f(φ−1
1 (x))G(φ−1

2 (x))/φ1
′(φ−1

1 (x)))dx

∆F φ1∆Gφ2

∣∣∣∣∣
+

∣∣∣∣G(φ−1
2 (t2))

∆Gφ2
− F (φ−1

1 (t1))

∆F φ1

∣∣∣∣ ,
(13)

Ù¥∆F φ1 = F (φ−1
1 (t2)) − F (φ−1

1 (t1)) Ú∆Gφ1 = G(φ−1
1 (t2)) − G(φ−1

1 (t1)), é(13)¦^C�u =

φ−1
1 (x)k

ID(φ1(X), φ2(Y ); t1, t2)

=

∣∣∣∣∣∣
∫ φ−1

1 (t2)

φ−1
1 (t1)

(F (u)g(φ−1
2 (φ1(u)))φ′(u)/φ2

′(φ−1
2 (φ1(u)))− f(u)G(φ−1

2 (φ1(u)))/)du

∆F φ1∆Gφ2

∣∣∣∣∣∣
+

∣∣∣∣G(φ−1
2 (t2))

∆Gφ2
− F (φ−1

1 (t1))

∆F φ1

∣∣∣∣ ,
= IDφ1(X,φ−1

1 (φ2(Y ));φ−1
1 (t1), φ−1

1 (t2)).

(14)

½n3�y²Ò�¤
.

4. '~`³�.

y3·�ïÄ©ÙC��.e�ÑÝÝþID(X,Y ; t1, t2), ¿$^V�äCox-CzannerÑÝé

'~`³�.?1Ýþ.

½Â 2 (©ÙC��.) �H´ëY©Ù¼ê, ÙVÇ�Ý¼êh ∈ [0, 1], ��=�ª½ó�¼ê,

FÄ©Ù¼ê,H�©ÙC�¼êG, eé¤k�x > 0,k

G(x) = H(F (x)), (15)

K¡FÚG÷v©ÙC��..

4.1. '~`³�.

½Â 3 ('~`³�.) b��ÅCþXÚY©Oäk)�¼êF̄ (x)ÚḠ(x), ©Ù¼ê©O�F (x)

ÚG(x), e�3'~~êθ > 0, é¤k�x > 0, Ñk

Ḡ(x)

G(x)
= θ

F̄ (x)

F (x)
, (16)

K¡XÚY÷v'~`³�..

½n 4 b��ÅCþXÚY©Ok©Ù¼êF (x)ÚG(x)±9)�¼êF̄ (x)ÚḠ(x), �©ÙC
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�H(x) = x/(θ + (1− θ)x), Ù¥θ < x < 1, θ > 0 , Kk

ID(X,Y ; t1, t2) =
F (t2) + F (t1)

F (t2)− F (t1)
+

2θ

(1− θ)(F (t2)− F (t1))
−

2(θ + (1− θ)F (t2))(θ + (1− θ)F (t1)) log θ+(1−θ)F (t2)
θ+(1−θ)F (t1)

(1− θ)2(F (t2)− F (t1))2
.

(17)

y²ò©ÙC�H(x)�\(15)ª, KFÚGáu'~`³�.a(16). Ïd(16)ª�±#U��

G(x) =
F (x)

θ + (1− θ)F (x)
, x > 0, (18)

d�

g(x) =
θf(x)

[θ + (1− θ)F (x)]
2 , (19)

ò(18) ªÚ(19) ª�\(4)ª¥§��Xe(J

ID(X,Y ; t1, t2)

=

∫ t2
t1

(1−θ)f(x)F 2(x)

[θ+(1−θ)F (x)]2
dx+ F (t1)F (t2)

θ(1−θ)F (t2)
− F (t1)F (t2)

θ(1−θ)F (t1)

θ(F (t2)−F (t1)2)
(θ+(1−θ)F (t2))(θ+(1−θ)F (t1))

=
(θ + (1− θ)F (t2))(θ + (1− θ)F (t1))

θ(1− θ)(F (t2)− F (t1))
− (1− θ)F (t1)F (t2)

θ(F (t2)− F (t1))

+
θ

(1− θ)(F (t2)− F (t1))
−

2(θ + (1− θ)F (t2))(θ + (1− θ)F (t1)) log θ+(1−θ)F (t2)
θ+(1−θ)F (t1)

(1− θ)2(F (t2)− F (t1)2)

=
F (t2) + F (t1)

F (t2)− F (t1)
+

2θ

(1− θ)(F (t2)− F (t1))

−
2(θ + (1− θ)F (t2))(θ + (1− θ)F (t1)) log θ+(1−θ)F (t2)

θ+(1−θ)F (t1)

(1− θ)2(F (t2)− F (t1))2
.

