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equations with mixed monotone nonlinear terms is studied. By using the properties

of Green’s function and the fixed point theorem of mixed monotone operators, the

existence and uniqueness of the solution of the boundary value problem are proved,

and an example is given to verify the correctness of the conclusion.
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1. Úó

3L��A�c¥,©ê��©�§ÏÙ3>zÆ!Ê�5!>^Æ!õ�0�!�����

+��A^C��5��. k'�[&E§�ë� [1–12] 9Ù¥�ë�©z. Cc5, 'u©

ê��©�§�ïÄÉ�
NõÆö�'5, X: ØÓ>�^�e)��3��5, �)��3��

5, ÙÌ�ïÄ�{�)IþØÄ:½n, ·ÜüN�fþ�ØÄ:½n�.

©z [13] A^·ÜüN�f�ØÄ:½nïÄ
©ê��©�§>�¯KDα
0+u(t) + q(t)f(u, u′, · · · , u(n−2)) = 0, 0 < t < 1, n− 1 < α ≤ n,

u(0) = u′(0) = · · · = u(n−2)(0) = u(n−2)(1) = 0
(1)

�)��3��5, Ù¥Dα
0+ ´IO�Riemann-Liouville .©ê��©�ê, n ≥ 2, n ∈ N, ¼êf

Úq ÷vXeA5:

(C1) f(x1, x2, · · · , xn−1) = g(x1, x2, · · · , xn−1) + h(x1, x2, · · · , xn−1), Ù¥g : [0,+∞) × Rn−2 →
[0,+∞) ´ëY�, h : (0,+∞)× (R \ {0})n−2 → (0,+∞) ´ëY�.

(C2) g 3xi > 0, i = 1, 2, · · · , n− 1 �´�~�; d	, h 3xi > 0, i = 1, 2, · · · , n− 1 ´�O�.

(C3) �3β ∈ (0, 1) ¦�éuxi > 0, i = 1, 2, · · · , n− 1 k

g(tx1, · · · , txn−1) ≥ tβg(x1, · · · , xn−1), t ∈ (0, 1),

h(t−1x1, · · · , t−1xn−1) ≥ tβh(x1, · · · , xn−1), t ∈ (0, 1).

(C4) trq : [0, 1]→ [0,+∞) ´ëY��
∫ 1

0
q(s)s−β(α−1)ds < +∞, 0 ≤ r < 1.
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©z [14] ïÄ
±e©ê��©�§>�¯K
−Dα

0+u(t) = f(t, u(t), u(t)) + g(t, u(t), u(t))− b, t ∈ (0, 1), n− 1 < α ≤ n,

u(i)(0) = 0, i = 0, 1, · · · , n− 2,

Dβ
0+u(1) = 0, 1 ≤ β ≤ n− 2

(2)

)��3��5, Ù¥Dα
0+ , Dβ

0+ ´IO�Riemann-Liouville .©ê��©�ê, n ≥ 3, b > 0 ´~

ê, f, g : [0, 1] × (−∞,+∞) × (−∞,+∞) → (−∞,+∞) ´ëY¼ê. ¯K(2) �)Í¶��5ù

�§Ú©z [15, 16] ¥�Ä�©ê�¯K.

�C, gGuo ÚLakshmikantham [17] Ú\·ÜüN�f±5, NõÆöÑïÄ
Banach �m

¥�«a.�·ÜüN�f, ¿�E
Nõ�'�½n. 3©z [18] ¥, Bhaskar ÚLakshikantham

3�SÝþ�m¥ïÄ
·ÜüN�f��
ÍÜØÄ:½n. 3©z [19] ¥, Li ÚZhao �Ä


�aτ − φ �·ÜüN�f. d	, äk6Ä�·ÜüN�f®�2�ïÄ. 3 [20] ¥, Liu �<�

Ä
�f�§:

A(x, x) +B(x, x) = x

3�SBanach �mþ�)��3��5, Ù¥A ÚB ´ü�·ÜüN�f, d	, �ö��Ñ
T

�f3��5©ê��©�§¥A^.

Éþãó��éu, �©ò$^©z [14] ¥·ÜüN�f�ØÄ:½nïÄXeäk·ÜüN

��5��p�©ê��©�§>�¯KDα
0+u(t) + q(t)f(u(t), u′(t), · · · , u(n−2)(t))− b = 0, t ∈ [0, 1],

u(0) = u′(0) = · · · = u(n−2)(0) = u(n−2)(1) = 0
(3)

)��3��5, Ù¥Dα
0+ ´IO�Riemann-Liouville .©ê��©�ê, b > 0 ´��~ê,

n− 1 < α ≤ n, n ≥ 2, f ´����5¼ê, q ∈ C[0, 1] ÷vq(t) ≥ 0, q(t) 6≡ 0.

2. ý��£

�Bå�, Äk�Ñ�
7��½ÂÚÚn, ��Y�ïÄó�JøêÆóä.

½Â 2.1 [2, 4] ¼êy ∈ C[0, 1] �α > 0 �Riemann-Liouville ©êÈ©½Â�

Iα0+y(t) =
1

Γ(α)

∫ t

0

y(s)

(t− s)1−α ds.

