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Abstract

In this paper, the concept of strongly quasi-Gorenstein projective (injective) modules

is introduced and some basic properties are proved, and equivalent inscriptions of

these two types of modules are discussed.
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1. 0�

1969c, 3©z [1]¥, Auslander�<Ú\
G-�ê�Vg, ¿é§�5��
�X�ïÄ.

2004c, Holm3©z [2]¥ïÄ
���þ�GorensteinÝ�(S�)�9Ù�ê, ��
éõ�Ý

�(S�)�9Ù�ê�q�(Ø. 2007c, Bennis�<3©z [3]¥JÑ
rGorensteinÝ���V

g,¿y²
R-�M´GorensteinÝ����=�§´,�rGorensteinÝ����Ú�. 2008c,

Yang�<3©z [4]¥éùa��
?�ÚïÄ.Óc, Mao�<3©z [5]Ú\
Gorenstein FP-S

��, 2009 c, Ding�<3©z [6]Ú\
rGorenstein²"�. 2010c, Gillespie3©z [7]¥r§

�©O#·¶�DingS��ÚDingÝ��. 2011 c, Xing3©z [8] ¥Ú\
rDingÝ��Ú

rDing S���½Â,y²
Ù�
Ä�5�. 2022c, Mashhad3©z [9]Ú\
[-GorensteinÝ

�(S�)��½Â,y²
Ù�
Ä�5�.

Édéu,�©Ú\
r[-GorensteinÝ�(S�)�,ïÄ
T���
Ä�5�.

�©¥,�R�kü ��(Ü�,�þ��R-�,P(R)ÚQP(R)©OL«Ý��aÚ[Ý��

a. I(R)ÚQI(R)©OL«S��Ú[S��a.QGP(R)ÚQGI(R)©OL«[-GorensteinÝ��

aÚ[-GorensteinS��a. pdR(M)L«R-�M �Ý��ê, GpdR(M)L«R-�M �Gorenstein

Ý��ê.

2. ý��£

½Â 2:1 [9]¡R-�M�[-GorensteinÝ��,XJ�3��Ý����ÜE/

P = � � � ! P1 ! P0 ! P�1 ! � � � ;

¦�M �= Im(P1 ! P0),�é?¿�Q 2 QP(R), Hom(P; Q)�Ü.

½Â 2:2 [9]¡R-�N�[-GorensteinS��,XJ�3��S����ÜE/

I = � � � ! I1 ! I0 ! I�1 ! � � � ;
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¦�M �= Im(I1 ! I0),�é?¿�E 2 QI(R), Hom(E; I)�Ü.

½Â 2:3 [10]¡R-�M�[Ý��,XJ

M

f

��
M

� //M=T // 0

�±Ö¿�±e��ãµ

M

f

��f 0||
M

� //M=T // 0

=f = �f 0.

½Â 2:4 [10]¡R-�M�[S��,XJ

0 // T
j //

f

��

M

M

�±Ö¿�±e��ãµ

0 // T
j //

f

��

M

f 0}}
M

=f = f 0j,Ù¥T�M�f�.

3. r[-GorensteinÝ��

½Â 3:1 ¡R-�M�r[-GorensteinÝ��,XJ�3��Ý����ÜE/

P = � � � ! P
f
! P

f
! P ! � � � ;

¦�M �= Imf ,�é?¿�Q 2 QP(R), Hom(P; Q)�Ü.

½Â 3:2 ¡R-�N�r[-GorensteinS��,XJ�3��S����ÜE/

I = � � � ! I
g
! I

g
! I ! � � � ;

¦�N �= Img,�é?¿�E 2 QI(R), Hom(E; I)�Ü.

^SQGP(R)ÚSQGI(R)©OP�r[-GorensteinÝ��aÚr[-GorensteinS��a.
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5P 3:3 P(R) � QP(R), I(R) � QI(R). SQGP(R) � QGP(R), SQGI(R) � QGI(R).

