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Abstract

In this paper, we study some criterions and homological properties of max-cotorsion

modules. It is proved that the class of max-flat modules and the class of max-cotorsion

modules is a perfect and hereditary cotorsion pair.
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1. Úó

3�©¥,XJvkAO�Ñ,�Ä�¤k�´(Ü�,¤k�´j�.{L�´ÓN�ê��

Ø¥�­�ïÄé���,3�êAÛÚ�êL«nØ¥k­�A^,
�{L�3é�«���

x¥�åXé���^.

1959c, Harrison3 [1]¥�
�x�k�� Abelian+�(�Ú5�,Ú\
{L��Vg.

1996c, Xu3 [2]¥XÚ�?Ø
{L���'5�,y²
²"�a�{L�a�¤
{Lé,d

	 Xu�y²
z� R�´{L���=�� R´����. 2000c, Trlifaj3 [3]¥y²
²"C

XÚ{L�ä��35. 2005c, MaoÚ Ding3 [4]¥?�ÚïÄ
{L��5�. 2010 c, Xiang

3 [5]¥|^²"���'5��Ñ
4�²"��½Â,ïÄ
4�²"��5�,¿|^��4

�²"�ê�x
4�và�. 2021c, Alagoz3 [6]¥|^4�²"�Ú\
4�{L�,|^4

�²"�Ú4�{L��x
���,4�¢D�,¿y²
z��k��4�²"CXÚ��4

�{L�ä.

Édéu,�©?�ÚïÄ
4�{L�,¿a'{L�éÙ�'5��
?Ø.��y²


4�²"�a�4�{L�a�¤
���¢D�{Lé.

2. ý��£

½Â 2.1 ( [7])� C ´?¿�a, M ´ R-�.

(1) ¡�� θ: C → M ´ M � C-ýCX, XJ C ∈ C ¿�é?¿��� f : C ′ → M , Ù¥

C ′ ∈ C,�3�� h: C ′ → C ¦� θh = f .¡ C-ýCX θ: C →M ´M � C-CX,XJ÷v θβ = θ

�gÓ� β ´gÓ�.

(2) ¡�� ϕ: M → C ´ M � C-ý�ä, XJ C ∈ C ¿�é?¿��� f : M → C ′, Ù¥

C ′ ∈ C,�3�� g: C → C ′¦� gϕ = f .¡ C-ý�ä ϕ:M → C ´M � C-�ä,XJ÷v ηϕ = ϕ

�gÓ� η´gÓ�.
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½Â 2.2 ( [8])� C Ú D´ü��a.

(1)¡ (C,D)�{Lé,XJ C⊥ = D, C =⊥ D,Ù¥

C⊥ = {M ∈ R-Mod | Ext1R(C,M) = 0,∀C ∈ C},

⊥C = {M ∈ R-Mod | Ext1R(M,C) = 0,∀C ∈ C}.

(2) ¡{Lé (C,D) ´���, XJé?¿ R-� M , k�Ü� 0 −→ D −→ C −→ M −→ 0 Ú

0 −→M −→ D′ −→ C ′ −→ 0,Ù¥ C, C ′ ∈ C, D, D′ ∈ D.

(3)¡{Lé (C,D)´���,XJz� R-�k�� C-CXÚ�� D-�ä.

(4)¡{Lé (C,D)´¢D�,XJé?¿�á�Ü�

0 −→ A −→ B −→ C −→ 0.

e B, C ∈ C,K A ∈ C.

½Â 2.3 ( [5])¡ R-� A´4�²"�,XJé R�?¿4�n� I,k

TorR1 (A,R/I) = 0.

½Â 2.4 ( [4])¡ R-� A´{L�,XJé?¿²"� F ,k Ext1R(F,A) = 0.

3. Ì�(J

·�Äk�Ñ Alagoz3 [6]¥Ú\�4�{L��½Â.

½Â 3.1 ( [6])¡ R-� B ´4�{L�,XJé?¿�4�²"� A,k

Ext1R(A,B) = 0.

5P 3.2d½Â�, {S��}⊆{4�{L�}⊆{{L�}.

Ún 3.3 ( [9],½n 3) M ´4�²"���=�é?¿ü R-� B, n ≥ 1 ,k

TorRn (M,B) = 0.

