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Abstract

In this paper, we discuss the boundedness for commutators generated by the singular

integral operators satisfying a variant of Hörmander’s condition and BMO functions

on Herz-Hardy space.
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1. Úó

1952c, Calderón� Zygmund[1]ïÄý�. �©�§Ú\
ÛÉÈ©�Vg, ¿�y²
Û

ÉÈ©��35. 1956c, Calderón� Zygmund[2]ïÄ
�aòÈ.ÛÉÈ©�f, ¿�y²
Ù

Lp(Rn) (1 < p <∞)k.5.

3²;� Calderón-ZygmundnØ¥, Hörmander^�[3]½Â�∫
|x|>2|y|

|K(x− y)−K(x)|dx ≤ C,∀y 6= 0. (1.1)

�XïÄ�Øä�\, Ø¼êØ÷v^� (1.1)�ÛÉÈ©�fÅìÚå<��'5. 1997c,

Grubb ÚMooreÚ\
�aC/� Hörmander^�[4]

∫
|x|>2|y|

|K(x− y)−
m∑
j=1

Bj(x)φj(y)|dx ≤ C, (1.2)
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Ù¥ Bj Ú φj ´·��¼ê, ¿y²
�Ø¼ê÷vþª�, �f T � Lp k.5. �5, Trujillo-

GonzálezòØ¼êK �^�\r, ïá
ÛÉÈ©�f T �\� Lpk.5, ��Xe½n.

½n1.1. [5] �K ∈ L2(Rn), XJ�3~ê C0 > 0, ¦

(K1) ‖K̂‖∞ ≤ C0,

(K2) |K(x)| ≤ C0

|x|n ,

(K3) �3¼ê B1 · · · Bm Ú Rn ¥��xk.¼ê Φ = {φ1, · · ·φm} � |det[φj(yi)]|2 ∈
RH∞(Rnm),Ù¥ yi ∈ Rn, i, j = 1, · · · ,m,

(K4) é�½� γ > 09?¿� |x| > 2|y| > 0,k

|K(x− y)−
m∑
j=1

Bj(x)φj(y)| ≤ C0
|y|γ

|x− y|n+γ
. (1.3)

é?¿� f ∈ C∞c (Rn), ½Â�f T :

Tf(x) =

∫
Rn
K(x− y)f(y)dy.

K�3~ê C > 0, é?¿� 1 < p <∞, ω ∈ Ap, k∫
Rn
|Tf(x)|pω(x)dx ≤ C

∫
Rn
|f(x)|pω(x)dx.

·�òØ¼ê÷v(K1)− (K4)�ÛÉ�f¡�C Hörmander.�ÛÉÈ©�f.

5 �m = 1, B1(x) = K(x), φ1 = 1�, ^� (1.2)Ò´Ï~� Hörmander^�, ¿� (1.3)´

²;�Calder_n-Zygmund Ø.

��f´� Calderón-Zygmund �f���'��a�f. 1976c, Coifman, Rochberg Ú

WesissuL
��f�Í¶©z[6], ¿ïá
ÛÉÈ©�f��f�k.5. � b´ Rn þ�ÛÜ

�È¼ê, éu·��¼ê f , d¼ê b9�f T )¤���f½Â�

[b, T ]f(x) = b(x)Tf(x)− T (bf)(x).

2001c, 4m1Ú4Z[7]��
 Calderón-Zygmund.ÛÉÈ©�f� BMO¼ê)¤���

f3 Herz. Hardy�mk.. 2003c, ±��[8]y²
ÛÉÈ©�f� BMO¼ê)¤�õ�5

��f3 Herz-Hardy�m�k.5. 2004c, Üw�[9]�Ñ
 Littlewood-Paley�f� BMO¼ê

)¤���f3 Herz. Hardy�m�k.5.

2012c, ÜâÚÜ��[10]y²
Ø¼ê÷v^� (K1) − (K4)�, C Hörmander.ÛÉÈ©

�f T � BMO¼ê)¤���f\�f.�O. 2013c, 4¯)[11]��
C Hörmander.ÛÉ

È©�f� BMO¼ê)¤���f3\� Lebesgue�m!\�Morrey�mþk.. 2015c, �

ál[12]y²
Ø¼ê÷v^� (K1)− (K4)�, � BMO¼ê)¤�õ�5��f3 Lebesgue�
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m�k.5.