½Â 2.2 [2, 4] ¼êy ∈ C[0, 1] �α > 0 �Riemann-Liouville ©ê��ê½Â�

Dα
0+y(t) =

1

Γ(n− α)

(
d

dt

)n ∫ t

0

y(s)

(t− s)α−n−1
ds,
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Ù¥n = [α] + 1.

Ún 2.1 [13] -y ∈ C[0, 1], @o>�¯KD
α−n+2
0+ x(t) + y(t) = 0, 0 ≤ t ≤ 1, n− 1 < α ≤ n, n ≥ 2,

x(0) = x(1) = 0
(4)

k��)

x(t) =

∫ 1

0

G(t, s)y(s)ds,

Ù¥

G(t, s) =


(t(1−s))α−n+1−(t−s)α−n+1

Γ(α−n+2)
, 0 ≤ s ≤ t ≤ 1,

(t(1−s))α−n+1

Γ(α−n+2)
, 0 ≤ t ≤ s ≤ 1.

(5)

Ún 2.2 [13]½Â(5) ¥�¼êG(t, s) ÷vXe^�:

(1) G(t, s) ≥ 0, G(t, s) ≤ tα−n+1/Γ(α− n+ 2), G(t, s) ≤ G(s, s)§0 ≤ t, s ≤ 1;

(2) �3���¼êρ ∈ C(0, 1) ¦�minγ≤t≤δG(t, s) ≥ ρ(s)G(s, s), s ∈ (0, 1), Ù¥0 < γ < δ < 1.

Ún 2.3 -u(t) = In−2
0+ x(t), x(t) ∈ C[0, 1], @oDn−2

0+ u(t) = x(t). ¯K(3) �±=C¤Xe¯

K(6):D
α−n+2
0+ x(t) + q(t)f(In−2

0+ x(t), In−3
0+ x(t), ..., x(t))− b = 0, 0 ≤ t ≤ 1, n− 1 < α ≤ n, n ≥ 2,

x(0) = x(1) = 0.
(6)

XJx ∈ C[0, 1] ´¯K(6) �), @ou(t) = In−2
0+ x(t) ´¯K(3) �).

y. Ty²�©z [13] ¥Ún2.7 aq, d?�Ñ. �

�©¥, E ´D��¢Banach �m, θ ´E ¥�"�. ����4à8P ∈ E XJ÷

v(1) x ∈ P, λ ≥ 0 ⇒ λx ∈ P ; (2) x ∈ P, −x ∈ P ⇒ x = θ, K¡P ´E þ���I. E

¥��S'X�x . y ��=�y − x ∈ P . d	, XJ�3��~êN > 0 ¦�é¤k

�x, y ∈ E, θ . x . y k‖x‖ ≤ N‖y‖, K¡P ´���5I, Ù¥���N �¡�´P ��5~

ê. �½h > θ(i.e., θ . h� h 6= θ), ·�½Â8ÜCh �

Ch = {x ∈ E |�3 λ > 0Ú µ > 0¦� λh . x . µh}.

�e ∈ P , �θ . e . h. ½Â

Ch,e = {x ∈ E | x+ e ∈ Ch}.

½Â 2.3 [21] A : Ch,e × Ch,e → E, XJA(x, y) 'ux �~'uy �O, K¡A ´·ÜüN�, =

XJxi, yi ∈ Ch,e(i = 1, 2), x1 ≤ x2, y1 ≥ y2, KA(x1, y1) ≤ A(x2, y2).

Ún 2.4 [14] �A,B : Ch,e × Ch,e → E ´ü�·ÜüN�f�÷vXe^�:
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(i) éu¤k�t ∈ (0, 1), �3ψ(t) ∈ (t, 1) ¦�

A(tx+ (t− 1)e, t−1y + (t−1 − 1)e) ≥ ψ(t)A(x, y) + (ψ(t)− 1)e, ∀x, y ∈ Ch,e;

(ii) éu¤k�t ∈ (0, 1) Úx, y ∈ Ch,e,

B(tx+ (t− 1)e, t−1y + (t−1 − 1)e) ≥ tB(x, y) + (t− 1)e;

(iii) A(h, h) ∈ Ch,e �B(h, h) ∈ Ch,e;
(iv) �3��~êδ > 0, ¦�éu¤k�x, y ∈ Ch,e, k

A(x, y) ≥ δB(x, y) + (δ − 1)e.

@o�f�§A(x, x) + B(x, x) + e = x 3Ch,e þk��)x
∗, ¿�éu?ÛÐ�x0, y0 ∈ Ch,e, �

ES�

xn =A(xn−1, yn−1) +B(xn−1, yn−1) + e,

yn =A(yn−1, xn−1) +B(yn−1, xn−1) + e, n = 1, 2, · · · ,

�n→∞ �, 3E ¥kxn → x∗, yn → x∗.

3. Ì�(J

�Bå�, ·�½ÂXeÎÒ.

éut ∈ [0, 1],

e(t) =
b

Γ(α− n+ 3)

(
tα−n+1 − tα−n+2

)
,

E∗ = max{In−2
0+ e(t), In−3

0+ e(t), . . . , e(t)}.

