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Abstract

The aim of this paper is to study the strong instability of ground state standing waves

for the Schrödinger equation with hardy potential and combined nonlinearilities. By

establishing the variational characterization of the ground states, the existence of the

finite time blow-up is constructed in the neighborhood of the ground state solution,

and the strong instability of the ground state standing wave is proved.
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1. Úó9Ì�(J

��5Å½��§´þfåÆ¥�Ä���§��, §���a;.�ÚÑÅ�§, lêÆ�

ÝL²
�5ÚÑ����5��^�m�'X, =��5ÚÑ�AåÌ��^�, Uþ3�m*

Ñ, )�N�3, ¿�X�m�uÐìCP~; ��5ÚÑ�A���5�^²ï�,Ò¬/¤ÛÜ

z�k�Uþ), Ï~¡�7Å); ���5�åÌ��^�, Å¬�¥, )¬3k��mS�».

BerestyckiÚ Cazenave [1] ÄgïÄ
��5Å½��§7Å)�rØ­½5.�5, Le Coz [2] é

BerestyckiÚ Cazenave�²;(J�Ñ
,�«{ü�y², =ÏLïáÄ�)�C©�x, 3Ä

�)���S�E�»)��35, l
y²
Ä�7Å)�rØ­½5.Cc5, �
Æöé�a

��5Å½��§7Å)�rØ­½5¯K?1
XÚïÄ [3–6]. Bensouilah, DinhÚ Zhu [7] ï

Ä
� Hardy ³���5Å½��§7Å)�;�­½5,9 L2-�.�/e7Å)�Ø­½5.

��, Dinh [8] 3 L2-��.�/eïÄ
7Å)�Ø­½5. ÉþãïÄ(J�éu, �©Ì�ï

ÄXe� Hardy ³Ú·Ü��5����5Å½��§Ä�7Å)�rØ­½5{
iψt + ∆ψ + c

|x|2ψ + |ψ|pψ + γ|ψ|qψ = 0, (t, x) ∈ R× Rn,
ψ(0) = ψ0 ∈ H1,

(1.1)

Ù¥ n ≥ 3, ψ : R× Rn → C´E�¼ê, γ = ±1, 0 < q < p < 4
n−2 Ú c 6= 0÷v c < c∗ := (n−2)2

4
.
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r −c|x|−2¡� Hardy ³. c∗´ HardyØ�ª¥��Z~ê, ÷v

c∗

∫
Rn

|ψ(x)|2

|x|2
dx ≤

∫
Rn

|∇ψ(x)|2dx, ∀ψ ∈ H1(Rn).

�§ (1.1)�7Å)´/X ψ(t, x) = eiωtuω �), Ù¥ ω ∈ R´ªÇ, uω ∈ H1´ý��§

−∆uω + ωuω − c
uω
|x|2
− γ|uω|quω − |uω|puω = 0, (1.2)

��²�). �§ (1.2)���¤ S′ω(uω) = 0, �^�¼ Sω(u)½Â�

Sω(u) := E(u) +
ω

2
‖u‖2L2 , (1.3)

Uþ�¼ E(u)½Â�

E(u) :=
1

2
‖u‖2H1

c
− 1

p+ 2
‖u‖p+2

Lp+2 −
γ

q + 2
‖u‖q+2

Lq+2 , (1.4)

Ù¥

‖u‖2H1
c

:= ‖∇u‖2L2 − c
∫
Rn

|u(x)|2

|x|2
dx, (1.5)

´ Hardy�¼. ��½Â±e�¼

Kω(u) := ∂λSω(λu)|λ=1 = ‖u‖2H1
c

+ ω‖u‖2L2 − ‖u‖p+2
Lp+2 − γ‖u‖q+2

Lq+2 , (1.6)

Ú

Q(u) := ∂λSω(uλ)|λ=1 = ‖u‖2H1
c
− p∗

p+ 2
‖u‖p+2

Lp+2 −
γq∗

q + 2
‖u‖q+2

Lq+2 , (1.7)

Ù¥

uλ(x) := λ
n
2 u(λx), p∗ :=

np

2
, q∗ :=

nq

2
. (1.8)

�§ (1.2)��²�)�8Ü�

Aω := {uω ∈ H1\{0} : S′ω(uω) = 0},

9�§ (1.2)��²�»�)�8Ü�

Arad,ω := H1
rad ∩ Aω,

Ù¥ H1
rad´»�� H1¼ê�m.

