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Abstract

In this paper, we investigate quasi-Gorenstein flat modules and their basic properties,

and study the relative conclusions of this module class respect to short exact sequence.

Simultaneously, we describe finite quasi-Gorenstein flat homological dimensions.
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1. Úó

20­V 60c�, Auslander� [1]ïÄ
V> Noether�þ G-�ê� 0�k�)¤�. 20­V

90c�, Enochs�3?¿(Ü�þÚ\ GorensteinÝ��, GorensteinS��Ú Gorenstein²"

� [2, 3],ùna�©O´²;ÓN�ê¥Ý��,S��Ú²"�3�éÓN�ê¥��«í2,

�´ GorensteinÓN�ê�­�ïÄé�. 2022c,©z [4]?�Ú0�
[-GorensteinÝ��,[-

GorensteinS���Vg,¿�Ñ
ÙÓN5�Ú�A�k�[-GorensteinÓN�ê�£ã.

É±þ©z�éu,�©ÏL[-S��ÚÜþÈ¼fòGorenstein²"�í2�[-Gorenstein

²"�,¿é[-Gorenstein²"��ÓN5�Ú[-Gorenstein²"�ê?1
ïÄ.

2. ý��£

©¥J���þ�kü ��(Ü�,�þ�j�,Ù¥ M+ = HomZ(M,Q/Z)L« M �

A��. |^ I(R), QI(R), QGI(R) ©OL«S�, [-S�, ±9[-Gorenstein S� R-��a,

^ F(R), QGF(R), GF(R) ©OL«²", [-Gorenstein ²", ±9 Gorenstein ²" R-��a,

QGfdR(M)L«� R-�M �[-Gorenstein²"�ê.

¡� X ´ Gorenstein²"�,XJ�3²" R-���ÜS� F = · · · → F2 → F1 → F0 →
F 0 → F 1 → · · · ,¦�X ∼= Im(F0 → F 0),¿�é?¿ B ∈ I(R), B ⊗R F´�ÜS�. ¡� Y ´[

-GorensteinS�� [4],XJ�3S� R-���ÜE/ I = · · · → I2 → I1 → I0 → I−1 → I−2 → · · · ,
¦� Y ∼= Im(I1 → I0),¿�é?¿ E ∈ QI(R), HomR(E, I)´�ÜS�. ¡ R-� M ´[-S�

� [5] ,��=�é?¿ R-� A, R-÷Ó� g :M → A,±9 R-Ó� f :M → A,�3 f ′ ∈ End(M),¦

� f = gf ′.

� F ´��a.¡ F ´Ý��)a,XJ F �¹Ý��a,é?¿�ÜS� 0 → M1 → M →
M2 → 0,eM2 ∈ F ,KM ∈ F ��=�M1 ∈ F .

3. [-Gorenstein²"�

½Â 3.1 ¡ R-�M ´[-Gorenstein²"�,XJ�3²" R-���ÜE/
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F = · · · → F1 → F0 → F−1 → F−2 → · · · ,

¦�M ∼= Im(F1 → F0),¿�é?¿ E ∈ QI(R), E ⊗R F´�ÜS�.

5Ï� I(R) ⊆ QI(R),Kd½Â�� QGF(R) ⊆ GF(R).

Ún 3.2 � N ´� R-�,XJ N ´[-Gorenstein²"���=�é?¿ E ∈ QI(R), i ≥ 1

�, TorRi (E,N) = 0,¿��3 R-���Ü�

X = 0→ N → F0 → F−1 → F−2 → · · · ,

Ù¥ Fi ∈ F(R), i ≤ 0,¦� E ⊗R X´�ÜS�.

y²d½Â 3.1w,��.

Ún 3.3 �M ´� R-�,XJM ´[-Gorenstein²"���=��3 R-��á�ÜS�

0→M → F → N → 0,¦� F ´²"�, N ´[-Gorenstein²"�.

y²⇒)dÚn 3.2��3 R-���Ü�

X = 0→M → F0 → F−1 → F−2 → · · · ,

¦� Fi ∈ F(R), i ≤ 0,¿�é?¿ E ∈ QI(R), E ⊗R X�Ü.Ïd���Ü�

0→M → F0 → Im(F0 → F−1)→ 0.

