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Abstract

Let (M1, g) and (M2, h) be two Hermitian manifolds. The twisted product Hermitian

manifold (M1 × fM2, G) is the product manifold M1 ×M2 endowed with the Hermitian

metric G = g+f2h, where f is a positive smooth function on M1×M2. In this paper, the

torsion tensor and torsion (1,0) forms of the twisted product Hermitian manifold are

derived. Sufficient and necessary conditions are given that (M1× fM2, G) is balanced.

Keywords

Hermitian Manifold, Twisted Product, Balanced Manifold

Copyright c© 2023 by author(s) and Hans Publishers Inc.

This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

1. Úó

D��A6/´iù6/�g,í2, ´EAÛ�Ì�ïÄé�. äkþ4pV/ª�D��

A6/´²ï6/, ��¡��pV6/[1]. �E�ê�1½2�, z�²ïD��A6/Ñ´pV

�, 3�p���/e, �3�pV�²ïD��A6/[2].
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²ï6/, ¿��E
3��pV�²ïD��A6/[3].

2001c, Georgi y²
;�²ïD��A6/þ�3�X�NÚ�1/ª[4]. 2004c, Alessandrini

y²
��31w�	�;�pVEn�6/äkD��AÝþ[5]. 2010c, 4�¸é;�²ï

D��A6/?1
�\ïÄ, &?
;�²ïD��A6/þ�«Ç�'X, �Ñ
²ï6/

���½n[6]. 2012c, F3�3�pV� Calabi-Yau 6/xþ�E
²ïÝþ[7]. þãïÄ¤J

L², ¯õÆöéuùaAÏD��A6/�ïÄ5k,�, �8�,�M, ¤±ïÄ²ïD��A

6/äk�©��d�Ú¿Â.

ÛÈÚLÈ´AÛÆ¥�EäkAÏÇ5�6/�k��{. 1969c, Bishop Ú O’Neil

�
ïÄäkKÇ�iù6/Ú\
ÛÈÝþ[8]. 2001c, Kozma, Peter Ú Varga òÛÈ

�Vgí2�¥dVAÛ¥[9]. 2016c, Û]Ú¨S²òÛÈ�Vgí2�
E¥dVAÛ, X

Ú/ïÄ
E¥dV6/�VÛÈ[10]. 2018c, Û]ÚÜ¡ òÛÈ�Vgí2�
EAÛ,

ïÄ
VÛÈD��A6/[11]. 2022c, Xj¦ÚÛ]�<í�ÑVÛÈD��A6/�
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Levi-Civita éä! Levi-Civita ÇÜþÚ Levi-Civita Ricci ÇÜþ�ÛÜ�IL�ª, ?�

ÑVÛÈD��A6/´ Levi-Civita Ricci ²"6/�¿©7�^�[12].

LÈ´ÛÈ�í2. 1981c, Chen �Ñ
iùAÛ¥LÈ�Vg[13]. 2006c, Kozma, Peter

Ú Shimada ÄgJÑ
LÈ¥dVÝþ, ïÄ
LÈ¥dVÝþ�W�éä, ÿ/�9��5[14].

2022c, ��ÚÛ]òVLÈ�Vgí2�E¥dV6/, ¿�ÑVLÈ¥dV6/´OÏd"6

/�¿©7�^�[15].

�C, Û]ÚoÔ>�òLÈí2�D��A6/, ��
�éä!�Ç!�X�¡Ç�

AÛþ3ÛÜ�IXe�L�ª, ¿�§�Ñ�±dLÈD��A6/�©þL«, Ó�·�¼�


�Eäk~�X�¡Ç�D��A6/�#�{, ¿��ÑLÈD��A6/´�²"½�

Ricci²"�¿©7�^�.

��g,�¯K´XÛ�xLÈD��A6/�LÇÚLÇ(1,0)/ª,±9&ÄLÈD��A

6/�²ï5. �éþã¯K, �©ò&?�ÑLÈD��A6/²ï�¿©7�^�.

2. ý��£

�!Ì�0�ïÄ¤I�Ä�Vg, ¿�½ÎÒ.

� (M,J,G) ´��n�1wD��A6/, Ù¥ G ´D��AÝþ, J ´E(�. � TCM ´

M �E�m, TCM = TM ⊗ C �©)�[16]

TCM = T 1,0M ⊕ T 0,1M,

Ù¥ T 1,0M Ú T 0,1M ©O´A��
√
−1 Ú −

√
−1 �A��m.

� z = (z1, · · · , zn) ´M þ�ÛÜ�X�I, �þ| {∂α} Ú {∂ᾱ} ©O´ T 1,0M Ú T 0,1M �

Ä, Ù¥ ∂α = ∂
∂zα

, ∂ᾱ = ∂
∂z̄α

.

