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Abstract

In this paper, we study ��biharmonic hypersurfaces in product spaces Sm�R andHm�R,

give the equivalent equation and classify semi-parallel ��biharmonic hypersurfaces.
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1. Úó

� ' : Mm ! Nm+1 ´ m�iù6/Mm � m + 1�iù6/ Nm+1 ���Nì,¡VUþ

�¼ E2(') =
1
2

R
M
j�(')j2dv�Uþ�¼ E(') = 1

2

R
M
jd(')j2dv��5|Ü

E2;�(') = E2(') + �E('); � 2 R

��.Nì� ��VNÚNì,Ù Euler-Lagrange�§�:

�2(')� ��(') = 0; (1)

Ù¥

�(') = tr(rd');

�2(') = tr(r'r'�(')�r'

rM �('))� tr eR(d'; �('))d';
r'Ú r©O��þm '�1TNm+1þ�p�éäÚMmþ� Levi-Civitaéä, eR´
Nm+1þ�Ç�f.

�Mm � Nm+1 ¥��¡,e�¡Mm ��åE\÷v (1)ª,K¡Mm � ��VNÚ�

¡.�	��m Nm+1 äk~�¡Ç c�, (1)ª�du �H = (mc � �)H,da�¡�¡�

äkT�²þÇ�þ|��¡.

1988c, ���uå
î¼�m¥� ��VNÚ�¡�©a¯K�ïÄ, y²
 3 �î¼

�m R
3 ¥� ��VNÚ�¡½4�, ½ÛÜ�åu�Î¡(� [1]). ;�X, A. Ferr�andez Ú P.

Lucasy�î¼�m R
m+1¥�õkü�ØÓÌÇ�da ��VNÚ�¡½4�,½ÛÜ�åu

R
k � Sm�k(a)(� [2]).�5,���Ú O. J. Garrayy�î¼�m R

m+1¥da�4� �(2)n��

¡ÛÜ�åu S
m�1(a) � R(� [3]). 2016c,Õå3©z [4]ïÄ
�²"�m. S

m+1 Ú H
m+1 ¥

� ��VNÚ�¡,�Ñ
�õkü�ØÓÌÇ�da�¡�©a(J.g,,ïÄ¦È�m
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S
m � R� H

m � R¥� ��VNÚ�¡�©a¯K�´k¿Â�.

�©Ì�ïÄ¦È�m S
m � R� H

m � R¥� ��VNÚ�¡,�Ñ ��VNÚ�¡��

d�§,¿|^d�§�� 3�9 3�±þ�²1 ��VNÚ�¡���©a(J.

2. ý��£

�Mm ´�� m�iù6/,^ �(M)Ú C1(M)©OL«Mm þ��N1w��þ|Ú1

w¼ê�¤��m.éu?¿� X;Y; Z;W 2 �(M),½ÂN�

R : �(M)� �(M)� �(M)� �(M)! C1(M);

(X;Y; Z;W ) 7�! hR(X;Y )Z;W i;

¡ R�Mm�ÇÜþ,Ù¥

R(X;Y )Z = rXrY Z �rYrXZ �r[X;Y ]Z:

�Mm ´iù�m Nm+1 ¥����¡, rÚ er©OL«iù6/Mm Úiù6/ Nm+1

� Levi-Civitaéä.�¡Mm� Gaussúª: é?¿� X;Y 2 �(M),k

erXY = rXY +B(X;Y );

Ù¥ B��¡Mm�1�Ä�/ª.� �´�¡Mm���ü {�þ|, AL«�¡Mm

þ÷ ����/G�f,KkWeingartenúª

erX� = �A(X):

�¡Mm�1�Ä�/ª B Ú/G�f A÷v'X:

hB(X;Y ); �i = hA(X); Y i:

½Â�¡Mm�²þÇ�þ ~H �

~H =
1

m
trB;

¡ ~H ����²þÇ,P� H,Kk ~H = H�.

eé?¿� X;Y; U; V 2 �(M),k

B(R(X;Y )U; V ) +B(U;R(X;Y )V ) = 0;

K¡T�¡´�²1�¡.
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�Mm�¦È�m Lm(c)� R¥� ��VNÚ�¡,Ù¥ Lm(c)L«�Ç�~ê c�m�

iù6/.� c = 1 �, Lm(c)´ m�¥�m S
m ;� c = �1�, Lm(c)´ m�V�m H

m. ¦È

�m Lm(c)� R�iùÇÜþ�±L«�

eR(X;Y )Z =cfhY;ZiX � hX;ZiY � hY; @tihZ; @tiX + hX; @tihZ; @tiY + hX;ZihY; @ti@t�

hY;ZihX; @ti@tg; (2)

Ù¥ X;Y; Z ´ Lm(c)� Rþ�1w��þ|, @tL« Rþ�ü ��þ|,�±©)�

@t = T + cos��;

�L« @t�ü {�þ| ��Y�,k cos� = h@t; �i.