½½½ÂÂÂ 1.1 e¼ê uω ∈ Aω 38Ü Aω þ¦� Sω ��z, K¡ uω ��§ (1.2)�Ä�. ^ Gω
L«Ä��8Ü

Gω = {uω ∈ Aω, Sω(uω) ≤ Sω(v), ∀ v ∈ Aω}.
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aq�, e¼ê uω ∈ Arad,ω 38Ü Arad,ω þ¦� Sω ��z, K¡ uω ��§ (1.2)�»�Ä�. »

�Ä��8Ü^ Grad,ω L«.

½½½ÂÂÂ 1.2 eé?¿� ε > 0, �3 ψ0 ∈ H1¦� ‖ψ0 − u‖H1 < ε, ��§ (1.1)± ψ0�Ð��

) ψ(t)3k��mS�», K7Å) eiωtu(x)´rØ­½�.

½½½nnn 1.3 � n ≥ 3, ω > 0Ú γ = 1, 4
n
≤ q < p < 4

n−2 ½ γ = −1, 0 < q < pÚ 4
n
< p < 4

n−2 ,

(i)e 0 < c < c∗, Ké?¿� uω ∈ Gω, ψ(t, x) = eiωtuω(x)´rØ­½�,

(ii)e c < 0, Ké?¿� uω ∈ Grad,ω, ψ(t, x) = eiωtuω(x)´rØ­½�.

2. ½n�y²

�
y²½n 1.3, I�e¡(J.

···KKK 2.1 � n ≥ 3, γ = ±1, ω > 0, 0 < q < p < 4
n−2 , @o

(i)e 0 < c < c∗, Kf8 Gω ´���, �

Gω = {v ∈ H1\{0} : Sω(v) = d(ω), Kω(v) = 0},

Ù¥

d(ω) := inf{Sω(v) : v ∈ H1\{0}, Kω(v) = 0}. (2.1)

(ii)e c < 0, Kf8 Grad,ω ´���, �

Grad,ω = {v ∈ H1
rad\{0} : Sω(v) = d(rad, ω), Kω(v) = 0},

Ù¥

d(rad, ω) := inf{Sω(v) : v ∈ H1
rad\{0}, Kω(v) = 0}.

5 �âIO�C©nØ, 3^� c > 0�, |^ Hardy-LittlewoodØ�ª�A�

c

∫
|x|−2|v(x)|2dx ≤ c

∫
|x|−2|v∗(x)|2dx, (2.2)

Ù¥ v∗ ´ v �é¡­ü, �íäÑ d(ω) �?¿4�zS�´»�é¡�. 3^� c < 0 �,

Hardy-LittlewoodØ�ªØ¤á, ���Ä»�é¡�4�zS�.

Äk, P ω-Hardy¼ê�

Gω(v) := ‖v‖2H1
c

+ ω‖v‖2L2 . (2.3)

d©z [7, 9] �, � c < c∗�

Gω(v) ∼ ‖v‖2H1 . (2.4)
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�^�¼ Sω(v)��L«�

Sω(v) =
1

2
Kω(v) +

q

2(q + 2)
‖v‖q+2

Lq+2 +
p

2(p+ 2)
‖v‖p+2

Lp+2

=
1

q + 2
Kω(v) +

q

2(q + 2)
Gω(v) +

p− q
(q + 2)(p+ 2)

‖v‖p+2
Lp+2 .

(2.5)

ÚÚÚnnn 2.2 � n ≥ 3, γ = ±1, ω > 0, 0 < q < p < 4
n−2 Ú c < c∗, K d(ω) > 0.

y² � v ∈ H1\{0}, ½Â4�z¯K d(ω) := inf{Sω(v) : v ∈ H1\{0}, Kω(v) ≤ 0}. d
Kω(v) ≤ 0�,

Gω(v) ≤ γ‖v‖q+2
Lq+2 + ‖v‖p+2

Lp+2 ≤ C(Gω(v)
q
2+1 +Gω(v)

p
2+1),

�

1 ≤ C(Gω(v)
q
2 +Gω(v)

p
2 ).

e Gω(v) ≤ 1,K 1 ≤ 2CGω(v)
q
2 .�é¤k�Kω(v) ≤ 0,

Gω(v) ≥ min{1, (2C)−
2
q }.

eKω(v) = 0,K

Sω(v) ≥ q

2(q + 2)
Gω(v) ≥ q

2(q + 2)
min{1, (2C)−

2
q }. (2.6)

�3 v ∈ H1\{0}þ�e(., �� d(ω) > 0.

