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Abstract

Quantum Bernoulli noises (QBNs) are the family of annihilation and creation operators

acting on the space of square integrable Bernoulli functional, which satisfy a canonical

anti-commutation relation (CAR) in equal time. The sum operator of annihilation

and creation operator is a series of self-adjoint operator on Bernoulli functional space,

which is called canonical unitary involution on Bernoulli functional. In this paper,

based on the canonical unitary involution on the subspace of the Bernoulli functional

space, we construct a class of density operators, and consider the quantum entropy of

the density operator and some properties of the quantum entropy.
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1. Úó

þf&EnØ´y�ÔnÆ�Ä: [1, 2], þf�K´þf&EnØ¥���­�óä, 3ê

ÆÚÔnþéþf��ïÄØ=äk�©­��nØd�, 
�y²§kX2��A^cµ. Von

Neumann �Ò´Ù¥�«­��þf�, �±^5Ýþ&EXÚ¥�Ø(½5.

þf Bernoulli D((QBNs) ´�^u²��ÈBernoulli �¼�mþ��«ÚO)�f

x{∂k, ∂∗k}k≥0, ÷v��;K���'X(CAR), 3£ãm�þfXÚ¥k­��^ [3]. Cc

5, QBNs �2�ïÄ [4–9]. PΞk = ∂∗k + ∂k (k ≥ 0), =Bernoulli �¼þ�«�O)�f�Ú�f,

K§´��g��f, ¡�Bernoulli �¼þ�;KjéÜ. ©z [10]±;KjéÜ�óä, y²


���éþfi��4�½n, ©z [11]ïÄ
;KjéÜ�6Ä, ¿?Ø
±da6Ä�f�ü

z�f�Ä�þfi�.

�©ÄulÑ�mþfBernoulli D(, �Ä�a�Ý�f�þf�, Ì�L§Xe:

�éþã;KjéÜΞk, �E
Bernoulli �¼�mh �k��f�mhn þ�Xe�ag��

DOI: 10.12677/pm.2023.138229 2232 nØêÆ

http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.12677/pm.2023.138229


4�)

f

Ξk + tI, 0 ≤ k ≤ n,

Ù¥t ≥ 1, I ´hn þ�ü �f, y²
ùa�fäk�KA��, ?
§´hn þ��,a�f,

dd�E
�a�Ý�f, �Ä
ùa�Ý�f�þf�9þf��eZ5�.

©Ù�(�SüXe: 312 Ü©, {�£��
'uþfBernoulli D(�Ä�¯¢, ¿0�

A�­��Ún; 13 Ü©´�©�Ì�ó�, �ÄÄu;KjéÜ¤�E�þf��þf�9e

Z5�.

2. þf BernoulliD(

3�!¥, ·�{�/£�þf BernoulliD(({¡QBNs)��
Ä�Vg, PÒ±9(Ø.�

[SN�ë�©z [3].

�N ´�K�ê8, Γ L«N �k��8, =

Γ = {σ | σ ⊂ N�#σ <∞},

Ù¥#σ L«8Üσ �Äê. �Ω = {−1, 1}N L«¤kN�ω : N 7→ {−1, 1} �¤�8Ü, (ζn)n≥0 L

«½Â3Ω þ�;KÝKS�, éz�n ≥ 0, k

ζn(ω) = ω(n), ω ∈ Ω.

½ÂF = σ(ζn;n ≥ 0) ´Ω þdS�(ζn)n≥0 )¤�σ−�; �(pn)n≥0 ´�½��êS�, Ù

¥0 < pn < 1, n ≥ 0. @o3�ÿ�m(Ω,F) þ�3���VÇÿÝP, ¦�

P ◦ (ζn1
, ζn2

, · · · ζnk)−1{(ε1, ε2, · · · εk)} =

k∏
j=1

p
1+εj

2
nj p

1−εj
2

nj ,

Ù¥k ≥ 1, εj ∈ {−1, 1}, nj ∈ N (1 ≤ j ≤ k) ÷v: �i 6= j �, ni 6= nj . Ïd·�����VÇÿÝ

�m(Ω,F ,P),¡�Bernoulli�m,�T�mþ�E��ÅCþ¡�Bernoulli�¼. �Z = (Zn)n≥0

´�ÅCþS�(ζn)n≥0 )¤� Bernoulli�¼, =

Zn =
ζn + qn − pn

2
√
pnqn

, n ≥ 0,

Ù¥qn = 1− pn. w,, Z = (Zn)n≥0 ´VÇÿÝ�m(Ω,F ,P) þ���Õá��ÅCþ.