�â©z [5],éu¦È�m S
m � R¥�^=�¡Mm,Ó+��ëêz�

(s) = (cos s; 0; � � � ; 0; sin s; h(s));

^=�¡Mm�ëêz�

f(s; v1; � � � ; vm�1) = (cos s; '1(v1; � � � ; vm�1) sin s; � � � ; 'm(v1; � � � ; vm�1) sin s; h(s));

kü�ê©O� 1Úm� 1�pÉÌÇ,

�1 = �
h00(s)

(1 + h0(s)2)
3

2

� �2 = �
h0(s) cot s

(1 + h0(s)2)
1

2

: (3)

éu¦È�m H
m � R¥�^=�¡Mm,Ó+��ëêz�

(s) = (cos a(s); 0; � � � ; 0; sin a(s); h(s));

^=�¡Mm�ëêz�

f(s; v1; � � � ; vm�1) = ('1(v1; � � � ; vm�1) cos a(s); � � � ; 'm(v1; � � � ; vm�1) cos a(s);

sin a(s); h(s));

kü�ê©O� 1Úm� 1�pÉÌÇ,

�1 = �
h00(s)

(1 + h0(s)2)
3

2

� �2 = �
h0(s) tan a(s)

(1 + h0(s)2)
1

2

: (4)

3. �-VNÚ�¡��§

½n 3.1 � ' :Mm ! Nm+1´liù6/Mm�iù6/ Nm+1����åE\,K�
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¡Mm´ ��VNÚ���=�

8<: �H �HjAj2 +HgRic(�; �)� �H = 0;

2A(rH) + m
2
rH2 � 2H(gRic(�))T = 0;

(5)

Ù¥gRicL« N þ� RicÇ�f,½Â� hgRic(Z);W i =gRic(Z;W ).

y² À� Mm þ�ÛÜ���Ie feig; i = 1; � � � ;m, K	��m�ÛÜ���Ie�

L«� fd'(e1); � � � ; d'(em); �g.^ ~RL«	��m Nm+1 þ�iùÇ�f,�Ä� '�Üå|

�(') = mH�,O��

�2(') = tr(r'r'�(')�r'

rM �('))� tr eR(d'; �('))d'
=

mX
i=1

fr'
ei
r'
ei
(mH�)�r'

rei
ei
(mH�)� eR(d'(ei);mH�)d'(ei)g

= m

mX
i=1

feiei(H)� + 2ei(H)erei� +H erei
erei� � (reiei)(H)� �H errei

ei�g

�mH

mX
i=1

eR(d'(ei); �)d'(ei)
= m(�H)� � 2mA(rH)�mH�'� �mH

mX
i=1

eR(d'(ei); �)d'(ei):
?k

�2(')� ��(') = m[(�H)� � 2A(rH)�H�'� �H

mX
i=1

eR(d'(ei); �)d'(ei)� �H�]:

qÏ�
mX

i;k=1

h eR(d'(ei); �)d'(ei); ekiek = �[gRic(�; ek)]ek = �(gRic(�))>;
mX
i=1

h eR(d'(ei); �('))d'(ei); �i = �mHgRic(�; �);

h�'�; �i =
mX
i=1

h�erei
erei� + errei

ei�; �i

=
mX
i=1

herei�;
erei�i = jAj2;

¤± �2(')� ��(')�{�Ú��Ü©©O�

h�2(')� ��('); �i� = m(�H �HjAj2 +HgRic(�; �)� �H)�;
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mX
k=1

h�2(')� ��('); ekiek = �m(2A(rH) +
m

2
(rH2)� 2H(gRic(�))>):

�¡Mm´ ��VNÚ��du �2(')� ��(')�±þ��Ü©Ú{�Ü©þ�",= (5)ª¤á.

½n 3.2 ¦È�m Lm(c)� R¥��¡Mm´ ��VNÚ���=�

(
�H �H[jAj2 � c(m� 1) sin2 �+ �] = 0;

A(rH) + m
2
HrH + c(m� 1) cos�HT = 0:

(6)

y² À�Mmþ�ÛÜ���Ie feig; i = 1; � � � ;m.d (2)O���

gRic(�; �) = mX
i=1

h eR(ei; �)�; eii = c(m� 1) sin2 �

Ú

(gRic(�))T =
mX
i=1

h eR(ei; �)ek; eiiek = �c(m� 1) cos�T:

ò±þüª�\ (5)ª,½n�y.