ÚÚÚnnn 2.3 � n ≥ 3, γ = ±1, ω > 0Ú 0 < q < p < 4
n−2 , @o

(i)e 0 < c < c∗, Kf8

Mω := {v ∈ H1\{0}, Sω(v) = d(ω), Kω(v) = 0}

´���.

(ii)e c < 0, Kf8

Mrad,ω := {v ∈ H1
rad\{0}, Sω(v) = d(rad, ω), Kω(v) = 0}

´���.

y² (i)�3^� 0 < c < c∗�, v ∈ H1\{0}�Kω(v) ≤ 0, é?¿� λ > 0,

Kω(λv) = λ2Gω(v)− λp+2‖v‖p+2
Lp+2 − λq+2‖v‖q+2

Lq+2 .

éKω(v) ≤ 0, �3 λ0 ∈ (0, 1]¦�Kω(λ0v) = 0, K

λ2
0Gω(v) = λp+2

0 ‖v‖p+2
Lp+2 + λq+2

0 ‖v‖q+2
Lq+2

≤ λp+2
0

(
‖v‖p+2

Lp+2 + ‖v‖q+2
Lq+2

)
,
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Ù¥ λ0 ≥
(

Gω(v)

‖v‖p+2

Lp+2+‖v‖
q+2

Lq+2

) 1
p

, 9 λ0 ∈ (0, 1].

2� (vn)n≥1 ´ d(ω)�4�zS�, v∗n´ vn�é¡­ü, d ‖v∗n‖Lp+2 = ‖vn‖Lp+2 , ‖∇v∗n‖L2 ≤
‖∇vn‖L2 Úª (2.2) �, é¤k� n ≥ 1, Gω(v∗n) ≤ Gω(vn) Ú Kω(v∗n) ≤ Kω(vn) = 0, ��3

(λn)n≥1 ⊂ (0, 1], ¦�Kω(λnv
∗
n) = 0. qdª (2.5)��,

Sω(λnv
∗
n) =

1

q + 2
Kω(λnv

∗
n) +

q

2(q + 2)
Gω(λnv

∗
n) +

p− q
(q + 2)(p+ 2)

‖λnv∗n‖
p+2
Lp+2

=
q

2(q + 2)
Gω(λnv

∗
n) +

p− q
(q + 2)(p+ 2)

‖λnv∗n‖
p+2
Lp+2

=
q

2(q + 2)
λ2
nGω(v∗n) +

p− q
(q + 2)(p+ 2)

λp+2
n ‖v∗n‖

p+2
Lp+2

≤ q

2(q + 2)
Gω(v∗n) +

p− q
(q + 2)(p+ 2)

‖v∗n‖
p+2
Lp+2

≤ q

2(q + 2)
Gω(vn) +

p− q
(q + 2)(p+ 2)

‖vn‖p+2
Lp+2

= Sω(vn),

� (λnv
∗
n)n≥1 �´ d(ω)���4�zS�, K d(ω)�?¿��4�zS�Ñ´»�é¡�.Ï�

(vn)n≥1 ´ d(ω)���4�zS�, �� n → ∞�, vn ∈ H1\{0}, Kω(vn) = 0Ú Sω(vn) → d(ω)

A�??¤á.�â Kω(vn) = 0�, é?¿� n ≥ 1, Gω(vn) = ‖vn‖p+2
Lp+2 + ‖vn‖q+2

Lq+2 . dª (2.5)Ú

Sω(vn)→ d(ω)�, � n→∞�
q

2(q + 2)
Gω(vn) +

p− q
(q + 2)(p+ 2)

‖vn‖p+2
Lp+2 → d(ω), (2.7)

�é¤k� n ≥ 1 �, �3 C > 0 ¦� Gω(vn) ≤ 2(q+2)
q

d(ω) + C, K (vn)n≥1 3 H1 ¥k.. �

�, � (vn)n≥1 ´ d(ω) ���»�é¡�4�zS�, Ï� (vn)n≥1 3 H1 ¥k., �é?¿�

2 < q < 2n
n−2 , d;5i\ H1

rad ↪→ Lq �,�3 v ∈ H1 ÚfS� (vn)n≥1,3 H1 ¥, vn ⇀ v;3 Lq

¥, vn → v. AO/, v 6= 0. qdª (2.6)�, lim infn→∞‖vn‖p+2
Lp+2 > 0. Ú^ Dinh3©z [8] ¥�Ó