·K 3:4 (1)r[-GorensteinÝ��'u�Úµ4;

(2)r[-GorensteinS��'u�Èµ4.

y² (1)�(Pi)i2I´�qr[-GorensteinÝ��,Kd½Â�,�3�Ü�

P = � � � ! P
f
! P

f
! P ! � � � ;

¦�Pi �= Imf ,�é?¿�Q 2 QP(R); Hom(P; Q)�Ü.qÏ��3�Ü�

�P = � � � ! �P
�f
! �P

�f
! �P ! � � � ,

¿�Hom(�P; Q) �=
Q

Hom(P;Q),�é?¿�Q 2 QP(R);Hom(�P; Q)�Ü,��Pi �= Im(�f),Ï

d(�Pi)i2I´r[-GorensteinÝ��.

(2)�(Ii)i2I´�qr[-GorensteinS��,Kd½Â�,�3�Ü�

I = � � � ! I
g
! I

g
! I ! � � � ,,

¦�Ii �= Img,�é?¿�E 2 QI(R); Hom(E; I)�Ü.qÏ��3�Ü�

Q
I = � � � !

Q
I
Q

g
!
Q
I
Q

g
!
Q
I ! � � �

¿�Hom(E;
Q
I) �=

Q
Hom(E; I),�é?¿�E 2 QI(R);Hom(E;

Q
I) �Ü,�

Q
Ii �= Im(

Q
g),

Ïd
Q
Ii´r[-GorensteinS��.

·K 3:5z�Ý��´r[-GorensteinÝ��.

y²�P´Ý��,�Ä�Ü�P = � � � ! P � P
f
! P � P ! � � � ,Ù¥f : (x; y)! (0; x),K0�

P = Kerf = Imf = P .é?¿�Q 2 QP(R),^Hom(�; Q)�^uP,Kk±e��ã:

� � � // Hom(P � P;Q)

�=

��

Hom(f;Q) // Hom(P � P;Q)

�=

��

// � � �

� � � // Hom(P;Q)�Hom(P;Q) // Hom(P;Q)�Hom(P;Q) // � � �

�Hom(P; Q)�Ü,ÏdP´r[-GorensteinÝ��.

·K 3:6z�S��´r[-GorensteinS��.

½n 3:7M´[-GorensteinÝ��()M´��r[-GorensteinÝ����Ú�.

y² ())�M´[-GorensteinÝ��.Kd½Â��3�Ü�

P = � � � ! P1
dP
1

! P0
dP
0

! P�1
dP
�1

! P�2 ! � � �

¦�M �= Im(dP1 ),¿�é?¿�Q 2 QP(R), Hom(P;Q)�Ü,é?¿��êm; i,5½

(
Pm

P )i = Pi�m; d
P
m p

i = dPi�m;

�Ä�Ü�

Q = �(
Pm

P ) = � � � ! Q = �Pi
�dP

i

! Q = �Pi
�dP

i

! Q = �Pi ! � � � :

Ï�Im(�dPi )
�= �Im(dPi ), KM´Im(�dPi )��Ú�. qd©z( [11],·K20.2(1))�, é?¿

�L 2 QP(R);
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Hom(�m2Z(
Pm

P ); L) �=
Q

m2Z

Hom(
Pm

P;L);�Hom(Q; L)´�Ü�,¤±M´��r[-GorensteinÝ

��Im(�dPi )��Ú�.

(() �N´r[-GorensteinÝ��, KN = M � Q, d5P3.3�, N 2 QGP(R), qd©

z( [9],Ún2.6(1))��, N'u�Ú�µ4,�M 2 QGP(R).

½n 3:8M´[-GorensteinS��()M´��r[-GorensteinS����Ú�.

·K 3:9M´R-�,±e(Ø�d:

(1)M´r[-GorensteinS��;

(2)�3á�Ü�0!M ! P !M ! 0,Ù¥P´Ý��,�é?¿�Q 2 QP(R); Exti�1(M;Q) =

0;

(3) �3á�Ü�0 ! M ! P ! M ! 0, Ù¥P´Ý��, �é?¿�Q 2 QP(R),0 !

Hom(M;Q)! Hom(M;Q)! Hom(M;Q)! 0�Ü.

y² (1))(2) Ï�M´r[-GorensteinÝ��,Kd½Â�,�3á�Ü�X = 0 ! M !

