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Abstract

In this paper, we apply the Mawhin’s continuation theorem to ensure that a fourth-

order forced pendulum equation of the form

x(4) + kx′′ + a(t) sinx = e(t)

with periodic boundary conditions possesses at least one nontrivial positive solution,

where k is a constant, a(t) is a continuous T−periodic function and does not change

the sign on [0, T ], e(t) is a continuous T−periodic function and e(t) is not equal to 0. As

applications, we will give some examples to illustrate the application of these theorems.
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1. Úó

3��5�ÄnØ¥,{�§´�«²;�êÆÔn�§,�´¢S�µér��«��5

�§,Ï'u{�§�ïÄéÉÀ,¤J�'�´L.'uÉ½{�§�ïÄ�@�±J��

1922c HameluL�©z [1],3T©z¥^C©{��±ÏÉ½{�§

x′′ + a sin y = b sin t (1.1)

2π−±Ï)��35,Ù¥ a, b´~ê.

�3¢SA^¥,É½{�§�$Ä~~¬É��Þ�½ö{Z��K�,�\þ�Þ��,�

§ (1.1)ÒC�

x′′ + kx′ + a sin y = e(t). (1.2)

Ù¥ k, a´~ê, e(t)´ëY� T−±Ï¼ê�
∫ T
0
e(t)dt = 0.� k 6= 0��ÿ,C©{òØ2·^

uT�§�±Ï).�5NõÆö^ØÓ��{5ïÄT�§±Ï)��35¿�Ñ
´L�(Ø,
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�©z [2–8],�X��É½{�§�ïÄ���\,Æö�éÙ�ïÄ��\�¡,Xéu��É½

{�§���±Ï)¯K,�òz±Ï)¯KÚV±Ï)¯K��ïÄ,�©z [9–15].É��É½

{�§±Ï)�35�éu,�©$^Mawhinòÿ½nïÄ±eo�É½{�§

x(4) + kx′′ + a(t) sinx = e(t) (1.3)

±Ï)��35,Ù¥ k´~ê, a(t)´��ëY� T−±Ï¼ê�3 [0, T ]þØCÒ, e(t)´��ë

Y� T−±Ï¼ê� e(t)Øð� 0.

2. ý��£

3�!¥,·�ò0��
ÎÒÚ¯¤±��(J,ù
(Jò3�YÙ!¥^�.�
���

§ (1.3)�Ì�(J,·�b� a(t)Ú e(t)÷v±e^�:

(F1)b� a(t)´��ëY� T−±Ï¼ê�3 [0, T ]þØCÒ, e(t)´��ëY� T−±Ï¼ê
� e(t)Øð�".d	,éu�½�ëY¼ê f : [0, T ] → R,� f(t)3 [0, T ]þØCÒ�,·�½Â

f+Ú f−;� f(t)3 [0, T ]þCÒ�,·�½Â f∗Ú f∗,¦�

f+ = max
t∈[0,T ]

|f(t)| > 0, f− = min
t∈[0,T ]

|f(t)| > 0,

f∗ = max
t∈[0,T ]

f(t) ≥ 0, f∗ = min
t∈[0,T ]

f(t) ≤ 0.

�
�B, ½Â CT = {x ∈ C(R,R) : x(t) = x(t + T )} ´�� Banach �m, C1
T = {x ∈

C1(R,R) : x(t) = x(t+T ), x′(t) = x′(t+T )}´��Banach�m,Ù�ê� ‖x‖C1 = max{|x|∞, |x′|∞};
C2
T = {x ∈ C2(R,R) : x(t) = x(t+ T ), x′(t) = x′(t+ T ), x′′(t) = x′′(t+ T )}´�� Banach�m,Ù

�ê� ‖x‖C2 = max{|x|∞, |x′|∞, |x′′|∞},Ù¥ |x|∞ = max
t∈[0,T ]

|x(t)|.

½Â 2.1 [16] � X Ú Y �¢ Banach�m, L : DomL ⊂ X → Y ´���5N�,XJ L÷

v:

(i) ImL´ Y �4f�m,

(ii) dim KerL = codim ImL < +∞,

K¡ L´��"�I� FredholmN�.

e L´��"�I� FredholmN�,K�3ëYÝK�f P : X → X Ú Q : Y → Y ,÷v

ImP = KerL, KerQ = ImL = Im(I −Q).P LP : DomL ∩KerP → ImL´ L3 DomL ∩KerP þ

���,K LP ´�_�,PKP = L−1P .