�nØ, =ÏLfÂñ�fe�ëY5, ��

Kω(v) ≤ lim inf
n→∞

Kω(vn) = 0,

K�3 λ0 ∈ (0, 1]¦�Kω(λ0v) = 0. qd d(ω)�½Â�,

d(ω) ≤ Sω(λ0v) =
1

q + 2
Kω(λ0v) +

q

2(q + 2)
Gω(λ0v) +

p− q
(q + 2)(p+ 2)

‖λ0v‖p+2
Lp+2

=
q

2(q + 2)
λ2
0Gω(v) +

p− q
(q + 2)(p+ 2)

λp+2
0 ‖v‖p+2

Lp+2

≤ q

2(q + 2)
Gω(v) +

p− q
(q + 2)(p+ 2)

‖v‖p+2
Lp+2

≤ lim inf
n→∞

( q

2(q + 2)
Gω(vn) +

p− q
(q + 2)(p+ 2)

‖vn‖p+2
Lp+2

)
≤ lim inf

n→∞
Sω(vn) = d(ω).

(2.8)
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� Sω(λ0v) = d(ω)½ λ0v´ d(ω)�4��.

(ii) 3^� c < 0�, ª (2.2)Ø¤á, ���Ä»�Ä�, y²L§� (i)�{aq. y²�¤.

ÚÚÚnnn 2.4 Mω ⊆ Gω.

y² � u ∈Mω, dKω(u) = 0�, Gω(u) = ‖u‖p+2
Lp+2 + γ‖u‖q+2

Lq+2 . qÏ� u´ d(ω)���4�

�, ��3.�KF¦f η ∈ R¦� S′ω(u) = ηK ′ω(u), K

0 = Kω(u) = 〈S′ω(u), u〉 = η〈K ′ω(u), u〉.

du

K ′ω(u) = −2∆u+ 2ωu− 2c|x|−2u− (p+ 2)|u|pu− γ(q + 2)|u|qu,

k

〈K ′ω(u), u〉 = 2Gω(u)− (p+ 2)‖u‖p+2
Lp+2 − γ(q + 2)‖u‖q+2

Lq+2 < 0.

� η = 0, S′ω(u) = 0.AO/, k u ∈ Aω. 2� v ∈ Aω, K

Kω(v) = 〈S′ω(v), v〉 = 0.

dMω �½Â�, Sω(u) ≤ Sω(v), � u ∈ Gω, y²�¤.

ÚÚÚnnn 2.5 Gω ⊂Mω.

y² � u ∈ Gω,duMω ��, �� v ∈Mω.�âÚn 2.4�, v ∈ Gω.AO/, Sω(u) = Sω(v).

qÏ� v ∈Mω, ¤±

Sω(u) = Sω(v) = d(ω),

KKω(u) = 0.� u ∈ Arad,ω, k S′ω(u) = 0, �Kω(u) = 〈S′ω(u), u〉 = 0. K u ∈Mrad,ω. y²�¤.

dÚn 2.3, 2.4Ú 2.5, ��y²·K 2.1.

ÚÚÚnnn 2.6 � n ≥ 3, ω > 0, γ = 1Ú 4
n
≤ q < p < 4

n−2 ½ γ = −1, 0 < q < pÚ 4
n
≤ p < 4

n−2 ,

@o

(i)e 0 < c < c∗, Ké?¿� uω ∈ Gω,

Sω(uω) = inf{Sω(v) : v ∈ H1\{0}, Q(v) = 0}. (2.9)

(ii)e c < 0, Ké?¿� uω ∈ Grad,ω,

Sω(uω) = inf{Sω(v) : v ∈ H1
rad\{0}, Q(v) = 0}.

y² (i)3^� 0 < c < c∗, γ = 1, 4
n
≤ q < p < 4

n−2 9 Q(v) = 0�,

Sω(v) = Sω(v)− 1

q∗
Q(v) =

q∗ − 2

2q∗
‖v‖2H1

c
+
ω

2
‖v‖2L2 +

p∗ − q∗

q∗(p+ 2)
‖v‖p+2

Lp+2 ≥ 0.
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� γ = −1, 0 < q < p, 4
n
≤ p < 4

n−2 Ú Q(v) = 0�,

Sω(v) = Sω(v)− 1

p∗
Q(v) =

p∗ − 2

2p∗
‖v‖2H1

c
+
ω

2
‖v‖2L2 +

p∗ − q∗

p∗(q + 2)
‖v‖q+2

Lq+2 ≥ 0.