(20)

y²�..

5. o(

M_¾´8cî�³<aèxÚ)·�D/��§ÙdÏÏ�@�´la/<a�¼"�

¾Ó1.��ä�M_¾�m��m [12]. CA�c5IS	éM_¾dÏÏ�ïÄ?1
�þ&

¢§ù�´M_¾61¾ÆïÄ��SN. M_¾dÏÏêâ¥�3�þ�í�½�ä�Ø��

êâ§¤±|^TV�äéÙ?1Ünk�©Ûò¬éM_¾�ïÄJø��Ï§�du"y

ý¢êâ§édØ2Þ¢~`².

DOI: 10.12677/pm.2023.133057 539 nØêÆ

https://doi.org/10.12677/pm.2023.133057


ë�w

ë�©z

[1] Kullback, S. and Leibler, R.A. (1951) On Information and Sufficiency. Annals of the Institute

of Statistical Mathematics, 22, 79-86. https://doi.org/10.1214/aoms/1177729694

[2] Renyi, A. (1961) On Measures of Entropy and Information. Mathematical Statistics and Prob-

ability, 4, 547-561.

[3] Nikulin, M. (2001) Hellinger Distance. Vol. 10, Springer-Verlag, Berlin.

[4] Basseville, M. (2013) Divergence Measures for Statistical Data Processing—An Annotated

Bibliography. Signal Process, 93, 621-633. https://doi.org/10.1016/j.sigpro.2012.09.003

[5] Vonta, F. and Karagrigoriou, A. (2010) Generalized Measures of Divergence in Survival Anal-

ysis and Reliability. Journal of Applied Probability, 47, 216-234.

https://doi.org/10.1239/jap/1269610827

[6] Cox, T.F. and Czanner, G. (2016) A Practical Divergence Measure for Survival Distributions

That Can Be Estimated from Kaplan-Meier Curves. Statistics in Medicine, 35, 2406-2421.

https://doi.org/10.1002/sim.6868

[7] Mansourvar, Z. and Asadi, M. (2020) An Extension of the Cox-Czanner Divergence Measure

to Residual Lifetime Distributions with Applications. Statistics, 54, 1311-1328.

https://doi.org/10.1080/02331888.2020.1862117

[8] Mansourvar, Z. (2022) A Dynamic Measure of Divergence between Two Inactivity Lifetime

Distributions. Statistics, 56, 147-163. https://doi.org/10.1080/02331888.2022.2038164

[9] Poursaeed, M.H. and Nematollahi, A.R. (2008) On the Mean Past and the Mean Residual Life

under Double Monitoring. Communications in Statistics—Theory and Methods, 37, 1119-1133.

https://doi.org/10.1080/03610920701762796

[10] Khorashadizadeh, M., Rezaei Roknabadi, A.H. and Mohtashami Borzadaran, G.R. (2012)

Characterizations of Lifetime Distributions Based on Doubly Truncated Mean Residual Life

and Mean Past to Failure. Communications in Statistics—Theory and Methods, 41, 1105-1115.

https://doi.org/10.1080/03610926.2010.535626

[11] Betensky, R.A. and Martin, E.C. (2003) Commentary: Failure-Rate Functions for Doubly

Truncated Random Variables. IEEE Transactions on Reliability, 52, 7-8.

https://doi.org/10.1109/TR.2002.807241

[12] Kirmani, S. and Gupta, R.C. (2001) On the Proportional Odds Model in Survival Analysis.

Annals of the Institute of Statistical Mathematics, 53, 203-216.

https://doi.org/10.1023/A:1012458303498

DOI: 10.12677/pm.2023.133057 540 nØêÆ

https://doi.org/10.1214/aoms/1177729694
https://doi.org/10.1016/j.sigpro.2012.09.003
https://doi.org/10.1239/jap/1269610827
https://doi.org/10.1002/sim.6868
https://doi.org/10.1080/02331888.2020.1862117
https://doi.org/10.1080/02331888.2022.2038164
https://doi.org/10.1080/03610920701762796
https://doi.org/10.1080/03610926.2010.535626
https://doi.org/10.1109/TR.2002.807241
https://doi.org/10.1023/A:1012458303498
https://doi.org/10.12677/pm.2023.133057

	双截断随机变量的 Cox-Czanner散度
	摘  要
	关键词
	Cox-Czanner Divergence of a Doubly Truncated Random Variable
	Abstract
	Keywords
	1. 引言
	2. 双截断Cox-Czanner散度的性质
	3. 单调变换
	4. 比例优势模型
	5. 总结
	参考文献