Éþãó��éu, �©òïÄ�Ø¼ê÷v^� (K1)− (K4)�, C Hörmander.ÛÉÈ©

�f T � BMO¼ê)¤���f [b, T ]3 Herz. Hardy�m�k.5.

2. 0�

�Qã�©�(J, Äk£Á�
½Â9ÙÚn.

½Â2.1. [13] BMO�m½Â�

BMO = {f ∈ Lloc(Rn) : ‖f‖∗ <∞},

Ù¥

‖f‖∗ := ‖f‖BMO := sup
Q

1

|Q|

∫
Q

|f(x)− fQ|dx.

½Â2.2. [14] é k ∈ Z, � Bk = B(0, 2k), Ek = Bk\Bk−1, χk = χEk L«8Ü Ek �A�¼ê.

� α ∈ R , 0 < p <∞ Ú0 < q ≤ ∞, àg Herz�m K̇α,p
q (Rn)½Â�

K̇α,p
q (Rn) = {f ∈ Lqloc(R

n\{0}) : ‖f‖K̇α,p
q (Rn) <∞},

Ù¥ ‖f‖K̇α,p
q (Rn) =

{ ∞∑
k=−∞

2kαp‖fχk‖pLq(Rn)

} 1
p .

�àg Herz�mKα,p
q (Rn)½Â�

Kα,p
q (Rn) = {f ∈ Lqloc(R

n) : ‖f‖Kα,p
q (Rn) <∞},

Ù¥ ‖f‖Kα,p
q (Rn) =

{
‖fχB0

‖pLq(Rn) +
∞∑
k=1

2kαp‖fχk‖pLq(Rn)

} 1
p .

é k ∈ Z, � mk(λ, f) = |{x ∈ Ek : |f(x)| > λ}|, m̃k(λ, f) = mk(λ, f), éu k ∈ N ¿�k

m̃0(λ, f) = |{x ∈ B0 : |f(x)| > λ}|.

½Â2.3. [15] � α ∈ R , 0 < p ≤ ∞Ú 0 < q ≤ ∞, ¡ Rn þ��ÿ¼ê f(x)áuàgf Herz

�mWK̇α,p
q (Rn), XJ

‖f‖WK̇α,p
q (Rn) = sup

λ>0
λ

{ ∞∑
k=−∞

2kαpmk(λ, f)
p
q

} 1
p

<∞,

¡ Rnþ��ÿ¼ê f(x)áu�àgf Herz�mWKα,p
q (Rn), XJ

‖f‖WKα,p
q (Rn) = sup

λ>0
λ

{ ∞∑
k=0

2kαpm̃k(λ, f)
p
q

} 1
p

<∞.
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½Â2.4. [16] � α ∈ R, s ∈ N ∪ {0}, 1 < q < ∞9 b ∈ Lloc(Rn). ¡��¼ê a(x)´¥%

(α, q, s; b)�f, XJ

(1) �3 r > 0, ¦� suppa ⊂ B(0, r);

(2) ‖a‖Lq ≤ |B(0, r)|−αn = Cr−α;

(3)
∫
Rn x

βa(x)dx =
∫
Rn x

βa(x)b(x)dx = 0, Ù¥|β| ≤ s.

½Â2.5. [16]¡�O2Â¼ê fáuàgHerz.Hardy�mHK̇α,p,s
q,b (Rn)(½öHKα,p,s

q,b (Rn)),

XJ3©Ù¿Âe�±�¤ f =
∞∑

j=−∞
λjaj(½öf =

∞∑
j=0

λjaj), Ù¥ 0 < p <∞, aj ´|83 Bj þ

�¥% (α, q, s; b)�f, λj ∈ C �
∞∑

j=−∞
|λj |p <∞(½ö

∞∑
j=0

|λj |p <∞). ·�½Â

‖f‖HK̇α,p,s
q,b (Rn) = inf

( ∞∑
j=−∞

|λj |p
) 1
p
(
‖f‖HKα,p,s

q,b (Rn) = inf

( ∞∑
j=0

|λj |p
) 1
p
)
,

Ù¥e(.´é f ���©)¤���.

aqu©[16]¥� Herz. Hardy�m�½Â, y�Ñ� Φk'� Herz. Hardy�m�½Â.