� dn := inf{Sω(v) : v ∈ H1\{0}, Q(v) = 0}, de¡� Pohozaev’sð�ª

‖uω‖2H1
c

+ ω‖uω‖2L2 − ‖uω‖p+2
Lp+2 − γ‖uω‖q+2

Lq+2 = 0,

Ú (
1− n

2

)
‖uω‖2H1

c
− nω

2
‖uω‖2L2 +

n

p+ 2
‖uω‖p+2

Lp+2 +
nγ

q + 2
‖uω‖q+2

Lq+2 = 0,

��Kω(uω) = Q(uω) = 0.�â dn�½Â�,

Sω(uω) ≥ dn. (2.10)

� v ∈ H1\{0}¦�Q(v) = 0. eKω(v) = 0, Kd·K 2.1��, Sω(v) ≥ Sω(uω). eKω(v) 6= 0, K

Kω(vλ) = λ2‖v‖2H1
c

+ ω‖v‖2L2 − γλq
∗
‖v‖q+2

Lq+2 − λp
∗
‖v‖p+2

Lp+2 . (2.11)

Ïd, � 4
n
< p < 4

n−2 �,

lim
λ→0

Kω(vλ) = ω‖v‖2L2 > 0, lim
λ→∞

Kω(vλ) < 0. (2.12)

� γ = −1, p = 4
n
�,Q(v) = 09ª (2.12)¤á. ��3 λ0 > 0¦�Kω(vλ0) = 0,Sω(vλ0) ≥ Sω(uω).

qÏ�

∂λSω(vλ) = λ‖v‖2H1
c
− γq∗

q + 2
λq

∗−1‖v‖q+2
Lq+2 −

p∗

p+ 2
λp

∗−1‖v‖p+2
Lp+2 =

Q(vλ)

λ
,

��

f(λ) := Q(vλ) = λ2‖v‖2H1
c
− γq∗

q + 2
λq

∗
‖v‖q+2

Lq+2 −
p∗

p+ 2
λp

∗
‖v‖p+2

Lp+2 ,

� γ = 1, 4
n
≤ q < p < 4

n−2 �, f(λ) = 0�3����) λ = 1. � γ = −1Ú 4
n
≤ q < p < 4

n−2 �,

b��3 λ1 6= 1¦� f(λ1) = 0, K

‖v‖2H1
c
(1− λq

∗−2
1 ) =

p∗

p+ 2
‖v‖p+2

Lp+2(λp
∗−2

1 − λq
∗−2

1 ).

e λ1 < 1, K 1 − λq
∗−2

1 ≥ 0 Ú λp
∗−2

1 − λq
∗−2

1 < 0, �)gñ. e λ1 > 1, K 1 − λq
∗−2

1 ≤ 0

Ú λp
∗−2

1 − λq
∗−2

1 > 0, �)gñ. ��§ f(λ) = 0 �3����) λ = 1. � γ = −1 Ú

0 < q < 4
n
≤ p < 4

n−2 �, b��3 λ2 6= 1¦� f(λ2) = 0, K

q∗

q + 2
‖v‖q+2

Lq+2(1− λ2−q∗
2 ) =

p∗

p+ 2
‖v‖p+2

Lp+2(λp
∗−q∗

2 − λ2−q∗
2 ).

e λ2 < 1, K 1 − λ2−q∗
2 ≥ 0 Ú λp

∗−q∗
2 − λ2−q∗

2 ≤ 0, �)gñ. e λ2 > 1, K 1 − λ2−q∗
2 < 0 Ú
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λp
∗−q∗

2 − λ2−q∗
2 ≥ 0, �)gñ. ��§ f(λ) = 0�3����) λ = 1. Ïd, é¤k� λ ∈ (0, 1),

∂λSω(vλ) > 0; é¤k� λ ∈ (1,∞), ∂λSω(vλ) < 0.Ké?¿� λ > 0Ú λ 6= 1 �, Sω(vλ) < Sω(v).