½n 3.1 XJ±e^�¤á:

(H1) éu?¿�xi ∈ [−E∗,+∞)(i = 0, 1, 2, · · · , n−2), kf(x0, x1, · · · , xn−2) = g(x0, x1, · · · , xn−2,

x0,

x1, . . . , xn−2) + φ(x0, x1, · · · , xn−2, x0, x1, · · · , xn−2) Ù¥g ∈ C([−E∗,+∞)2(n−1), (−∞,+∞)),

φ ∈ C([−E∗,+∞)2(n−1), (−∞,+∞)).

(H2) éu?¿�½�yi ∈ [−E∗,+∞)(i = 0, 1, 2, · · · , n− 2), g(x0, x1, . . . , xn−2, y0, y1, · · · , yn−2) Ú

φ(x0, x1, · · · , xn−2, y0, y1, · · · , yn−2) 3xi ∈ [−E∗,+∞) �~; éu?¿�½�xi ∈ [−E∗,+∞)

(i = 0, 1, 2, . . . , n−2), g(x0, x1, · · · , xn−2, y0, y1, · · · , yn−2)Úφ(x0, x1, · · · , xn−2, y0, y1, · · · , yn−2)3yi

∈ [−E∗,+∞) �O.

(H3) éu?¿�τ ∈ (0, 1), �3ϕ(τ) ∈ (τ, 1) ¦�éu¤k�xi, yi ∈ [−E∗,+∞)(i = 0, 1, · · · , n−
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2), k

g(τx0 + (τ − 1)ρ0, τx1 + (τ − 1)ρ0, · · · , τxn−2 + (τ − 1)ρ0, τ
−1y0 + (τ−1 − 1)ρ0,

τ−1y1 + (τ−1 − 1)ρ0, · · · , τ−1yn−2 + (τ−1 − 1)ρ0) ≥ ϕ(τ)g(x0, x1, · · · , xn−2, y0, y1, · · · , yn−2), ρ0 ∈ [0, E∗],

φ(τx0 + (τ − 1)ρ0, τx1 + (τ − 1)ρ0, . . . , τxn−2 + (τ − 1)ρ0, τ
−1y0 + (τ−1 − 1)ρ0,

τ−1y1 + (τ−1 − 1)e, . . . , τ−1yn−2 + (τ−1 − 1)e) ≥ τh(x0, x1, . . . , xn−2, y0, y1, . . . , yn−2), ρ0 ∈ [0, E∗].

(H4) éu?¿�½�xi, yi ∈ [−E∗,+∞)(i = 0, 1, 2, . . . , n− 2), �3��~êδ0 > 0 ¦�

g(x0, x1, . . . , xn−2, y0, y1, . . . , yn−2) ≥ δ0φ(x0, x1, . . . , xn−2, y0, y1, . . . , yn−2).

(H5) �3��~êM = b
(α−n+1)Γ(α−n+3)

, ¦�¼êg Ú¼êφ ÷v

g(M,M, . . . ,M, 0, 0, . . . , 0) < +∞,

φ(M,M, . . . ,M, 0, 0, . . . , 0) < +∞,

φ(0, 0, . . . , 0,M,M, . . . ,M) > 0.

@o¯K(6) 3Ch,e k���²�)x∗, Ù¥h(t) = Mtα−n+1, t ∈ [0, 1]. d	, �±�ï±eü�

S�:

ωn(t) =

∫ 1

0

G(t, s)g
(
In−2

0+ ωn−1(s), In−3
0+ ωn−1(s), ..., ωn−1(s), In−2

0+ τn−1(s), In−3
0+ τn−1(s),

..., τn−1(s)
)
ds+

∫ 1

0

G(t, s)q(s)φ
(
In−2

0+ ωn−1(s), In−3
0+ ωn−1(s), ..., ωn−1(s),

In−2
0+ τn−1(s), In−3

0+ τn−1(s), ..., τn−1(s)
)
ds− b

Γ(α− n+ 3)

(
tα−n+1 − tα−n+2

)
,

n = 1, 2, · · · ,

τn(t) =

∫ 1

0

G(t, s)g
(
In−2

0+ τn−1(s), In−3
0+ τn−1(s), ..., τn−1(s), In−2

0+ ωn−1(s), In−3
0+ ωn−1(s),

..., ωn−1(s)
)
ds+

∫ 1

0

G(t, s)q(s)φ
(
In−2

0+ τn−1(s), In−3
0+ τn−1(s), ..., τn−1(s),

In−2
0+ ωn−1(s), In−3

0+ ωn−1, ..., ωn−1

)
ds− b

Γ(α− n+ 3)

(
tα−n+1 − tα−n+2

)
,

n = 1, 2, · · · ,

éu?¿�½�ω0, τ0 ∈ Ch,e, t ∈ [0, 1], k{ωn(t)} Ú{τn(t)} Ñ��Âñux∗.
yyy. éut ∈ [0, 1],

e(t) =
b

Γ(α− n+ 3)

(
tα−n+1 − tα−n+2

)
≥ 0,

E∗ = max{In−2
0+ e(t), In−3

0+ e(t), . . . , e(t)}.