3D��A6/ (M,G) ¥, G ´M þ�D��AÝþ, äNL«�[3]

G = Gαβdz
α ⊗ dzβ, (2.1)

Ù¥Gαβ = G(∂α, ∂β̄).

D��Aéä�[3]

∇(∂β) = ωβγ ⊗ ∂γ ,

Ù¥ ωβγ ´E�1/ª.

LÇ T �Xê�[3]

Tαβγ = (∂βGγε − ∂γGβε)Gεα, (2.2)

Tβγσ = TαβγGασ. (2.3)

DOI: 10.12677/pm.2023.1310297 2910 nØêÆ

https://doi.org/10.12677/pm.2023.1310297


oÔ>�

½Â1. [3] � (M,G) ´D��A6/, ÙLÇ(1,0)/ª τ ½Â�

τ = τβdz
β, (2.4)

Ù¥

τβ = GσγTβγσ. (2.5)

½Â2. [3] � (M,G) ´D��A6/, e§�LÇ(1,0)/ª τ = 0, K¡M ´²ï�.

� (M1, g) Ú (M2, h) ´ü�D��A6/, ¿� dimCM1 = m, dimCM2 = n. � M =

M1 ×M2, K dimCM = m+ n.

� z1 = (z1, . . . , zm) ∈ M1, z2 = (zm+1, . . . , zm+n) ∈ M2, K z = (z1, z2) ∈ M . � π1 :

M1 ×M2 →M1, π2 :M1 ×M2 →M2 L«g,ÝK, = π1(z) = z1, π2(z) = z2.

� T 1,0M1 Ú T 1,0M2 ©O´ M1 Ú M2 ��X�m, � v1 = (v1, · · · , vm) ∈ T 1,0M1, v2 =

(vm+1, · · · , vm+n) ∈ T 1,0M2, K v = (v1, v2) ∈ T 1,0M . � dπ1 : T 1,0(M1 ×M2) → T 1,0M1, dπ2 :

T 1,0(M1 × M2) → T 1,0M2 ©OL«d π1 Ú π2 p���X�N�, K dπ1(z, v) = (z1, v1),

dπ2(z, v) = (z2, v2).

3�©¥, ��F1i1�I α, β, γ,· · · �Cz��´l1�m+n, ��.¶i1�I

i, j, k, s, · · · �Cz��´l1�m, �§Ò���.¶i1�I i′, j′, k′, s′, · · · �Cz��´
lm+1�m+n. ,	, �
Bu«© (M1, g) Ú (M2, h) þ�AÛþ, �©3Ù�þ�©O\�

I1Ú2, X
1

T ljk,
2

T l
′

j′k′ ©OL« (M1, g) Ú (M2, h) �LÇXê.

½Â3. � (M1, g) Ú (M2, h) ´ü�D��A6/. f :M1 ×M2 → (0,+∞) ´��1w¼ê. LÈ

D��A6/ (M1 × fM2, G) ´D�
XeÝþ G : TM → (0,+∞) �¦È6/M =M1 ×M2:

G(z, v) = g(π1(z), dπ1(v)) + f2h(π2(z), dπ2(v)), (2.6)

Ù¥ z = (z1, z2) ∈M , v = (v1, v2) ∈ T 1,0M . f �¡�L¼ê, ~{¡ G �LÈD��AÝþ.

e f =�M1 þ�¼ê, K (M1 ×f M2, G) ´ÛÈD��A6/. e f =�M2 þ�¼ê,

K (M1 ×f M2, G) ´¦ÈD��A6/.

G �Ä�ÜþÝ
 (Gαβ) �

(Gαβ) =

(
gij 0

0 f2hi′j′

)
, (2.7)

Ù_Ý
 (Gβ̄α) �

(Gβα) =

(
gji 0

0 f−2hj
′i′

)
. (2.8)
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3. LÈD��A6/�LÇ

�!òí�LÈD��A6/�LÇÚLÇ(1,0)/ª3ÛÜ�IXe�L�ª.

·K1. � (M1 × fM2, G) ´LÈD��A6/, K

T ljk =
1

T ljk, (3.1)

T l
′

j′k = −2f−1δl
′

j′∂kf, (3.2)

T l
′

jk′ = 2f−1δl
′

k′∂jf, (3.3)

T l
′

j′k′ = 2f−1(δl
′

k′∂j′f − δl
′

j′∂k′f) +
2

T l
′

j′k′ , (3.4)

T l
′

jk = T lj′k = T ljk′ = T lj′k′ = 0. (3.5)

y². -(2.2)¥ α = l′, β = j′, γ = k′, ��

T l
′

j′k′ = (∂j′Gk′i − ∂k′Gj′i)Gil
′
+ (∂j′Gk′i′ − ∂k′Gj′i′)G

i′l′ , (3.6)