½Â2.6. � α ∈ R, s ∈ N ∪ {0}, 1 < q < ∞, Φ = {φ1, · · · , φm}´ Rn ¥��xk.¼ê9

b ∈ Lloc(Rn). ¡��¼ê a(x)´¥% (α, q, s,Φ; b)�f, XJ

(1) �3 r > 0, ¦� suppa ⊂ B(0, r);

(2) ‖a‖Lq ≤ |B(0, r)|−αn = Cr−α;

(3)
∫
Rn x

βa(x)dx =
∫
Rn x

βa(x)b(x)dx =
∫
Rn x

βa(x)b(x)φj(x)dx = 0,Ù¥|β| ≤ s, j = 1, 2 · · ·m.

½Â2.7. ¡�O2Â¼ê f áuàg Herz. Hardy�mHK̇α,p,s
q,Φ,b(Rn)(½öHKα,p,s

q,Φ,b(Rn)), X

J3©Ù¿Âe�±�¤ f =
∞∑

j=−∞
λjaj(½öf =

∞∑
j=0

λjaj), Ù¥ 0 < p <∞, aj ´|83 Bj þ�

¥% (α, q, s,Φ; b)�f, λj ∈ C �
∞∑

j=−∞
|λj |p <∞(½ö

∞∑
j=0

|λj |p <∞). ·�½Â

‖f‖HK̇α,p,s
q,Φ,b (Rn) = inf

( ∞∑
j=−∞

|λj |p
) 1
p
(
‖f‖HKα,p,s

q,Φ,b (Rn) = inf

( ∞∑
j=0

|λj |p
) 1
p
)
,

Ù¥e(.´é f ���©)¤���.

Ún2.1. [17] � T ´C Hörmander.ÛÉÈ©�f, 1 < p <∞, e µ ∈ A1, b ∈ BMOµ, K�

�f [b, T ]l Lp(µ)� Lp(µ1−p)k.�.

� µ ≡ 1�,��f [b, T ]l Lp(Rn)� Lp(Rn)k.�.
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3. ½n9Ùy²

½n3.1. � T ´C Hörmander.ÛÉÈ©�f, 0 < p ≤ 1 < q < ∞, α = n(1 − 1
q
) + γ Ú

b ∈ BMO(Rn), Kéu?¿� f ∈ HKα,p,0
q,Φ,b (Rn)9?¿� λ > 0,�3~ê C > 0¦�

{ ∞∑
k=0

2kαpm̃k

(
λ, [b, T ]f

) p
q

} 1
p

≤
C‖f‖HKα,p,0

q,Φ,b (Rn)

λ

(
1 + log+

C‖f‖HKα,p,0
q,Φ,b (Rn)

λ

)

Proof. � f(x) ∈ HKα,p,0
q,Φ,b (Rn), ·�P f =

∞∑
j=0

λjaj ,Ù¥ aj ´(α, q, 0,Φ; b)�f¿� suppaj ⊂ Bj .

d	, ‖f‖HKα,p,0
q,Φ,b (Rn) = inf

(
∞∑
j=0

|λj |p
) 1
p

. k

{ ∞∑
k=0

2kαpm̃k

(
λ, [b, T ]f

) p
q

} 1
p

≤ C
{ 3∑
k=0

2kαpm̃k

(
λ, [b, T ]f

) p
q

} 1
p

+

{ ∞∑
k=4

2kαpmk

(
λ, [b, T ]f

) p
q

} 1
p

du [b, T ]´ (Lq(Rn), Lq(Rn))k.�, � 0 < p ≤ 1, k

{ 3∑
k=0

2kαpm̃k

(
λ, [b, T ]f

) p
q

} 1
p

≤ C

λ

{ 3∑
k=0

2kαp‖f‖pLq(Rn)

} 1
p

≤ C

λ
‖f‖Lq(Rn) ≤

C

λ

∞∑
j=0

|λj |‖aj‖Lq(Rn)

≤ C

λ

∞∑
j=0

2−jα|λj | ≤
C

λ

∞∑
j=0

|λj |

≤ C

λ

( ∞∑
j=0

|λj |p
) 1
p

.