P N := Im(F0 → F−1),ey N ´[-Gorenstein²"�.

� Z = · · · → F ′2 → F ′1 → F ′0 → M → 0 ´ M �²"©), dÚn 3.2 �é?¿ E ∈
QI(R), E ⊗R Z�Ü.(ÜE/ XÚ Z,Kd½Â 3.1�� N ´[-Gorenstein²"�.

⇐)� E ∈ QI(R)§dÚn 3.2�� TorRi (E,N) = 0,^¼f E⊗R−�^á�Ü� 0→M →
F → N → 0,K��Xe�ÜS�

· · · → TorRi+1(E,N)→ TorRi (E,M)→ TorRi (E,F )→ TorRi (E,N)→ · · ·

→ TorR1 (E,N)→ E ⊗R M → E ⊗R F → E ⊗R N → 0,

Ïdé?¿ i > 0, TorRi (E,M) = 0,¤± 0 → E ⊗R M → E ⊗R F → E ⊗R N → 0´�ÜS�.

qÏ� N ´[-Gorenstein²"�,dÚn 3.2��3 R-���Ü� X = 0 → N → F0 → F−1 →
F−2 → · · · ,Ù¥ Fi ∈ F(R), i ≤ 0,¿�é?¿ E ∈ QI(R), E ⊗R X�Ü.(Üá�Ü�Ú X,Kk

Y = 0→M → F → F0 → F−1 → F−2 → · · · ,

¦�é?¿ E ∈ QI(R), E ⊗R Y�Ü,�dÚn 3.2�M ´[-Gorenstein²"�.

·K 3.4 � R´mvà�,K±e(Ø¤á.

(i)�M ´[-Gorenstein²"� R-�,K HomZ(M,Q/Z)´[-GorensteinS�m R-�.

(ii)[-Gorenstein²"��a´Ý��)�.
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y² (i)�M ∈ QGF(R),K�3²" R-���ÜE/

F = · · · → F1 → F0 → F−1 → F−2 → · · · ,

¦�M ∼= Im(F1 → F0),¿�é?¿E ∈ QI(R), E⊗RF´�ÜS�.qÏ�HomZ(E⊗RF, Q/Z) ∼=
HomR(E,HomZ(F, Q/Z)),¤± HomZ(F, Q/Z)�Ü,��3�Ü�

HomZ(F, Q/Z) = · · · → HomZ(F−1, Q/Z)→ HomZ(F0, Q/Z)→ HomZ(F1, Q/Z)→ · · · ,

dué?¿�ê i, Fi ∈ F(R),K HomZ(Fi, Q/Z)) ∈ I(R), ¿�¦�

HomZ(M,Q/Z) ∼= Im(HomZ(F0, Q/Z)→ HomZ(F1, Q/Z)),

Ïd HomZ(M,Q/Z)´[-GorensteinS�m R-�.

(ii)d½Â 3.1,²"�w,´[-Gorenstein²"�,� 0 → M ′ → M → M ′′ → 0´ R-��á

�Ü�,�M ′′ ∈ QGF(R),K�IyM ′ ∈ QGF(R)⇔M ∈ QGF(R).

⇒)�M ′ ∈ QGF(R), E ∈ QI(R),dþãá�Ü��� 0 → M ′′+ → M+ → M ′+ → 0´�

Ü�,Ù¥ M ′′+ ∈ QGI(R),db� M ′+ ∈ QGI(R),^¼f HomR(E,−)�^dá�Ü�,d©

z [4, Ún 2.3 (ii)]�íÑ ExtiR(E,M+) = 0,¿�kXe�ÜS�

F′+ = · · · → F ′+−2 → F ′+−1 → F ′+0 →M ′+ → 0,

F′′+ = · · · → F ′′+−2 → F ′′+−1 → F ′′+0 →M ′′+ → 0,

Ù¥é?¿�ê i ≤ 0, F ′+i , F ′′+i Ñ´S��,¿� HomR(E,F′+)Ú HomR(E,F′′+)þ´�Ü�.