=e, E∗ ∈ P. d	, e(t) ≤ E∗ ≤ b
(α−n+1)Γ(α−n+3)

tα−n+1 = h(t), Ch,e = {x ∈ C[0, 1]|x+ e ∈ Ch}.
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y²�c, Äk=�x(t). dÚn2.1 Ú(H1), ¯K(6) �È©úª�

x(t) =

∫ 1

0

G(t, s)[q(s)f(In−2
0+ x(s), In−3

0+ x(s), ..., x(s))− b]ds

=

∫ 1

0

G(t, s)q(s)f
(
In−2

0+ x(s), In−3
0+ x(s), ..., x(s)

)
ds− b

∫ 1

0

G(t, s)ds

=

∫ 1

0

G(t, s)q(s)[g
(
In−2

0+ x(s), In−3
0+ x(s), ..., x(s), In−2

0+ x(s), In−3
0+ x(s), ..., x(s)

)
+

φ
(
In−2

0+ x(s), In−3
0+ x(s), ..., x(s), In−2

0+ x(s), In−3
0+ x(s), ..., x(s)

)
]ds− b (tα−n+1 − tα−n+2)

Γ(α− n+ 3)

=

∫ 1

0

G(t, s)q(s)g
(
In−2

0+ x(s), In−3
0+ x(s), ..., x(s), In−2

0+ x(s), In−3
0+ x(s), ..., x(s)

)
ds+∫ 1

0

G(t, s)q(s)φ
(
In−2

0+ x(s), In−3
0+ x(s), ..., x(s), In−2

0+ x(s), In−3
0+ x(s), ..., x(s)

)
ds− e(t)

=

∫ 1

0

G(t, s)q(s)g
(
In−2

0+ x(s), In−3
0+ x(s), ..., x(s), In−2

0+ x(s), In−3
0+ x(s), ..., x(s)

)
ds− e(t)+∫ 1

0

G(t, s)q(s)φ
(
In−2

0+ x(s), In−3
0+ x(s), ..., x(s), In−2

0+ x(s), In−3
0+ x(s), ..., x(s)

)
ds− e(t) + e(t),

Ù¥G(t, s) 3(5) �Ñ. éuz�t ∈ [0, 1], x, y ∈ Ch,e, ½ÂXe�f:

A(x, y)(t) =

∫ 1

0

G(t, s)q(s)g
(
In−2

0+ x(s), In−3
0+ x(s), ..., x(s), In−2

0+ y(s), In−3
0+ y(s), ..., y(s)

)
ds− e(t),

B(x, y)(t) =

∫ 1

0

G(t, s)q(s)φ
(
In−2

0+ x(s), In−3
0+ x(s), ..., x(s), In−2

0+ y(s), In−3
0+ y(s), ..., y(s)

)
ds− e(t).

éN´y²x ´¯K(6) �)��=�x = A(x, x) +B(x, x) + e. �e5, ©oÚy²A ÚB ÷vÚ

n2.4¥�^�.

(1) Äk, y²A,B : Ch,e × Ch,e → E ´·ÜüN�f. ¯¢þ, éu¤k�xi, yi ∈ Ch,e(i =

1, 2) �x1 ≥ x2, y1 ≤ y2, d(H2), ��

A(x1, y1)(t) =

∫ 1

0

G(t, s)q(s)g
(
In−2

0+ x1(s), In−3
0+ x1(s), ..., x1(s), In−2

0+ y1(s), In−3
0+ y1(s), ..., y1(s)

)
ds− e(t)

≥
∫ 1

0

G(t, s)q(s)g
(
In−2

0+ x2(s), In−3
0+ x2(s), ..., x2(s), In−2

0+ y2(s), In−3
0+ y2(s), ..., y2(s)

)
ds− e(t)

= A(x2, y2)(t).

=A(x1, y1) ≥ A(x2, y2). ^Ó���{�±�ÑB(x1, y1) ≥ B(x2, y2).

(2)Ùg,�yÚn2.4¥�(i)Ú(ii)¤á. d(H3),éz�τ ∈ (0, 1), t ∈ [0, 1],�3ϕ(τ) ∈ (τ, 1)

¦�éz�x, y ∈ Ch,e, �ρ0 = E∗, k

A
(
τx+ (τ − 1)e, τ−1y + (τ−1 − 1)e

)
(t)

=

∫ 1

0

G(t, s)q(s)g

(
In−2
0+

[τx(s) + (τ − 1)e(s)], In−3
0+

[τx(s) + (τ − 1)e(s)], ..., [τx(s) + (τ − 1)e(s)],
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In−2
0+

[τ−1y(s) + (τ−1 − 1)e(s)], In−3
0+

[τ−1y(s) + (τ−1 − 1)e(s)], ..., [τ−1y(s) + (τ−1 − 1)e(s)]

)
ds− e(t)

=

∫ 1

0

G(t, s)q(s)g

(
τIn−2

0+
x(s) + (τ − 1)In−2

0+
e(s), τIn−3

0+
x(s) + (τ − 1)In−3

0+
e(s), ..., τx(s) + (τ − 1)e(s),

τ−1In−2
0+

y(s) + (τ−1 − 1)In−2
0+

e(s), τ−1In−3
0+

y(s) + (τ−1 − 1)In−3
0+

e(s), ..., τ−1y + (τ−1 − 1)e(s)

)
ds− e(t)