½Â 2.2 [16] � Ω� X �k.mf8, N : X → Y ´��ëYN�,XJ QN(Ω)k.�

KP (I −Q)N : Ω→ X ´;N�,K¡N� N 3 Ωþ´ L−;�.

e¡�Ñ�©�Ì�óä½nMawhinòÿ½n.

Ún 2.1 [16] (Mawhinòÿ½n) � L´"�I� FredholmN�, N 3 Ωþ´ L−;�,b

�e�^�¤á:
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(1) Lx 6= λNx,é ∀x ∈ ∂Ω ∩DomL, λ ∈ (0, 1),

(2) QNx 6= 0,é ∀x ∈ KerL ∩ ∂Ω,

(3) deg{JQN,Ω ∩KerL, 0} 6= 0,Ù¥, J : ImQ→ KerL�Ó�N�,

K�§ Lx = Nx3 DomL ∩ Ωþ���3��).

- X = Y = CT ,½Â�5�f L : DomL ⊂ X → Y ,-

Lx = x(4) + kx′′, x ∈ DomL,

Ù¥DomL = {x|x ∈ X, x(4) ∈ C(2)(R,R)}.��O��KerL = RÚ ImL = {y|y ∈ Y,
∫ T
0
y(s)ds =

0}. Ïdk dim KerL = codim ImL = 1, ´wÑ ImL ´ Y ¥�48. Ïd�f L ´"�I�

Fredholm�f.

½Â��5�f N : X → Y

Nx = e(t)− a(t) sinx.

½ÂÝK�f P : X → KerL, Q : Y → Y

Px(t) = Qx(t) =
1

T

∫ T

0

x(s)ds,

Ïd, ImP = KerL, KerQ = ImL.KKP : ImL→ DomL ∩KerP �±L«�

KP y(t) =

∫ T

0

G(t, s)y(s)ds,

Ù¥, G(t, s)´ x(4) + kx′′ = 0, t ∈ [0, T ],∫ T
0
x(t)dt = 0, x(i)(0) = x(i)(T ), i = 0, 1, 2, 3,

���¼ê,Ïd KP : ImL→ DomL ∩KerP ´���5�ëY�f� N : X → Y ´�ëYk.

�f,Ïd N 3 Ωþ´ L−;��äk?¿k.mf8 Ω ∈ X.

Ún 2.2 [17] - x : [0, T ]→ R´��?¿ýéëY¼ê� x(0) = x(T ),K

( max
t∈[0,T ]

x(t)− min
t∈[0,T ]

x(t))2 ≤ T

4

∫ T

0

|x′(t)|2dt

¤á.

Ún 2.3 [18] é ∀u ∈ C2
T ,k

∫ T
0
|u′(t)|2dt ≤ (T

π
)2
∫ T
0
|u′′(t)|2dt.

3. Ì�(J9y²

3�!¥,·��ã¿y²�©�Ì�(J.

½n 3.1 b�^� (F1)¤á�±Ï T ÷v

0 < T 2 < min{C1, C2, C3},
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Ù¥ R1 = 2 arcsin( e
+

a−
+ ε), R2 = max{2 arcsin( e

∗

a−
+ ε), 2 arcsin(−e∗

a−
+ ε)} ´~ê� ε > 0 v


�¦� e+

a−
+ ε <

√
2
2
, max{ e∗

a−
+ ε, −e∗

a−
+ ε} <

√
2
2

; C1 =
−kR1+

√
k2R2

1+4π2R1(e++a+ sinR1)

2(e++a+ sinR1)
, C2 =

−kR2+
√
k2R2

2+4π2R2(a+ sinR2−e∗)
2(a+ sinR2−e∗) , C3 =

−kR2+
√
k2R2

2+4π2R2(a+ sinR2+e∗)

2(a+ sinR2+e∗)
,K�§ (1.1)��k�� T−±

Ï).

y² d^� (F1)��¼ê a(t)�3ü«�¹: a(t) > 0½ö a(t) < 0, e(t)�3n«�¹:

e(t) > 0, e(t) < 0½ö e(t)CÒ.Ø���5,éu¼ê a(t),·��?Ø a(t) > 0��/, a(t) < 0

��/aq.e¡é¼ê e(t)�ùn«�/?1©a?Ø.