é¤k� v ∈ H1\{0}�, Sω(vλ0 ) ≤ Sω(v)Ú Q(v) = 0. 3 vþ�e(., k

Sω(uω) ≤ dn. (2.13)

(ii) 3^� c < 0 �, y²� (i)�q. y²�¤.

ÚÚÚnnn 2.7 � n ≥ 3, ω > 0, γ = −1, 0 < q < pÚ 4
n
≤ p < 4

n−2 , @o

(i)e 0 < c < c∗, Ké?¿� uω ∈ Gω,

Sω(uω) = S1
ω(uω) = inf{S1

ω(v) : v ∈ H1\{0}, Q(v) ≤ 0}. (2.14)

(ii)e c < 0, Ké?¿� uω ∈ Grad,ω,

Sω(uω) = S1
ω(uω) = inf{S1

ω(v) : v ∈ H1
rad\{0}, Q(v) ≤ 0},

Ù¥

S1
ω(v) = Sω(v)− 1

p∗
Q(v)

=
p∗ − 2

2p∗
‖v‖2H1

c
+
ω

2
‖v‖2L2 +

p∗ − q∗

p∗(q + 2)
‖v‖q+2

Lq+2 .
(2.15)

y² (i) 3^� 0 < c < c∗ �, � d1(ω) = inf{S1
ω(v) : v ∈ H1\{0}, Q(v) ≤ 0}. d Q(uω) = 0,

��

S1
ω(uω) ≥ d1(ω). (2.16)

� v ∈ H1\{0}Ú Q(v) ≤ 0. e Q(v) = 0, KdÚn 2.5��

S1
ω(v) = Sω(v)− 1

p∗
Q(v) = Sω(v) ≥ Sω(uω) = S1

ω(uω).

e Q(v) < 0, Kév
�� λ > 0,

Q(vλ) = λ2‖v‖2H1
c

+
q∗

q + 2
λq

∗
‖v‖q+2

Lq+2 −
p∗

p+ 2
λp

∗
‖v‖p+2

Lp+2 > 0,

��3 λ0 ∈ (0, 1)¦� Q(vλ0) = 0. u´

S1
ω(v) =

p∗ − 2

2p∗
‖v‖2H1

c
+
ω

2
‖v‖2L2 +

p∗ − q∗

p∗(q + 2)
‖v‖q+2

Lq+2

≥ p∗ − 2

2p∗
λ2
0‖v‖2H1

c
+
ω

2
‖v‖2L2 +

p∗ − q∗

p∗(q + 2)
λq

∗

0 ‖v‖
q+2
Lq+2

= S1
ω(vλ0) = Sω(vλ0) ≥ Sω(uω) = S1

ω(uω).
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�

d1(ω) ≥ S1
ω(uω). (2.17)

(Üª (2.16)Ú (2.17)�, S1
ω(uω) = d1(ω).

(ii) 3^� c < 0 �, y²� (i)�q. y²�¤.

5 3^� γ = 1Ú p = 4
n
�, þãy²�{¿Ø·^. ��Äe¡�(J.

ÚÚÚnnn 2.8 � n ≥ 3, ω > 0, γ = 1, 4
n
≤ q < p < 4

n−2 ,@o

(i)e 0 < c < c∗, v ∈ H1\{0}Ú Q(v) ≤ 0, Ké?¿� uω ∈ Gω,

Sω(uω) ≤ Sω(v)− Q(v)

2
.

(ii)e c < 0, v ∈ H1
rad\{0}Ú Q(v) ≤ 0, Ké?¿� uω ∈ Grad,ω,

Sω(uω) ≤ Sω(v)− Q(v)

2
.

y² (i)3^� 0 < c < c∗ �, dª (2.11)Ú (2.12)�, �3 λ0 > 0¦� K(vλ0) = 0. qd

d(ω)�½Â�, Sω(uω) ≤ Sω(vλ0). d	, � γ = 1Ú 4
n
≤ q < p < 4

n−2 , ¼ê

h(λ) : = Sω(vλ)− λ2Q(v)

2

=
ω

2
‖v‖2L2 +

q∗λ2 − 2λq
∗

2(q + 2)
‖v‖q+2

Lq+2 +
p∗λ2 − 2λp

∗

2(p+ 2)
‖v‖p+2

Lp+2 ,

3 λ = 1?�����, � Q(v) ≤ 0�,

Sω(uω) ≤ Sω(vλ0) ≤ Sω(vλ0)− λ2
0Q(v)

2
≤ Sω(v)− Q(v)

2
.