·K 3.4éu R-� B,±eA^´�d�µ

(1) B ´4�{L�.
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(2)éuz�4�²" R-� A, n ≥ 1 ,k ExtnR(A,B) = 0.

(3)éu R-��z��Ü� 0 −→ F −→ C −→ A −→ 0,Ù¥ A´4�²"�,¼f

HomR(−, B)�±S���Ü5.

y²: (1) =⇒ (2)é n^8B{.e n = 1,Kd½Â��¤á.b�(Øé n− 1¤á.� A´

4�²"�.�Ä R-���Ü�

0 −→ K −→ A0 −→ A −→ 0,

Ù¥ A0´gd�.^ −⊗R R/I �^þã�Ü��,

TorR2 (A0, R/I)→ TorR2 (A,R/I)→ TorR1 (K,R/I)→ TorR1 (A0, R/I).

Ï� A0´gd�,¤±k TorR2 (A0, R/I) = TorR1 (A0, R/I) = 0.u´

TorR2 (A,R/I) ∼= TorR1 (K,R/I).

Ï� I ´ R�?¿4�n�,¤± R/I ´ü�.qÏ� A´4�²"�,¤±dÚn 3.3��

TorR2 (A,R/I) = 0.

u´ TorR1 (K,R/I) = 0.KK ´4�²"�.^ HomR(−, B)�^þãá�Ü��,�

Extn−1R (A0, B)→ Extn−1R (K,B)→ ExtnR(A,B)→ ExtnR(A0, B).

Ï� A0´gd�,¤± A0´Ý��.u´

Extn−1R (A0, B) = ExtnR(A0, B) = 0.

¤± Extn−1R (K,B) ∼= ExtnR(A,B).qÏ�K ´4�²"�,¤±d8Bb���,

Extn−1R (K,B) = 0.

¤± ExtnR(A,B) = 0.

(2) =⇒ (3)�Ä R-���Ü� 0 −→ F −→ C −→ A −→ 0,Ù¥ A´4�²"�.^ HomR(−, B)

�^þã�Ü��,��

0→ HomR(A,B)→ HomR(C,B)→ HomR(F,B)→ Ext1R(A,B).

Ï� Ext1R(A,B) = 0,¤±

0→ HomR(A,B)→ HomR(C,B)→ HomR(F,B)→ 0
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�Ü.

(3) =⇒ (1)� A´4�²"�.�Ä R-���Ü� 0 −→ F −→ C −→ A −→ 0,Ù¥ C ´Ý��.

·�kXe�Ü�

0→ HomR(A,B)→ HomR(C,B)→ HomR(F,B)→ Ext1R(A,B)→ Ext1R(C,B) = 0.

db� Ext1R(A,B) = 0.Ïd B ´4�{L�.

·K 3.5e4�{L�a'u�Úµ4,K±e�d:

(1) B ´4�{L�.

(2)éz�Ý�� P , P ⊗R B ´4�{L�.

y²: (1) =⇒ (2)� A´4�²"�, P ´��Ý� R-�.K�3��Ý�� P ′¦�éu,


�I8 I,k R(I) ∼= P ⊕ P ′.Ï� R⊗R B ∼= B,¤±

Ext1R(A,B(I)) ∼= Ext1R(A,R(I) ⊗R B)

∼= Ext1R(A, (P ⊕ P ′)⊗R B)

∼= Ext1R(A, (P ⊗R B)⊕ (P ′ ⊗R B))

∼= Ext1R(A,P ⊗R B)⊕ Ext1R(A,P ′ ⊗R B)

Ï�4�{L�a'u�Úµ4, ¤± B(I) ´4�{L�. qÏ� A ´4�²"�, ¤±

Ext1R(A,B(I)) = 0.Ïd Ext1R(A,P ⊗ B) = 0.� P ⊗R B ´4�{L�.

(2) =⇒ (1)-P = R.Ï� R⊗R B ∼= B,¤± B ´��4�{L�.