≥
∫ 1

0

G(t, s)q(s)g

(
τIn−2

0+
x(s) + (τ − 1)E∗, τIn−3

0+
x(s) + (τ − 1)E∗, ..., τx(s) + (τ − 1)E∗,

τ−1In−2
0+

y(s) + (τ−1 − 1)E∗, τ−1In−3
0+

y(s) + (τ−1 − 1)E∗, ..., τ−1y + (τ−1 − 1)E∗
)
ds− e(t)

=

∫ 1

0

G(t, s)q(s)g

(
τIn−2

0+
x(s) + (τ − 1)ρ0, τI

n−3
0+

x(s) + (τ − 1)ρ0, ..., τx(s) + (τ − 1)ρ0,

τ−1In−2
0+

y(s) + (τ−1 − 1)ρ0, τ
−1In−3

0+
y(s) + (τ−1 − 1)ρ0, ..., τ

−1y + (τ−1 − 1)ρ0

)
ds− e(t)

≥ϕ(τ)
∫ 1

0

G(t, s)q(s)g
(
In−2
0+

x(s), In−3
0+

x(s), ..., x(s), In−2
0+

y(s), In−3
0+

y(s), ..., y(s)
)
ds− e(t)

=ϕ(τ)

∫ 1

0

G(t, s)q(s)g
(
In−2
0+

x(s), In−3
0+

x(s), ..., x(s), In−2
0+

y(s), In−3
0+

y(s), ..., y(s)
)
ds− e(t) + ϕ(τ)e(t)− ϕ(τ)e(t)

=ϕ(τ)[

∫ 1

0

G(t, s)q(s)g
(
In−2
0+

x(s), In−3
0+

x(s), ..., x(s), In−2
0+

y(s), In−3
0+

y(s), ..., y(s)
)
ds− e(t)] + (ϕ(τ)− 1)e(t)

=ϕ(τ)A(x, y)(t) + (ϕ(τ)− 1)e(t),

B
(
τx+ (τ − 1)e, τ−1y + (τ−1 − 1)e

)
(t)

=

∫ 1

0

G(t, s)q(s)φ

(
In−2
0+

[τx(s) + (τ − 1)e(s)], In−3
0+

[τx(s) + (τ − 1)e(s)], ..., τx(s) + (τ − 1)e(s),

In−2
0+

[τ−1y(s) + (τ−1 − 1)e(s)], In−3
0+

[τ−1y(s) + (τ−1 − 1)e(s)], ..., τ−1y(s) + (τ−1 − 1)e(s)

)
ds− e(t)

=

∫ 1

0

G(t, s)q(s)φ

(
τIn−2

0+
x(s) + (τ − 1)In−2

0+
e(s), τIn−3

0+
x(s) + (τ − 1)In−3

0+
e(s), ..., τx(s) + (τ − 1)e(s),

τ−1In−2
0+

y(s) + (τ−1 − 1)In−2
0+

e(s), τ−1In−3
0+

y(s) + (τ−1 − 1)In−3
0+

e(s), ..., τ−1y + (τ−1 − 1)e(s)

)
ds− e(t)

≥
∫ 1

0

G(t, s)q(s)φ

(
τIn−2

0+
x(s) + (τ − 1)E∗, τIn−3

0+
x(s) + (τ − 1)E∗, ..., τx(s) + (τ − 1)E∗,

τ−1In−2
0+

y(s) + (τ−1 − 1)E∗, τ−1In−3
0+

y(s) + (τ−1 − 1)E∗, ..., τ−1y + (τ−1 − 1)E∗
)
ds− e(t)

=

∫ 1

0

G(t, s)q(s)φ

(
τIn−2

0+
x(s) + (τ − 1)ρ0, τI

n−3
0+

x(s) + (τ − 1)ρ0, ..., τx(s) + (τ − 1)ρ0,

τ−1In−2
0+

y(s) + (τ−1 − 1)ρ0, τ
−1In−3

0+
y(s) + (τ−1 − 1)ρ0, ..., τ

−1y + (τ−1 − 1)ρ0

)
ds− e(t)

≥τ
∫ 1

0

G(t, s)q(s)φ
(
In−2
0+

x(s), In−3
0+

x(s), ..., x(s), In−2
0+

y(s), In−3
0+

y(s), ..., y(s)
)
ds− e(t)

=τ

∫ 1

0

G(t, s)q(s)φ
(
In−2
0+

x(s), In−3
0+

x(s), ..., x(s), In−2
0+

y(s), In−3
0+

y(s), ..., y(s)
)
ds− e(t) + τe(t)− τe(t)

=τ [

∫ 1

0

G(t, s)q(s)φ
(
In−2
0+

x(s), In−3
0+

x(s), ..., x(s), In−2
0+

y(s), In−3
0+

y(s), ..., y(s)
)
ds− e(t)] + (τ − 1)e(t)

=τB(x, y)(t) + (τ − 1)e(t).
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(3) 1n, y²A(h, h) ∈ Ch,e, B(h, h) ∈ Ch,e. =yA(h, h) + e ∈ Ch, B(h, h) + e ∈ Ch. dÚ
n2.2, (H4), (H5) �±�Ñ

A(h, h)(t) + e(t) =

∫ 1

0

G(t, s)q(s)g
(
In−2

0+ h(s), In−3
0+ h(s), ..., h(s), In−2

0+ h(s), In−3
0+ h(s), ..., h(s)