�â©z [6, Ún 8.2.1 ]�y²L§,��EXe1��Ü���ã

...

��

...

��

...

��
0 // F ′′+−1

��

// F ′′+−1 ⊕ F ′+−1 //

��

F ′+−1 //

��

0

0 // F ′′+0

��

// F ′′+0 ⊕ F ′+0 //

��

F ′+0 //

��

0

0 //M ′′+

��

//M+ //

��

M ′+ //

��

0

0 0 0

��Bå�, ¥m�P� F+, Ï� HomR(E,F′+) Ú HomR(E,F′′+) þ´�ÜE/, Kd�Ü�

0 → HomR(E,F′′+) → HomR(E,F+) → HomR(E,F′+) → 0�íÑ HomR(E,F+)�´�ÜE/,

¤±M+ ∈ QGI(R),qÏ� R´mvà�,l
M ∈ QGF(R).
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⇐)�M ∈ QGF(R),dÚn 3.3��3�Ü� 0→M → F → N → 0,¦� F ∈ F(R), N ∈
QGF(R),�ÄXeíÑã

0

��

0

��
0 //M ′ //M

��

//M ′′

��

// 0

0 //M ′ // F

��

// L

��

// 0

N

��

N

��
0 0

3�Ü� 0→M ′′ → L→ N → 0þA^⇒)�y²(Ø�� L´[-Gorenstein²"�,2�

âÚn 3.3Ú�Ü� 0→M ′ → F → L→ 0,Ïd��M ′ ∈ QGF(R).

Ún 3.5 � R´mvà�,[-Gorenstein²"��a'u�Ú��Ú�µ4.

y² Ï�ÜþÈ¼f−⊗R−��Ú���,K[-Gorenstein²"���Ú�´[-Gorenstein

²"�,¿��â·K 3.4 (ii)�[-Gorenstein²"��a´Ý��)�,¤±d©z [7, ·K 1.4 ]

��[-Gorenstein²"��a'u�Ú�µ4.

·K 3.6 � R ´mvà�, 0 → M ′ → M → M ′′ → 0 ´á�Ü�, XJ M ′ Ú M ´[-

Gorenstein²"�,KM ′′´[-Gorenstein²"���=�é?¿ E ∈ QI(R), TorR1 (E,M ′′) = 0.

y²⇒)dÚn 3.2w,�y.

⇐) � 0 → M ′ → M → M ′′ → 0 ´á�Ü�, Ù¥ M ′ ∈ QGF(R), M ∈ QGF(R), K

0→M ′′+ →M+ →M ′+ → 0�Ü,¿�d·K 3.4 (i)��M+ ∈ QGI(R), M ′+ ∈ QGI(R).db

�^��é?¿ E ∈ QI(R), Ext1R(E,HomZ(M
′′, Q/Z)) ∼= HomZ(Tor

R
i (E,M ′′), Q/Z)) = 0,q�

â©z [4, ·K 2.7 (ii) ]��M ′′+ ∈ QGI(R),�Ï� R´mvà�,¤±M ′′ ∈ QGF(R).

4. [-Gorenstein²"��ê

�M ´�" R-�, n´�K�ê,M �[-Gorenstein²"�ê½ÂXe.

QGfdR(M)= inf{n | 0 → Qn → Qn−1 → · · · → Q1 → Q0 → M → 0�Ü,é?¿0 ≤ i ≤ n,

Qi ∈ QGF(R)},�þã nØ�3�,5½ QGfdR(M) =∞, QGfdR(0) = −∞.

½n 4.1 � R´mvà�, M ´[-Gorenstein²"�êk�� R-�, n´�K�ê,K±e

^��d.

(i) QGfdR(M) ≤ n.

(ii)� i > n�,é?¿ E ∈ QI(R), TorRi (E,M) = 0.