�/ 1:e a(t) > 0, e(t) > 0,´� 0 < a− ≤ a(t) ≤ a+, 0 < e− ≤ e(t) ≤ e+,-

Ω1 := {x ∈ X
∣∣‖x‖ < R1}, (3.1)

´� Ω1´ X ¥�m8,Ù¥ R1 = 2 arcsin( e
+

a−
+ ε)´��~ê� ε > 0v
�¦� e+

a−
+ ε <

√
2
2

.

e¡·�y²Ún 2.1¥�^� (1)¤á.� 0 < λ < 1Ú ∀ x ∈ ∂Ω1 ∩DomL,¦�

x(4) + kx′′ + λa(t) sinx− λe(t) = 0. (3.2)

ò (3.2)ªü>Ó¦ x¿3 0� T þÈ©�∫ T

0

[x(4)x+ kx′′x+ λxa(t) sinx− λxe(t)]dt = 0. (3.3)

d©ÜÈ©{´� ∫ T

0

x(4)xdt =

∫ T

0

(x′′)2dt

Ú ∫ T

0

x′′xdt = −
∫ T

0

(x′)2dt.

Ïd, (3.3)ª�du ∫ T

0

[(x′′)2 − k(x′)2 + λxa(t) sinx− λxe(t)] = 0. (3.4)

¯¢þ,�u (3.1)ª,XJ ∀ x ∈ ∂Ω1,K ‖x‖ = R1.� ‖x‖ = R1�,·�U�� |xmax − xmin| < R1

2

½ |xmax − xmin| ≥ R1

2
¤á.XJ |xmax − xmin| < R1

2
,du ‖x‖ = max

t∈[0,T ]
|x(t)|,·�� R1

2
< x ≤ R1

½ −R1 ≤ x < −R1

2
,e¡·�éùü«�¹?1©a?Ø.

� R1

2
< x ≤ R1�,�u e+

a−
+ ε <

√
2
2

,�� 0 < sin R1

2
< sinx ≤ sinR1,K (3.2)ªl 0� T È

©�

0 =

∫ T

0

[λa(t) sinx− λe(t)]dt

>

∫ T

0

(a− sin
R1

2
− e+)dt

> 0.
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� −R1 ≤ x < −R1

2
�,�u e+

a−
+ ε <

√
2
2

,�� sin(−R1) ≤ sinx < sin(−R1

2
) < 0,K (3.2)ªl 0�

T È©�

0 =

∫ T

0

[λa(t) sinx− λe(t)]dt

<

∫ T

0

(a− sin(−R1

2
)− e−)dt

< 0.

XJ |xmax − xmin| ≥ R1

2
,d (3.4)ª, sinx ≤ sinR1,Ún 2.2ÚÚn 2.3,·���

0 =

∫ T

0

[x(4)x+ kx′′x+ λxa(t) sinx− λxe(t)]dt

=

∫ T

0

[(x′′)2 − k(x′)2 + λxa(t) sinx− λxe(t)]dt

≥ 4π2

T 3
(xmax − xmin)2 − 4k

T
(xmax − xmin)2 −

∫ T

0

[xe(t)− xa(t) sinx]dt

≥ π2R2
1

T 3
− R2

1k

T
− T (e+R1 +R1a

+ sinR1)

= R1T

[
π2R1

T 4
− R1k

T 2
− (e+ + a+ sinR1)

]
> 0.

þã�¹�¯¢�gñ,ÏdÚn 2.1�^� (1)¤á.

�e5·�y²Ún 2.1�^� (2)¤á,ÏL{ü�O�,·���

e(t)− a(t) sin(−R1) = e(t) + a(t) sinR1 ≥ e− + a− sinR1 > 0,

e(t)− a(t) sinR1 ≤ e+ − a− sinR1 < 0.

Ïd,

e(t)− a(t) sin(−R1) > 0, e(t)− a(t) sinR1 < 0. (3.5)

e x ∈ ∂Ω1 ∩KerL,K x = −R1½ö x = R1.�â (3.5)ª��

(QNx)(t) =
1

T

∫ T

0

(e(t)− a(t) sinx)dt 6= 0, ∀ x ∈ ∂Ω1 ∩KerL.