)
ds

=

∫ 1

0

G(t, s)q(s)g
(
In−2

0+ Msα−n+1, In−3
0+ Msα−n+1,

...,Msα−n+1, In−2
0+ Msα−n+1, In−3

0+ Msα−n+1, ...,Msα−n+1
)
ds

=

∫ 1

0

G(t, s)q(s)g
(
MIn−2

0+ sα−n+1,MIn−3
0+ sα−n+1,

...,Msα−n+1,MIn−2
0+ sα−n+1,MIn−3

0+ sα−n+1, ...,Msα−n+1
)
ds

≤
∫ 1

0

tα−n+1

Γ(α− n+ 2)
q(s)g(M,M, ...,M, 0, 0, ..., 0)ds

=
1

Γ(α− n+ 2)
g(M,M, ...,M, 0, 0, ..., 0)

∫ 1

0

q(s)ds · tα−n+1

=
1

MΓ(α− n+ 2)
g(M,M, ...,M, 0, 0, ..., 0)

∫ 1

0

q(s)ds · h(t)

Ú

A(h, h)(t) + e(t) ≥
∫ 1

0

ρ(s)G(s, s)q(s)g(0, 0, ..., 0,M,M, ...,M)ds

≥
∫ 1

0

ρ(s)G(s, s)q(s)δ0φ(0, 0, ..., 0,M,M, ...,M)ds

≥δ0φ(0, 0, ..., 0,M,M, ...,M)

∫ 1

0

ρ(s)G(s, s)q(s)ds · tα−n+1

=
1

M
δ0φ(0, 0, ..., 0,M,M, ...,M)

∫ 1

0

ρ(s)G(s, s)q(s)ds · h(t).

-

l1 =
1

M
δ0φ(0, 0, ..., 0,M,M, ...,M)

∫ 1

0

ρ(s)G(s, s)q(s)ds,

L1 =
1

MΓ(α− n+ 2)
g(M,M, ...,M, 0, 0, ..., 0)

∫ 1

0

q(s)ds.

=0 < l1 ≤ L1 < +∞, l1h(t) ≤ A(h, h)(t) + e(t) ≤ L1h(t), t ∈ [0, 1], ÏdkA(h, h) ∈ Ch,e. Ó��
�{k

B(h, h)(t) + e(t) =

∫ 1

0

G(t, s)q(s)φ
(
In−2

0+ h(s), In−3
0+ h(s), ..., h(s), In−2

0+ h(s), In−3
0+ h(s), ..., h(s)

)
ds
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≤
∫ 1

0

tα−n+1

Γ(α− n+ 2)
q(s)φ(M,M, ...,M, 0, 0, ..., 0)ds

=
1

Γ(α− n+ 2)
φ(M,M, ...,M, 0, 0, ..., 0)

∫ 1

0

q(s)ds · tα−n+1

=
1

MΓ(α− n+ 2)
φ(M,M, ...,M, 0, 0, ..., 0)

∫ 1

0

q(s)ds · h(t)

Ú

B(x, x)(t) + e(t) ≥
∫ 1

0

ρ(s)G(s, s)q(s)φ(0, 0, ..., 0,M,M, ...,M)ds

≥φ(0, 0, ..., 0,M,M, ...,M)

∫ 1

0

ρ(s)G(s, s)q(s)ds · tα−n+1

=
1

M
φ(0, 0, ..., 0,M,M, ...,M)

∫ 1

0

ρ(s)G(s, s)q(s)ds · h(t).

-

l2 =
1

M
φ(0, 0, ..., 0,M,M, ...,M)

∫ 1

0

ρ(s)G(s, s)q(s)ds,

L2 =
1

MΓ(α− n+ 2)
φ(M,M, ...,M, 0, 0, ..., 0)

∫ 1

0

q(s)ds.

=0 < l2 ≤ L2 < +∞, l2h(t) ≤ B(h, h)(t) + e(t) ≤ L2h(t), t ∈ [0, 1], ÏdkB(h, h) ∈ Ch,e.
(4) ��, y²Ún2.4 ¥�(iv) ¤á. éz�x, y ∈ Ch,e, t ∈ [0, 1], d(H4) �Ñ

A(x, y)(t) =

∫ 1

0

G(t, s)q(s)g
(
In−2

0+ x(s), In−3
0+ x(s), ..., x(s), In−2

0+ y(s), In−3
0+ y(s), ..., y(s)

)
ds− e(t)

≥δ0

∫ 1

0

G(t, s)q(s)φ
(
In−2

0+ x(s), In−3
0+ x(s), ..., x(s), In−2

0+ y(s), In−3
0+ y(s), ..., y(s)

)
ds− e(t)−

δ0e(t) + δ0e(t)

=δ0[

∫ 1

0

G(t, s)q(s)φ(In−2
0+ x(s), In−3

0+ x(s), ..., x(s), In−2
0+ y(s), In−3

0+ y(s), ..., y(s))ds− e(t)]+

(δ0 − 1)e(t)

=δ0B(x, y)(t) + (δ0 − 1)e(t),

=A(x, y) ≥ δ0B(x, y) + (δ0 − 1)e. ÏdÚn2.4 ¥�¤k^�Ñ÷v. Ïd½n3.1 ¥�(Ø¤á.