�L2(Ω,F ,P) ´Z = (Zn)n≥0 �²��È Bernoulli�¼�¤��m, ^h L«, =

h = L2(Ω,F ,P).

^〈·, ·〉 Ú‖ · ‖ L«h ¥�SÈÚ�ê, ¿�½〈·, ·〉 'u1��Cþ�Ý�5, 'u1��Cþ�5.

d©z [12]��, Z äk·bL«5�. KZ = {Zσ| σ ∈ Γ} ´h �IO��Ä(ONB), Ù¥Z∅ = 1,
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�

Zσ =
∏
j∈σ

Zj , σ ∈ Γ, σ 6= ∅.

w,h ´��Ã¡��E�© Hilbert�m. ´�, éuz�n ≥ 0, Zn = Z{n} �h �;K ONB�

��Ä�þ.

Ún 2.1 [3]é?¿�k ≥ 0, 3h þ�3��k.�f∂k : h→ h, ÷v‖ ∂k ‖= 1 �

∂kZσ = 1σ(k)Zσ\k, ∂∗kZσ = [1− 1σ(k)]Zσ∪k, σ ∈ Γ,

Ù¥∂∗k �∂k ��Ý�f, σ \ k = σ \ {k}, σ ∪ k = σ ∪ {k}, �1σ(k) ´N �f8σ �«5¼ê.

�f∂k ÚÙ�Ý�f∂
∗
k ©O¡��^3 Bernoulli�¼�mþ��«�fÚO)�f.

½Â 2.1 [3]�«ÚO)�fx{∂k, ∂∗k}k≥0 ¡�þf BernoulliD(.

e�ÚnL²þf BernoulliD(÷v��;K���'X(CAR).

Ún 2.2 [3]�k, l ∈ N, Ke��ª¤á

∂k∂l = ∂l∂k, ∂∗k∂
∗
l = ∂∗l ∂

∗
k , ∂∗k∂l = ∂l∂

∗
k , k 6= l

�

∂k∂k = ∂∗k∂
∗
k = 0, ∂k∂

∗
k + ∂∗k∂k = I.

Ù¥I ´�mh þ�ü �f.

PNn = {0, 1, 2, · · · , n}, Γn L«Nn ��8, K

hn = span{ Zσ | σ ∈ Γn}

´h �f�m. N´�yhn ��ê´2n+1.

Ún 2.3 [3]�k ≥ 0, KΞk = ∂∗k + ∂k ´h þ���g�j�f, ¡�Bernoulli �¼þ�;K

jéÜ.

5 �0 ≤ k ≤ n �, hn ´∂
∗
k Ú∂k �ØCf�m, l
Ξk �À�hn þ��f.

Ún 2.4 e{Zσ| σ ∈ Γn} ´hn �IO��Ä, K{ 1√
2
(Zσ + Zσ\k) | σ ∈ Γn, k ∈ σ} �´hn �I

O��Ä.

y². é∀ σ, τ ∈ Γn,∀ k ∈ σ
⋂
τ , w,{ 1√

2
(Zσ + Zσ\k) ∈ hn, �

�σ 6= τ �, k

〈 1√
2

(Zσ + Zσ\k),
1√
2

(Zτ + Zτ\k)〉 = 0,

�σ = τ �,k
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〈 1√
2

(Zσ + Zσ\k),
1√
2

(Zσ + Zσ\k)〉

=
1

2

〈
Zσ + Zσ\k, Zσ + Zσ\k

〉
=

1

2

(
〈Zσ,Zσ〉+

〈
Zσ\k, Zσ\k

〉)
=1.