P !M ! 0,Ù¥P´Ý��,�é?¿�Q 2 QP(R); Hom(X; Q)�Ü,��Ä±e��ã:

Hom(M;Q)

�=

��

// 0 //

��

0

�=

��
Hom(M;Q) // Ext1R(M;Q) // 0

KdáÊÚn�, Ext1R(M;Q) = 0,lExti�1R (M;Q) = 0:

(2))(3) w,.

(3))(1) d½Â=�y².

éur[-GorensteinS���kaq5�.

·K 3:10 N´R-�,±e(Ø�d:

(1) N´r[-GorensteinS��;

(2)�3á�Ü�0! N ! I ! N ! 0,Ù¥I´S��,�é?¿�E 2 QI(R); Exti�1R (E;N) =

0;

(3) �3á�Ü�0 ! N ! I ! N ! 0, Ù¥I´S��, �é?¿�E 2 QI(R); 0 !

Hom(E;N)! Hom(E; I)! Hom(E;N)! 0 �Ü.

½n 3:11 �0 ! N ! M ! Q ! 0�Ü, Ù¥Q 2 P(R), KN´r[-GorensteinÝ�

�()M´r[-GorensteinÝ��.

y²:())Ï�Q´Ý��,�d�Ü���,KM �= N �Q:Kd·K3.4Ú·K3.5�,M´r

[-Gorenstein-Ý��.

(()Ï�M´r[-GorensteinÝ��,Kd½Â��3�Ü�0! N �Q! P ! N �Q! 0,
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Ù¥P�Ý��,�ÄN �Q! PÚN �Q! N �íÑ:

0

��

0

��
0 // Q

i // N �Q

��

� // N

��

// 0

0 // Q // P

��

// Q
0

��

// 0

N �Q

��

N �Q

��
0 0

Ï�M �= N � Q, M´r[-GorensteinÝ��, �d½n3:7�, N´[-GorensteinÝ��. d©

z( [9],·K2.5)�, Q
0

2 QGP(R).qd©z( [9], Ún2.3)�, Exti�1R (Q
0

; Q) = 0;�0 ! Q ! P !

Q
0

! 0��,ÏdQ
0

2 P (R).2�ÄQ
0

! N �Q;N ! N �Q�.£:

0

��

0

��
N

��

N

��
0 // Q

00

��

// Q
0

��

// Q // 0

0 // N //

��

N �Q

��

// Q // 0

0 0

Ï�0 ! Q
00

! Q
0

! Q ! 0��,�Q
00

2 P(R),¿��3�Ü�0 ! N ! Q
00

! N ! 0:é

?¿�W 2 QP(R),Ï�N 2 QGP(R),�d©z( [9],Ún2.3)�, Exti�1R (N;W ) = 0,Kd·K3.9

�, N´r[-GorensteinÝ��.

½n 3:12�0 ! E ! M ! N ! 0�Ü,Ù¥E 2 I(R),KN´r[-GorensteinS��()

M´r[-GorensteinS��.

·K 3:13 �R����, Q´Ý��, XJM´��r[-GorensteinÝ��, KM 
 Q´r

[-GorensteinÝ��.

y²:Ï�M´r[-GorensteinÝ��,Kd½Â�,�3á�Ü�0!M ! P !M ! 0 (�),

Ù¥P´Ý��,^�
Q�^u(�),�0 = TorR1 (M;Q)!M 
Q!! P 
Q!!M 
Q! 0�

Ü. Ï�R´���, Kd©z( [12],ch2,x1,½n3)�, P 
 Q´Ý��. é?¿�Q
0

2 QP(R), d
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Ü©�

©z( [13], p. 258,9.20)�, Exti�1R (M 
R Q;Q
0

) �= HomR(Q;Ext
i�1
R (M;Q

0

)) = 0,�d·K3.9�,

M 
Qr[-GorensteinÝ��.