Ïd,Ún 2.1�^� (2)¤á.

eyÚn 2.1�^� (3)¤á.½Â��ëY¼ê

G(x, µ) = −(1− µ)x+ µ
1

T

∫ T

0

(e(t)− a(t) sinx)dt, µ ∈ [0, 1].

w,,éu ∀ x ∈ ∂Ω1 ∩KerL,k

H(x, µ) 6= 0.
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ÏLA^ÓÔØC5½n,´�

deg(QN,Ω1 ∩KerL, 0) = deg(H(x, 1),Ω1 ∩KerL, 0)

= deg(H(x, 0),Ω1 ∩KerL, 0)

= −1 6= 0.

Ïd,Ún 2.1�^� (3)¤á.

�dÚn 2.1���§ (1.3)3 Ω1þ��k�� T−±Ï).

�/ 2:e a(t) > 0, e(t) < 0,´� 0 < a− ≤ a(t) ≤ a+, −e+ ≤ e(t) ≤ −e− < 0,- ẽ(t) = −e(t),
@o,·��±w�

0 < a− ≤ a(t) ≤ a+, 0 < e− ≤ ẽ(t) ≤ e+.

w,,�§ (1.3)�du

x(4) + kx′′ + a(t) sinx+ ẽ(t) = 0. (3.6)

�e�y²aqu�/ 1�y²,¤±·��Ñ§.Ïd,dÚn 2.1���§ (3.6)3 Ω1 þ��k

�� T−±Ï).

�/ 3:e a(t) > 0, e(t)3 [0, T ]þUCÎÒ,´� 0 < a− ≤ a(t) ≤ a+, e∗ ≤ e(t) ≤ e∗,w,

e∗ ≤ 0, e∗ ≥ 0,� e∗, e
∗ØÓ�� 0.-

Ω2 := {x ∈ X
∣∣‖x‖ < R2}, (3.7)

´� Ω2 ´ X ¥�m8,Ù¥ R2 = max{2 arcsin( e
∗

a−
+ ε), 2 arcsin(−e∗

a−
+ ε)}´��~ê� ε > 0v


�¦�max{ e∗
a−

+ ε, −e∗
a−

+ ε} <
√
2
2

.

e¡·�y²Ún 2.1�^� (1)¤á.� 0 < λ < 1Ú ∀ x ∈ ∂Ω2 ∩DomL¦�

x(4) + kx′′ + λa(t) sinx− λe(t) = 0. (3.8)

ò (3.8)ªü>Ó¦ x¿3 0� T þÈ©�∫ T

0

[(x′′)2 − k(x′)2 + λxa(t) sinx− λxe(t)] = 0. (3.9)

¯¢þ,�u (3.7)ª,XJ ∀x ∈ ∂Ω2,K ‖x‖ = R2.� ‖x‖ = R2�,·�U�� |xmax − xmin| < R2

2

½ |xmax − xmin| ≥ R2

2
¤á.e |xmax − xmin| < R2

2
,du ‖x‖ = max

t∈[0,T ]
|x(t)|,·�� R2

2
< x ≤ R2 ½

−R2 ≤ x < −R2

2
,e¡·�éùü«�¹?1©a?Ø.

� R2

2
< x ≤ R2 �,�u 0 < max{ e∗

a−
+ ε, −e∗

a−
+ ε} <

√
2
2

,� 0 < sin R2

2
< sinx ≤ sinR2,K

(3.8)ªl 0� T È©�

0 =

∫ T

0

[λa(t) sinx− λe(t)]dt

>

∫ T

0

(a− sin
R2

2
− e∗)dt

> 0.
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� −R2 ≤ x < −R2

2
�,�u 0 < max{ e∗

a−
+ ε, −e∗

a−
+ ε} <

√
2
2

,� sin(−R2) ≤ sinx < sin(−R2

2
) < 0,

K (3.8)ªl 0� T È©�

0 =

∫ T

0

[λa(t) sinx− λe(t)]dt

<

∫ T

0

(a− sin(−R2

2
)− e∗)dt

< 0.