ùL²{ 1√
2
(Zσ + Zσ\k) | σ ∈ Γn, k ∈ σ} ´hn �IO��Ä. �

Ún 2.5 éσ ∈ Γn, k ∈ σ, Ξk ��hn þ��fkA��1,−1, �éA�A��þ©O

�Zσ + Zσ\k �Zσ − Zσ\k.

y². ék ∈ σ, dΞk �½Â, k

Ξk
(
Zσ + Zσ\k

)
= (∂∗k + ∂k)Zσ + (∂∗k + ∂k)Zσ\k = Zσ\k + Zσ,

Ξk
(
Zσ − Zσ\k

)
= (∂∗k + ∂k)Zσ − (∂∗k + ∂k)Zσ\k = Zσ\k − Zσ = −(Zσ − Zσ\k).

ùL²1 Ú−1 ´�fΞk �A��, 
Zσ + Zσ\k ÚZσ − Zσ\k ´�A�A��þ. �

Ún 2.6 é0 ≤ k ≤ n, t ∈ R, Ξk + tI ��hn þ�g��fkA��t− 1, t+ 1.

y². dÚn2.5 ´�.

5 5¿��0 ≤ k ≤ n �, é∀ t ≥ 1, Ξk + tI �¤kA���K, (Ü�fΞk + tI �g�5´

�, Ξk + tI ´hn þ���f, ?�Ú, §´hn þ��,a�f.

3. þf�

e���,a�fρ ÷vTr(ρ) = 1, K¡ρ ��Ý�f. 3þfåÆ¥, ~¡�Ý�f��. 3

ù�!, ·��ÑBernoulli �¼�mþÄu;KjéÜ��Ý�f�þf�9eZ5�, �d, Ä

k�Ñþf��½Â.

½Â 3.1 [1]��þf�ρ �Von Neumann �½Â�

S(ρ) = −Tr(ρ log ρ), (3.1)

§�þf�'�½Â�

S(ρ || ρ′) = Tr(ρ log ρ)− Tr(ρ log ρ′), ρ 6= ρ′. (3.2)

ùp�éê´±2�.�.

e¡0���­��½n.

½n 3.1 é?¿�σ ∈ Γn, k ∈ σ, ∀ t ≥ 1, kTr( Ξk+tI
2n+1(1+t)

) = 1. = Ξk+tI
2n+1(1+t)

´hn þ����Ý

�f.
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y². ÏL��O�, k

Tr (Ξk + tI) =
∑
σ∈Γn

〈 1√
2

(
Zσ + Zσ\k

)
, (Ξk + tI)

1√
2

(
Zσ + Zσ\k)〉

=
∑
σ∈Γn

〈 1√
2

(Zσ + Zσ\k), (1 + t)
1√
2

(
Zσ + Zσ\k)〉

=(1 + t)
∑
σ∈Γn

〈 1√
2

(Zσ + Zσ\k),
1√
2

(
Zσ + Zσ\k)〉

=2n+1(1 + t).

ù¿�XTr( Ξk+tI
2n+1(1+t)

) = 1. �

±e, ��Bå�, ·�¡ρk = Ξk+tI
2n+1(1+t)

�d:KjéÜ(½��Ý�f, w,ρk �´g��

f, e¡�½n�Ñd:KjéÜ(½��Ý�f�Von Neumann �.

½n 3.2 é∀ k ∈ Nn, ∀ t ≥ 1, d:KjéÜ(½��Ý�f�Von Neumann ��

S (ρk) = n+ 1− 1

2n+1
Tr

(
log

Ξk + tI

1 + t

)
,

§�þf�'��

S(ρk || ρj) =
1

2n+1
Tr(log

Ξk + tI

Ξj + tI
), k 6= j.

y². �âVon Neumann ��½Â9�fΞk �g�5, k

S (ρk) = −Tr

(
Ξk + tI

2n+1(1 + t)
log

Ξk + tI

2n+1(1 + t)