·K 3:14�R´�,K±e�d:

(1)r[-GorensteinÝ��'u*Üµ4;

(2)r[-GorensteinÝ��´Ý��)a;

(3)éz��Ü�0 ! G1 ! G0 ! M ! 0, Ù¥G0ÚG1´r[-GorensteinÝ��, eé?

¿Q 2 QP(R), Ext1R(M;Q) = 0,KM´r[-GorensteinÝ��.

y²:(1))(2) �0 ! A ! A
0

! A
00

! 0�Ü,Ù¥A
00

,A
0

´r[-GorensteinÝ��.���á

�Ü�0! A
00

! P ! A
00

! 0,Ù¥P´Ý��.�ÄA
0

! A
00

�P ! A
00

�.£µ

0

��

0

��
A

00

��

A
00

��
0 // A // B //

��

P

��

// 0

0 // A // A
0

��

// A00 //

��

0

0

OO

0

OO

Ï�A
00

; A
0

´r[-GorensteinÝ��,�d(1)�,B´r[-GorensteinÝ��,Kd½n3.11�,

A´r[-GorensteinÝ�.

(2))(3) Ï�G1´r[-GorensteinÝ�,¤±�3�Ü�0 ! G1 ! P1 ! G1 ! 0,Ù¥P1´

Ý��.�ÄG1 ! P1�G1 ! G0�íÑ:

0

��

0

��
0 // G1

��

// G0

��

//M // 0

0 // P1 //

��

C //

��

M // 0

G1

��

G1

��
0 0

Ï�G0�G1´r[-GorensteinÝ�,�d^�(2)�, C´r[-GorensteinÝ�,Ïd�3�Ü
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�0! C ! P2 ! C ! 0,Ù¥P2´Ý��.�ÄC !MÚC ! P2�íÑ:

0

��

0

��
0 // P1 // C //

��

M //

��

0

0 // P1 // P2 //

��

D //

��

0

C

��

C

��
0 0

^Hom(�; P1)�^u0!M ! D
0

! C ! 0,d��ÜÚn���Ü�µ

Ext1R(C;P1)! Ext1R(D;P1)! Ext1R(M;P1)

Ï�Ý��´[Ý��,Kd·K3.9Ú®�^��,Ext1R(C;P1) = Ext1R(M;P1) = 0,�Ext1R(D;P1)=0,

lá�Ü�0! P1 ! P2 ! D ! 0��,ÏdD´Ý��.qdÚn3.5�, D´r[-GorensteinÝ

�,Kd(2)�,M´r[-GorensteinÝ�.

(3))(1) �0 ! N ! N
0

! N
00

! 0�Ü, Ù¥N �N
00

´r[-GorensteinÝ��. é?

¿Q 2 QP(R),^Hom(�; Q)�^uþã�Ü�,d��ÜÚn���Ü�µ

Ext1R(N
00

; Q)! Ext1R(N
0

; Q)! Ext1R(N;Q)

Ï�Ý��´[Ý��, d·K3.9�Ext1R(N
00

; Q) = Ext1R(N;Q) = 0, �Ext1R(N
0

; Q) = 0. Ï

�N
00

´r[-GorensteinÝ�,��3�Ü�0 ! N
00

! P ! N
00

! 0,Ù¥P´Ý��.�ÄP !

N
00

�N
0

! N
00

�.£:

0

��

0

��
N

00

��

N
00

��
0 // N // H

��

// P //

��

0

0 // N // N
0 //

��

N
00 //

��

0

0 0

Ï�N´r[-GorensteinÝ��, P´Ý��, Kd½n3.11�, H´r[-GorensteinÝ��, l

d(3)�N
0

´r[-GorensteinÝ��,Ïdr[-GorensteinÝ��'u*Üµ4.

éó��±e·K.

·K 3:15�R´�,K±e^��d:
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Ü©�

(1)r[-GorensteinS��'u*Üµ4;

(2)r[-GorensteinS��´S��)a;

(3)éz��Ü�0 ! M ! Q0 ! Q1 ! 0, Ù¥Q0; Q1´r[GorensteinS��, eé?

¿E 2 QI(R), Ext1R(E;M) = 0,KM´r[GorensteinS��.
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