(iii)?¿�Ü�

· · · → Qn → Qn−1 → · · · → Q1 → Q0 →M → 0,
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Ù¥ i ≥ 0�, Qi ´[-Gorenstein²"�,K kernel Kn := ker(Qn−1 → Qn−2)´[-Gorenstein²

"�.

Ïd, QGfdR(M)= sup{m ∈ N0| ∀E ∈ QI(R),TorRm(E,M) 6= 0}.

y² (i)⇒(ii)Ï� QGfdR(M) ≤ n,K�3���Ü�

0→ Qn → Qn−1 → · · · → Q1 → Q0 →M → 0,

Ù¥é?¿ 0 ≤ i ≤ n, Qi ∈ QGF(R).ÏL©)��e¡á�Ü�

0→ K1 → Q0 →M → 0

Ú

0→ Ki+1 → Qi → Ki → 0.

Ù¥ K0 := M , K1 := ker(Q0 → M), ¿�é?¿ 2 ≤ i ≤ n, Ki := ker(Qi−1 → Qi−2). �

E ∈ QI(R), � i > n �, ^¼f E ⊗R − �^uá�Ü�, dÚn 3.2 �� TorRi (E,M) ∼=
TorRi−n(E,Qn) = 0.

(ii)⇒(i)b� QGfdR(M) = m <∞,K�3���Ü�

0→ Qm → Qm−1 → · · · → Q1 → Q0 →M → 0,

¦�é?¿ 0 ≤ i ≤ m, Qi ∈ QGF(R).em ≤ n,(Jw,¤á.eb�m > n,�Ä±e�Ü�

0→ Kj → Qj−1 → · · · → Q1 → Q0 →M → 0

Ú

0→ Qm → Qm−1 → · · · → Qj+1 → Qj → Kj → 0,

Ù¥ K0 := M , K1 := ker(Q0 → M), ¿�é?¿ 2 ≤ j ≤ m, Kj := ker(Qj−1 → Qj−2). a

q (i)⇒(ii) �y²�� TorRi (E,Kn) ∼= TorRi+n(E,M) = 0, ¿�é?¿ i > 0 Ú n < j ≤ m,

TorRi (E,Kj) = 0.d·K 3.6��á�Ü�

0→ Qm → Qm−1 → Km−1 → 0

¥,Km−1[-Gorenstein²"�,3Ù¦á�Ü�þ­EdÚ½

0→ Km−1 → Qm−2 → Km−2 → 0,

...

0→ Kn+1 → Qn → Kn → 0,

Ïd�íÑKn´[-Gorenstein²"�,l
 QGfdR(M) ≤ n.
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(ii)⇒(iii)�Äe¡�Ü�

· · · → Qn → Qn−1 → · · · → Q1 → Q0 →M → 0,

Ù¥é?¿ i ≥ 0, Qi ∈ QGF(R).½ÂKn := ker(Qn−1 → Qn−2),Kk�Ü�

0→ Kn → Qn−1 → · · · → Q1 → Q0 →M → 0,

ÏdS� 0 → M+ → Q+
0 → Q+

1 · · · → Q+
n−1 → K+

n → 0 ´�Ü�, Ù¥é?¿ i ≥ 0, Q+
i ∈

QGI(R).d^� (ii)��,é?¿ E ∈ QI(R),

ExtiR(E,HomZ(M,Q/Z)) ∼= HomZ(Tor
R
i (E,M), Q/Z)) = 0.

Ïd�â©z [4, ·K 2.10 ]�K+
n ∈ QGI(R),qÏ� R´mvà�,KKn ´[-Gorenstein²"

�.

(iii)⇒(ii)��3�Ü�

0→ Kn → Qn−1 → · · · → Q1 → Q0 →M → 0,

Ù¥ i ≥ 0, Qi ∈ QGF(R),b�Kn ∈ QGF(R),òþã�Ü�©)�á�Ü�,�E ∈ QI(R)�,^

¼f E ⊗R −�g�^á�Ü�,l
$^�ê=£{��Ó�ª TorRi (E,M) ∼= TorRi−n(E,Kn) =

0,¤±é?¿ E ∈ QI(R),� i > n�, TorRi (E,M) = 0.
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