�

~ 3.2 �ÄXeBVP: D
5
2

0+u(t) + q(t)f(u(t), u′(t))− 1 = 0, t ∈ [0, 1],

u(0) = u′(0) = u′(1) = 0,
(7)

Ù¥q(t) = t
1
2 , f(u(t), u′(t)) = (1 + t)[( e(t)

E∗ u(t) + e(t))
1
2 + ( e(t)

E∗ u(t) + e(t))
1
3 + ( e(t)

E∗ u
′(t) + e(t))−

1
5 +

( e(t)
E∗ u

′(t) + e(t))−
1
6 ],E∗ = max{e(t), I1

0+e(t) : t ∈ [0, 1]} =
472Γ( 7

2 )

2539
.
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-u(t) = I1
0+x(t), @o�§(7) �=z�Xe/ª:D

3
2

0+x(t) + q(t)f(I1
0+x(t), x(t))− 1 = 0, t ∈ [0, 1],

x(0) = x(1) = 0,
(8)

Ù¥

f(I10+x(t), x(t)) =f(x, y) = (1 + t)[(
e(t)

E∗ x+ e(t))
1
2 + (

e(t)

E∗ x+ e(t))
1
3 + (

e(t)

E∗ y + e(t))−
1
5 + (

e(t)

E∗ y + e(t))−
1
6 ],

g(x, x, y, y) =(
e(t)

E∗ x+ e(t))
1
2 + (

e(t)

E∗ x+ e(t))
1
3 + (

e(t)

E∗ y + e(t))−
1
5 + (

e(t)

E∗ y + e(t))−
1
6 ,

φ(x, x, y, y) =t(
e(t)

E∗ x+ e(t))
1
2 + t(

e(t)

E∗ x+ e(t))
1
3 + t(

e(t)

E∗ y + e(t))−
1
5 + t(

e(t)

E∗ y + e(t))−
1
6 .

éu?¿�x, y > −E∗,kf(x, y) = g(x, x, y, y)+φ(x, x, y, y), e(t) = t
3
2−t

5
2

Γ( 7
2 )
, E∗ = max{e(t), I1

0+e(t) :

t ∈ [0, 1]} =
472Γ( 7

2 )

2539
. �e5, u�½n3.1 ¥�¤k^�´ÄÑ÷v.

(i) w,, ¼êg, φ : [−E∗,+∞)4 → (−∞,+∞) ´ëY�.

(ii) éu�½�yi ∈ [−E∗,+∞)(i = 1, 2), g(x, x, y, y), φ(x, x, y, y) 3xi ∈ [−E∗,+∞)(i = 1, 2)

þ´�~�; éu�½�xi ∈ [−E∗,+∞)(i = 1, 2), g(x, x, y, y), φ(x, x, y, y) 3yi ∈ [−E∗,+∞)(i =

1, 2) þ´�O�.

(iii) éτ ∈ (0, 1), xi, yi ∈ [−E∗,+∞)(i = 1, 2), �ρ0 = e, ϕ(τ) = τ
1
2 , k

g(τx+ (τ − 1)ρ0, τx+ (τ − 1)ρ0, τ
−1y + (τ−1 − 1)ρ0, τ

−1y + (τ−1 − 1)ρ0)

=g(τx+ (τ − 1)e, τx+ (τ − 1)e, τ−1y + (τ−1 − 1)e, τ−1y + (τ−1 − 1)e)

=
(
τ
e(t)

E∗
x+ (τ − 1)e(t) + e(t)

) 1
2 + (τ

e(t)

E∗
x+ (τ − 1)e(t) + e(t))

1
3 +

(
τ−1 e(t)

E∗
y+

(τ−1 − 1)e(t) + e(t)
)− 1

5 +
(
τ−1 e(t)

E∗
y + (τ−1 − 1)e(t) + e(t)

)− 1
6

=(τ
e(t)

E∗
x+ τe(t))

1
2 + (τ

e(t)

E∗
x+ τe(t))

1
3 + (τ−1 e(t)

E∗
y + τ−1e(t))−

1
5 + (τ−1 e(t)

E∗
y + τ−1e(t))−

1
6

=τ
1
2 (
e(t)

E∗
x+ e(t))

1
2 + τ

1
3 (
e(t)

E∗
x+ e(t))

1
3 + τ

1
5 (
e(t)

E∗
y + e(t))−

1
5 + τ

1
6 (
e(t)

E∗
y + e(t))−

1
6

>τ
1
2 [(
e(t)

E∗
x+ e(t))

1
2 + (

e(t)

E∗
x+ e(t))

1
3 + (

e(t)

E∗
y + e(t))−

1
5 + (

e(t)

E∗
y + e(t))−

1
6 ]

=ϕ(τ)g(x, x, y, y).