4. Ì�½n9Ùy²

½n 4.1 �Mm´ Lm(c)� R¥� ��VNÚ^=�¡,Kk

(
m

2
H � �0(s) cos�)H 0 � c(m� 1) sin�H = 0: (7)

y² aq©z [5]¥��{,-

e1 =
1p

1 + h0(s)2
df(@s);

ei =
1q

sin2 s(
Pm

k=1
@'k
@vi

)
df(@i); 2 � i � m;

� =
1p

1 + h0(s)2
(�h0(s) sin s; '1h

0(s) cos s; � � � ; 'mh
0(s) cos s; �1);

K fe1; e2; � � � ; emg��¡Mmþ�ÛÜ���Ie|, ��ü {�þ|.O��

cos�(s) = h�; @ti = �
1p

1 + h0(s)2
; sin�(s) =

h0(s)p
1 + h0(s)2

; (8)

A(e1) = �1e1; A(ei) = �iei; 2 � i � m:
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� c = 1�,k (
�1 = ��0(s) cos�;

�2 = � sin� cot s;

H =
1

m
(�1 + (m� 1)�2) = �

1

m
(�0(s) cos�+ (m� 1) sin� cot s): (9)

� c = �1�,k (
�1 = ��0(s) cos�;

�2 = � sin� tan a(s);

H =
1

m
(�1 + (m� 1)�2) = �

1

m
(�0(s) cos�+ (m� 1) sin� tan a(s)):

Ï H ÷ e2; e3; � � � ; em��� �¼êÑ�u 0,¤±

rH =
mX
i=1

ei(H)ei = e1(H)e1:

dd, (6)ª¥1���ª�L«�

e1(H)�1e1 +
m

2
He1(H)e1 + c(m� 1) cos�HT = 0:

(Ü hT; T i = sin2 �,�� T = sin�e1,�\þª��

e1(H)�1e1 +
m

2
He1(H)e1 + c(m� 1) cos� sin�He1 = 0:

qÏ e1(H) = � cos�H 0,�þª=z�

(
m

2
H + �1)H

0 � c(m� 1) sin�H = 0;

=d½n�y.

½n 4.2 S
m � R (m � 3)¥��²1 ��VNÚ�¡Mm½´�ß�,½´���ÎN.

y² �â©z [6], Sm � R (m � 3)¥��²1�¡Mm´±e�¹¥��«:

(I)Mm´�ß�;

(II)Mm´÷v �1�2 = � cos2 ��^=�¡���mÜ,Ù¥ �1� �2´�¡Mm�pÉ

ÌÇ;

(III)Mm � ~Mm�1 � R,Ù¥ ~M ´ S
m¥�²1�¡.

b� S
m � R (m � 3)¥��²1 ��VNÚ�¡Mm ´÷v �1�2 = � cos2 ��^=�¡

�mÜ©,Kk

�1 = ��0(s) cos�; �2 = � sin� cot s:

- u = � sin�,�\ �1�2 = � cos2 ���
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uu0 cot s = u2 � 1;

ù��§�)� u = �
p
1 + C sec2(s).,,ù�)Ø÷v3 Sm � R¥�^=�¡ �-VNÚ�

§ (7)ª, = (7)ªØ¤á,gñ.Ïd S
m � R (m � 3)¥��²1 ��VNÚ�¡Mm ´�ß�

½ö´���ÎN.

½n 4.3 H
m � R (m � 3)¥��²1 ��VNÚ�¡Mm½´4��,½´���ÎN.

y² �â©z [7] , Hm � R¥��²1�¡Mm´±e�¹¥��«:

(I)Mm´�ß�;

(II)Mm´÷v �1�2 = cos2 ��^=�¡���mÜ;

(III)Mm � ~Mm�1 � R,Ù¥ ~M ´ H
m¥�²1�¡.

b� H
m �R (m � 3)¥��²1 ��VNÚ�¡Mm´÷v �1�2 = cos2 ��^=�¡�

mÜ©,Kk

�1 = ��0(s) cos�; �2 = � sin� tan a(s):

- u = � sin�,�\ �1�2 = cos2 ���

uu0 tan a(s) = 1� u2:

aq½n 4.2�y², (7)ªØ¤á,gñ.Ïd H
m � R (m � 3)¥��²1 ��VNÚ�¡Mm

½4�,½´���ÎN.
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