(ii) 3^� c < 0�, y²� (i)�q. y²�¤.

�e5, � uω ∈ Gω,¿½Â

Bω = {v ∈ H1\{0} : Sω(v) < Sω(uω), Q(v) < 0}.

�q/, � uω ∈ Grad,ω, f8

Brad,ω := Bω ∩H1
rad.

ÚÚÚnnn 2.9 � n ≥ 3, ω > 0, uω ´�§ (1.2)�Ä�. e γ = 1, 4
n
≤ q < p < 4

n−2 ½ γ = −1,

0 < q < p, 4
n
≤ p < 4

n−2 , @o

(i)e 0 < c < c∗, K Bω ´ØC8. =e ψ0 ∈ Bω, K± ψ0 �Ð��) ψ(t)áu Bω,�é?¿

� t ∈ [0, T ∗)

Q(ψ(t)) ≤ 2(S(ψ0)− S(uω)). (2.18)
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(ii)e c < 0, K Brad,ω �´ØC8.

y² (i) 3^� 0 < c < c∗ �, � ψ0 ∈ Bω, dÛÜ·½5 [10] �, �3���) ψ ∈
C([0, T ∗), H1). d�þÅðÚUþÅð½n�, é?¿� t ∈ [0, T ∗),

Sω(ψ(t)) = Sω(ψ0) < Sω(uω). (2.19)

d	, d¼ê t 7→ Q(ψ(t)) �ëY5ÚÚn 2.5 �, e�3 t0 ∈ [0, T ∗) ¦� Q(ψ(t0)) = 0, K

Sω(ψ(t0)) ≥ Sω(uω), ù��§ (2.19)gñ,�é?¿� t ∈ [0, T ∗), Q(ψ(t)) < 0. � γ = 1�, dÚ

n 2.8���§ (2.18).� γ = −1�, dÚn 2.7�, é¤k� t ∈ [0, T ∗),

Sω(uω) ≤ S1
ω(ψ(t)) = Sω(ψ(t))− 1

p∗
Q(ψ(t)) < Sω(ψ0)−

Q(ψ(t))

2
.

� Q(ψ(t)) ≤ 2(S(ψ0)− S(uω)).

(ii) 3^� c < 0�, y²� (i)�q. y²�¤.

½½½nnn 1.3���yyy²²² (i)�3^� 0 < c < c∗ �, ε > 0, ω > 0, uω ∈ Gω, uλω(x) := λ
n
2 uω(λx). Ï�

3H1¥,� λ→ 1�, uλω → uω,�3 λ0 > 1¦� ‖uλ0
ω −uω‖H1 < ε,�X λ0�Åì~�, uλ0

ω ∈ Bω.

�â Pohozaev’sð�ª�,Q(uω) = 0. �âÚn 2.5�, ∂λSω(uλω) = 0��3����").é¤k

� λ ∈ (0, 1), ∂λSω(uλω) > 0;é¤k� λ ∈ (1,∞), ∂λSω(uλω) < 0.�é¤k� λ ∈ (0, 1), Q(uλω) > 0;

é¤k� λ ∈ (1,∞), Q(uλω) < 0. � Sω(uλ0
ω ) < Sω(uω), Q(uλ0

ω ) < 0,½ uλ0
ω ∈ Bω.dÛÜ·½5�,

�3���) ψ ∈ C([0, T ∗), H1)9Ð� ψ0 = uλ0
ω , Ù¥ T ∗ ����3�m.qÏ� uω 3Ã¡�

?¥�êP~, � uλ0
ω 3Ã¡�?k�Ó��êP~, uλ0

ω ∈ Σ = H1 ∩ L2(|x|2dx).d©z [11] �,

ψ ∈ C([0, T ∗),Σ), é¤k� t ∈ [0, T ∗),

d2

dt2
‖xψ(t)‖2L2 = 8Q(ψ(t)),

qÏ� Bω ´ØC8, �é¤k� t ∈ [0, T ∗), ψ(t) ∈ Bω,

Q(ψ(t)) ≤ 2(Sω(ψ(t))− Sω(uω)) = 2(Sω(uλ0
ω )− Sω(uω)) < 0,

dà5Øy [12] �, ± ψ0�Ð��) ψ(t)3k��mS�».

(ii)3^� c < 0�, y²� (i)�q. y²�¤.
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