éuτ ∈ (0, 1) Úxi, yi ∈ [−E∗,+∞), (i = 1, 2), �ρ0 = e, k

φ(τx+ (τ − 1)ρ0, τx+ (τ − 1)ρ0, τ
−1y + (τ−1 − 1)ρ0, τ

−1y + (τ−1 − 1)ρ0)

=φ(τx+ (τ − 1)e, τx+ (τ − 1)e, τ−1y + (τ−1 − 1)e, τ−1y + (τ−1 − 1)e)

=t[(τ
e(t)

E∗
x+ (τ − 1)e(t) + e(t))

1
2 + (τ

e(t)

E∗
x+ (τ − 1)e(t) + e(t))

1
3 +

(
τ−1 e(t)

E∗
y+

(τ−1 − 1)e(t) + e(t)
)− 1

5 + (τ−1 e(t)

E∗
y + (τ−1 − 1)e(t) + e(t))−

1
6 ]
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=t[(τ
e(t)

E∗
x+ τe(t))

1
2 + (τ

e(t)

E∗
x+ τe(t))

1
3 + (τ−1 e(t)

E∗
y + τ−1e(t))−

1
5 + (τ−1 e(t)

E∗
y + τ−1e(t))−

1
6 ]

=t[τ
1
2 (
e(t)

E∗
x+ e(t))

1
2 + τ

1
3 (
e(t)

E∗
x+ e(t))

1
3 + τ

1
5 (
e(t)

E∗
y + e(t))−

1
5 + τ

1
6 (
e(t)

E∗
y + e(t))−

1
6 ]

>t{τ 1
6 [(
e(t)

E∗
x+ e(t))

1
2 + (

e(t)

E∗
x+ e(t))

1
3 + (

e(t)

E∗
y + e(t))−

1
5 + (

e(t)

E∗
y + e(t))−

1
6 ]}

>τ{t[(e(t)
E∗

x+ e(t))
1
2 + (

e(t)

E∗
x+ e(t))

1
3 + (

e(t)

E∗
y + e(t))−

1
5 + (

e(t)

E∗
y + e(t))−

1
6 ]}

=τφ(x, x, y, y).

(iv) �ρ0 = e, δ0 = 1 > 0. @o

g(x, x, y, y) =(
e(t)

E∗
x+ ρ0)

1
2 + (

e(t)

E∗
x+ ρ0)

1
3 + (

e(t)

E∗
y + ρ0)−

1
5 + (

e(t)

E∗
y + ρ0)−

1
6

=(
e(t)

E∗
x+ e(t))

1
2 + (

e(t)

E∗
x+ e(t))

1
3 + (

e(t)

E∗
y + e(t))−

1
5 + (

e(t)

E∗
y + e(t))−

1
6

>1{t[(e(t)
E∗

x+ e(t))
1
2 + (

e(t)

E∗
x+ e(t))

1
3 + (

e(t)

E∗
y + e(t))−

1
5 + (

e(t)

E∗
y + e(t))−

1
6 ]}

=δ0φ(x, x, y, y).

(v) �M = 1.51 > 1
( 5
2−3+1)Γ( 5

2−3+3)
,

g(M,M, 0, 0) <(1.51 + 1)
1
2 + (1.51 + 1)

1
3 + 1 + 1 = 4.9433 < +∞,

φ(M,M, 0, 0) <(1.51 + 1)
1
2 + (1.51 + 1)

1
3 + 1 + 1 = 4.9433 < +∞,

φ(0, 0,M,M) >0.

Ïd, ½n3.1 ¥�b��Ü÷v. (ÜÚn2.3 , BVP 7 �3����²�). d	, ��±eS

�:

ωn(t) =

∫ 1

0

G(t, s)

(
(
e(s)

E∗
ωn−1(s) + e(s))

1
2 + (

e(s)

E∗
ωn−1(s) + e(s))

1
3 + (

e(s)

E∗
τn−1(s)+

e(s))−
1
5 + (

e(s)

E∗
τn−1(s) + e(s))−

1
6

)
ds+

∫ 1

0

G(t, s)

(
t(
e(s)

E∗
ωn−1(s) + e(s))

1
2 +

t(
e(s)

E∗
ωn−1(s) + e(s))

1
3 + t(

e(s)

E∗
τn−1(s) + e(s))−

1
5 + s(

e(s)

E∗
τn−1(s)+

e(s))−
1
6

)
ds+

t
3
2 − t 5

2

Γ( 7
2
)
, n = 1, 2, · · ·

Ú

τn(t) =

∫ 1

0

G(t, s)

(
(
e(s)

E∗
τn−1(s) + e(s))

1
2 + (

e(s)

E∗
τn−1(s) + e(s))

1
3 + (

e(s)

E∗
ωn−1(s)+

e(s))−
1
5 + (

e(s)

E∗
ωn−1(s) + e(s))−

1
6

)
ds+

∫ 1

0

G(t, s)

(
t(
e(s)

E∗
τn−1(s) + e(s))

1
2 +
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t(
e(s)

E∗
τn−1(s) + e(s))

1
3 + t(

e(s)

E∗
ωn−1(s) + e(s))−

1
5 + s(

e(s)

E∗
ωn−1(s)+

e(s))−
1
6

)
ds+

t
3
2 − t 5

2

Γ( 7
2
)
, n = 1, 2, · · · ,

éu?¿�½�Ð�ω0, τ0 ∈ Ch,e, �t ∈ [0, 1], ·�k{ωn(t)} Ú{τn(t)} Ñ��Âñux∗.Ïd, ½

n3.1 ¥�b�¤á. (ÜÚn2.3, BVP 7 �3����²�).
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