·K 3.6é?¿��q� {Bi}i∈I Ù¥ I ´���I8,
∏

i∈I Bi ´4�{L���=�z�

Bi´4�{L�.

y²: =⇒ ) � A´4�²" R-�,�
∏

i∈I Bi´4�{L�.K

Ext1R(A,
∏
i∈I

Bi) = 0.

d ( [10],½n 2)��,kg,Ó�'X, Ext1R(A,
∏

i∈I Bi) ∼=
∏

Ext1R(A,Bi).u´

Ext1R(A,Bi) = 0.

�z� Bi´4�{L�.
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⇐= ) � A´4�²" R-�,�z� Bi´4�{L�,k Ext1R(A,Bi) = 0.2dg,Ó�'X

Ext1R(A,
∏
i∈I

Bi) ∼=
∏

Ext1R(A,Bi)

�� Ext1R(A,
∏

i∈I Bi) = 0.�
∏

i∈I Bi´4�{L�.

·K 3.7� R´���.K±e^�´�d�:

(1)z� R-�´4�{L�.

(2)z�4�²" R-�´Ý��.

d	,e R÷vþã^���,K R´�����.

y²: (1) =⇒ (2) � A ´4�²" R-�. d (1) ��, ?¿ R-� B ´4�{L�. u´

Ext1R(A,B) = 0.� A´Ý��.

(2) =⇒ (1) � A´4�²" R-�.K A´Ý��.u´é?¿ R-� B,k

Ext1R(A,B) = 0.

K B ´��4�{L R-�.

d5P 3.2��, B´{L�,d ( [2],·K 3.3.1)��,z� R-�´{L���=� R´���.�

� R÷vþã^� (1)�,K R´�����.

Ún 3.8ü��«5�´4�{L�.

y²:�M ´4�²" R-�, D´ü�.dÓ�ª

ExtnR(M,D+) ∼= TorRn (M,D)+

� TorRn (M,D) = 0,l
 ExtnR(M,D+) = 0.� D+´4�{L�.

½n 3.9� FG L«4�{L�a, FHL«4�²"�a.K (FH,FG)´��{Lé.

y²:Äky ⊥FG = FH.�M ∈⊥ FG.Ké?¿�4�{L� N ,k

Ext1R(M,N) = 0.

� I ´ R�?¿4�n�.K R/I ´ü�.dÚn 3.8��,ü��«5�´4�{L�.� (R/I)+

´4�{L�.l
 Ext1R(M, (R/I)+) = 0.dÓ�ª

0 = Ext1R(M, (R/I)+) ∼= (TorR1 (M,R/I))+

� TorR1 (M,R/I) = 0,ÏdM ´4�²"�,l
M ∈ FH.� ⊥FG ⊆ FH.�M ´4�²"�.
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Ké?¿4�{L� N ,k

Ext1R(M,N) = 0.

l
M ∈⊥ FG.� FH ⊆⊥ FG.nþ, ⊥FG = FH.ey FH⊥ = FG.�M ∈ FH⊥.Ké?¿�4

�²"� N ,k

Ext1R(N,M) = 0.

l
M ∈ FG.� FH⊥ ⊆ FG.�M ∈ FG.Ké?¿�4�²"� N ,k

Ext1R(N,M) = 0.

l
M ∈ FH⊥.� FG ⊆ FH⊥.nþ¤ã, (FH,FG)´��{Lé.

íØ 3.10 (FH,FG)´����{Lé.

y²:d½n 3.9��, (FH,FG)´��{Lé.d ( [6],Ún 2)Ú ( [11],½n 3.4)�z�R-�

k��FH-CXÚ��FG-�ä.� (FH,FG)´����{Lé.

íØ 3.11 (FH,FG)´��¢D{Lé.

y²:�Ä R-���Ü� 0 −→ A −→ A′ −→ A′′ −→ 0,Ù¥ A′, A′′ ∈ FH.é R�?¿4�n� I,

^ −⊗R R/I �^þã�Ü��,

TorR2 (A′′, R/I)→ TorR1 (A,R/I)→ TorR1 (A′, R/I).

Ï� A′ ´4�²"�,¤± TorR1 (A′, R/I) = 0.Ï� I ´ R�?¿4�n�,¤± R/I ´ü�.q

Ï� A′′´4�²"�,dÚn 3.3��

TorR2 (A′′, R/I) = 0.

� TorR1 (A,R/I) = 0.Ïd A´4�²"�.� (FH,FG)´��¢D{Lé.
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