ò(2.7)Ú(2.8)�\(3.6), k

T l
′

j′k′ = [∂j′(f
2hk′i′)− ∂k′(f

2hj′i′)]f
−2hi

′l′

= (2fhk′i′∂j′f + f2∂j′hk′i′ − 2fhj′i′∂k′f − f
2∂k′hj′i′)f

−2hi
′l′

= 2f−1(δl
′

k′∂j′f − δl
′

j′∂k′f) + (∂j′hk′i′ − ∂k′hj′i′)h
i′l′

= 2f−1(δl
′

k′∂j′f − δl
′

j′∂k′f) +
2

T l
′

j′k′ .

Ón��(3.1)-(3.3), (3.5)¤á, y..

·K2. � (M1 × fM2, G) ´LÈD��A6/, K

Tjks =
1

Tjks, (3.7)

Tj′ks′ = −2fhj′s′∂kf, (3.8)

Tjk′s′ = 2fhk′s′∂jf, (3.9)

Tj′k′s′ = 2f(hk′s′∂j′f − hj′s′∂k′f) + f2
2

T j′k′s′ , (3.10)

Tj′ks = Tjk′s = Tjks′ = Tj′k′s = 0. (3.11)

y². -(2.3)¥ β = j′, γ = k′, σ = s′, ��

Tj′k′s′ = T lj′k′Gls′ + T l
′

j′k′Gl′s′ . (3.12)

DOI: 10.12677/pm.2023.1310297 2912 nØêÆ

https://doi.org/10.12677/pm.2023.1310297


oÔ>�

ò(2.7)Ú(3.4)�\(3.12), k

Tj′k′s′ = [2f−1(δl
′

k′∂j′f − δl
′

j′∂k′f) +
2

T l
′

j′k′ ]f
2hl′s′

= 2f(hk′s′∂j′f − hj′s′∂k′f) + f2
2

T l
′

j′k′hl′s′

= 2f(hk′s′∂j′f − hj′s′∂k′f) + f2
2

T j′k′s′ .

Ón��(3.7)-(3.9), (3.11)¤á, y..

·K3. � (M1 × fM2, G) ´LÈD��A6/, K

τj =
1
τj + 2∂j(ln f), (3.13)

τj′ =
2
τj′ . (3.14)

y². -(2.5)¥ β = j′, ��

τj′ = GskTj′ks +Gs
′kTj′ks′ +Gsk

′
Tj′k′s +Gs

′k′Tj′k′s′ , (3.15)

ò(2.8)!(3.10)Ú(3.11)�\(3.15), k

τj′ = f−2hs
′k′ [2f(hk′s′∂j′f − hj′s′∂k′f) + f2

2

T j′k′s′ ]

= 2f−1(∂j′f − ∂j′f) + hs
′k′

2

T j′k′s′

=
2
τj′ .

Ón��(3.13)¤á, y..

4. ²ïD��A6/

�!òïÄLÈD��A6/�²ï5.

½n1. � (M1 × fM2, G) ´LÈD��A6/, KLÈD��A6/ (M1 × fM2, G) ´²ï��

�=�M2 ´²ï�, �
1
τj = −2∂j(ln f).

y². �â½Â2Ú(2.4)��, (M1 × fM2, G) ´²ï���=�

τβ = 0. (4.1)

(Ü·K3, (4.1)�du±e�§ {
1
τj + 2∂j(ln f) = 0,
2
τj′ = 0.

(4.2)

(4.2)¿�X
1
τj = −2∂j(ln f) �M2 ´²ï�, y..
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�â½n1��eãíØ

íØ1. XJ ∂j(ln f) = 0, KLÈD��A6/ (M1 × fM2, G) ´²ï���=� (M1, g) Ú

(M2, h) Ñ´²ï�.

y². d½n1��, LÈD��A6/ (M1 × fM2, G) ´²ï���=�{
1
τj + 2∂j(ln f) = 0,
2
τj′ = 0.

(4.3)

ò ∂j(ln f) = 0 �\(4.3)�1�ª, ��(4.3)�du{
1
τj = 0,
2
τj′ = 0.

(4.4)

d½Â2Ú(2.4)��, (4.4)¿�X (M1, g) Ú (M2, h) Ñ´²ï�, y..

5. (Ø

�©�ÑLÈD��A6/�LÇÚLÇ(1,0)/ª3ÛÜ�IXe�L�ª, ��LÈD��

A6/´²ï�¿©7�^�, =M2 ´²ï�, �
1
τj = −2∂j(ln f), l���«�E²ïD��

A6/�k��{.�Ï·�òÏL¦)þã �©�§,�Ñ²ïD��A6/�äN~f.

Ä7�8
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