)
= n+ 1 +

1

2n+1
S

(
Ξk + tI

1 + t

)
,

Ú

S

(
Ξk + tI

1 + t

)
=− Tr

(
Ξk + tI

1 + t
log

Ξk + tI

1 + t

)
=−

∑
σ∈Γn

〈
1√
2

(
Zσ + Zσ\k

)
,

Ξk + tI

1 + t
log

Ξk + tI

1 + t

1√
2

(
Zσ + Zσ\k

)〉

=−
∑
σ∈Γn

〈
Ξk + tI

1 + t

1√
2

(
Zσ + Zσ\k

)
, log

Ξk + tI

1 + t

1√
2

(
Zσ + Zσ\k

)〉

=−
∑
σ∈Γn

〈
1√
2

(Zσ + Zσ\k) , log
Ξk + tI

1 + t

1√
2

(
Zσ + Zσ\k

)〉

=− Tr

(
log

Ξk + tI

1 + t

)
.

l
S (ρk) = n+ 1− 1
2n+1 Tr

(
log Ξk+tI

1+t

)
.

éuþf�'�5`§N´�yTr (ρk log ρk) = 1
2n+1 Tr (log ρk) ,Tr (ρk log ρj) = 1

2n+1 Tr (log ρj) .
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l


S(ρk || ρj) = Tr (ρk log ρk) − Tr (ρk log ρj)

=
1

2n+1
Tr (log ρk) −

1

2n+1
Tr (log ρj)

=
1

2n+1
Tr(log

ρk
ρj

)

=
1

2n+1
Tr(log

Ξk + tI

Ξj + tI
).

�

±e·�?Ød:KjéÜ(½��Ý�f�Von Neumann ��eZ5�.

½n 3.2 é∀ σ ∈ Γn, k, j ∈ σ, k 6= j, kS(ρkρj) = 1
2n+1 (S(ρk) + S(ρj)).

y². �âVon Neumann ��½Â9,$��5�, k

S (ρkρj) =− Tr (ρkρj log ρkρj)

=− Tr (ρjρk log ρk)− Tr (ρkρj log ρj)

=−
∑
σ∈Γn

〈
1√
2

(
Zσ + Zσ\j

)
, ρjρk log ρk

1√
2

(
Zσ + Zσ\j

)〉

−
∑
σ∈Γn

〈
1√
2

(
Zσ + Zσ\k

)
, ρkρj log ρj

1√
2

(
Zσ + Zσ\k

)〉

=−
∑
σ∈Γn

〈
ρj

1√
2

(
Zσ + Zσ\j), ρk log ρk

1√
2

(
Zσ + Zσ\j

)〉

−
∑
σ∈Γn

〈
ρk

1√
2

(
Zσ + Zσ\k

)
, ρj log ρj

1√
2

(
Zσ + Zσ\k)

)〉

=− 1

2n+1

∑
σ∈Γn

〈
1√
2

(
Zσ + Zσ\j

)
, ρk log ρk

1√
2

(
Zσ + Zσ\j

)〉

− 1

2n+1

∑
σ∈Γn

〈
1√
2

(
Zσ + Zσ\k

)
, ρj log ρj

1√
2

(
Zσ + Zσ\k

)〉

=
1

2n+1
(S (ρk) + S (ρj)) .

�

íØ 3.3 é∀ σ ∈ Γn, k, j ∈ σ, k 6= j, kS(ρkρj) ≤ S(ρk) + S(ρj).

½n 3.4 é∀ σ ∈ Γn, k, j ∈ σ, k 6= j, XJ p+ q = 1, @oS(pρk + qρj) ≥ pS(ρk) + qS(ρj).

y². �ϕ(x) = x log x, §´��à¼ê÷vϕ(px+ qy) ≤ pϕ(x) + qϕ(y), ep+ q = 1, d½Â,
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k

S (pρk + qρj) = −Tr [(pρk + qρj) log p (ρk + qρj)]

= −Tr [ϕ (pρk + qρj)]

≥ −Tr [pϕ (ρk) + qϕ (ρj)]

= pS (ρk) + qS (ρj) .
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