XJ |xmax − xmin| ≥ R2

2
� e∗ < |e∗|,d (3.9)ª, sinx ≤ sinR2,Ún 2.2ÚÚn 2.3,·���

0 =

∫ T

0

[x(4)x+ kx′′x+ λxa(t) sinx− λxe(t)]dt

=

∫ T

0

[(x′′)2 − k(x′)2 + λxa(t) sinx− λxe(t)]dt

≥ 4π2

T 3
(xmax − xmin)2 − 4k

T
(xmax − xmin)2 −

∫ T

0

[xe(t)− xa(t) sinx]dt

≥ π2R2
2

T 3
− R2

2k

T
− T (a+R2 sinR2 − e∗R2)

= R2T

[
π2R2

T 4
− R2k

T 2
− (a+ sinR2 − e∗)

]
> 0.

XJ |xmax − xmin| ≥ R2

2
� e∗ ≥ |e∗|,d (3.9)ª, sinx ≤ sinR2,Ún 2.2ÚÚn 2.3,·���

0 =

∫ T

0

[x(4)x+ kx′′x+ λxa(t) sinx− λxe(t)]dt

=

∫ T

0

[(x′′)2 − k(x′)2 + λxa(t) sinx− λxe(t)]dt

≥ 4π2

T 3
(xmax − xmin)2 − 4k

T
(xmax − xmin)2 −

∫ T

0

[xe(t)− xa(t) sinx]dt

≥ π2R2
2

T 3
− R2

2k

T
− T (a+R2 sinR2 + e∗R2)

= R2T

[
π2R2

T 4
− R2k

T 2
− (a+ sinR2 + e∗)

]
> 0.

þã�¹�¯¢�gñ,ÏdÚn 2.1�^� (1)¤á.
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�e5·�y²Ún 2.1�^� (2)¤á,ÏL{ü�O�,·���

e(t)− a(t) sin(−R2) > 0, e(t)− a(t) sinR2 < 0. (3.10)

e x ∈ ∂Ω2 ∩KerL,K x = −R2½ö x = R2.�â (3.10)ª��

(QNx)(t) =
1

T

∫ T

0

(e(t)− a(t) sinx)dt 6= 0, ∀ x ∈ ∂Ω2 ∩KerL.

Ïd,Ún 2.1�^� (2)¤á.

eyÚn 2.1�^� (3)¤á.½Â��ëY¼ê

G(x, µ) = −(1− µ)x+ µ
1

T

∫ T

0

(e(t)− a(t) sinx)dt, µ ∈ [0, 1].

w,,éu ∀ x ∈ ∂Ω2 ∩KerL,k

H(x, µ) 6= 0.

ÏLA^ÓÔØC5½n,´�

deg(QN,Ω2 ∩KerL, 0) = deg(H(x, 1),Ω2 ∩KerL, 0)

= deg(H(x, 0),Ω2 ∩KerL, 0)

= −1 6= 0.

Ïd,Ún 2.1�^� (3)¤á.

Ïd,·�lÚn 2.1���§ (1.3)3 Ω2þ��k�� T−±Ï).

4. ~f

~ 4.1 �Äe¡�É½{�§

x(4) − 4x′′ + (cos(15πt) + 8) sinx = cos(15πt) + 3 (4.1)

é' (4.1)Ú (1.3),´wÑ k = −4, a(t) = cos(15πt) + 8, e(t) = cos(15πt) + 3.w,,·�U��

a(t) > 0, e(t) > 0� a− = 7, a+ = 9, e− = 2, e+ = 4,K¼ê a(t), e(t)÷v (F1).- ε = 1
14

,·�

��

0 < T 2 < 0.8405

Ïd,d½n 3.1·�ÒU���§ (4.1)3 Ω1 ¥��äk�� T−±Ï),Ù¥ Ω1 = {x ∈
X|‖x‖ < 1.3964}.

~ 4.2 �Äe¡�É½{�§

x(4) − 5x′′ + (cos(4πt) + 6) sinx = sin(8πt) (4.2)

é' (4.2) Ú (1.3), ´wÑ k = −5, a(t) = cos(4πt) + 6, e(t) = sin(8πt). w,, ·�U��
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a− = 5, a+ = 7, e∗ = −1, e∗ = 1,K¼ê a(t), e(t)÷v (F1).- ε = 1
100

,·���

0 < T 2 < 0.8005

Ïd,d½n 3.1·�ÒU���§ (4.2)3 Ω2 ¥��äk�� T−±Ï),Ù¥ Ω2 = {x ∈
X|‖x‖ < 0.4231}.
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