¿�

{ ∞∑
k=4

2kαpmk

(
λ, [b, T ]f

) p
q

} 1
p

≤ C
{ ∞∑
k=4

2kαpmk

(λ
2
,
k−4∑
j=0

|λj |
∣∣[b, T ]aj

∣∣) pq} 1
p

+ C

{ ∞∑
k=4

2kαpmk

(λ
2
,
∞∑

j=k−3

|λj |
∣∣[b, T ]aj

∣∣) pq} 1
p

:= E1 + E2.

|^ [b, T ]� (Lq(Rn), Lq(Rn))k.5, ��

E2 ≤
C

λ

{ ∞∑
k=4

2kαp‖
∞∑

j=k−3

λjaj‖pLq(Rn)

} 1
p

DOI: 10.12677/pm.2024.141012 109 nØêÆ

https://doi.org/10.12677/pm.2024.141012


�Z{

≤ C

λ

{ ∞∑
k=4

2kαp
( ∞∑
j=k−3

|λj |p2−jαp
)} 1

p

≤ C

λ

{ ∞∑
j=0

|λj |p
( j+3∑
k=0

2(k−j)αp
)} 1

p

≤ C

λ

( ∞∑
j=0

|λj |p
) 1
p

.

éu E1, Äk·�k5�O [b, T ]aj(x), Ù¥ x ∈ Ck, 0 ≤ j ≤ k − 4¿� y ∈ Bj , ·�k |x| > 2|y|.
d aj ���59 BMO(Rn)�5�, = |bk − bj | ≤ (k − j)‖b‖BMO(Rn), éu?¿��ê k, j ¿��

k ≥ j ,r ≥ 1k

(
1
|Bj |

∫
Bj
|b(y)− bj |rdy

) 1
r

≤ C‖b‖BMO(Rn), l·���

∣∣[b, T ]aj(x)
∣∣ =

∣∣∣∣ ∫
Bj

(b(x)− b(y))
(
K(x− y)−

m∑
i=1

Bi(x)φi(y)
)
aj(y)dy

∣∣∣∣
≤
∫
Bj

∣∣b(x)− bj
∣∣∣∣∣∣K(x− y)−

m∑
i=1

Bi(x)φi(y)

∣∣∣∣|aj(y)|dy

+

∫
Bj

∣∣b(y)− bj
∣∣∣∣∣∣K(x− y)−

m∑
i=1

Bi(x)φi(y)

∣∣∣∣|aj(y)|dy

≤ C
∣∣b(x)− bj

∣∣ ∫
Bj

|y|γ

|x− y|n+γ
|aj(y)|dy +

∫
Bj

∣∣b(y)− bj
∣∣ |y|γ

|x− y|n+γ
|aj(y)|dy

≤ C
∣∣b(x)− bj

∣∣ ∫
Bj

|y|γ

|x|n+γ
|aj(y)|dy +

∫
Bj

∣∣b(y)− bj
∣∣ |y|γ
|x|n+γ

|aj(y)|dy

≤ C2−k(n+γ)

{
|b(x)− bj |2j(γ+n(1− 1

q )) + 2jγ
( ∫

Bj

|b(y)− bj |q
′
dy
) 1
q′

}
‖aj‖Lq(Rn)

≤ C2−k(n+γ)
(
|b(x)− bj |+ ‖b‖BMO(Rn)

)
≤ C2−k(n+γ)

(
|b(x)− bk|+ (k − j)‖b‖BMO(Rn)

)
≤ C2−k(n+γ)

(
|b(x)− bk|+ k‖b‖BMO(Rn)

)
.

Ïd,·�U��e¡��O

k−4∑
j=0

|λj |
∣∣[b, T ]aj(x)

∣∣ ≤ C2−k(n+γ)|b(x)− bk|
k−4∑
j=0

|λj |+ Ck2−k(n+γ)‖b‖BMO(Rn)

k−4∑
j=0

|λj |

≤ C2−k(n+γ)|b(x)− bk|
∞∑
j=0

|λj |+ Ck2−k(n+γ)‖b‖BMO(Rn)

∞∑
j=0

|λj |

¤±·�k

E1 ≤ C
{ ∞∑
k=4

2kαpmk

(
λ

4
, C2−k(n+γ)|b− bk|

∞∑
j=0

|λj |
) p
q
} 1
p
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+ C

{ ∞∑
k=4

2kαpmk

(
λ

4
, Ck2−k(n+γ)‖b‖BMO(Rn)

∞∑
j=0

|λj |
) p
q
} 1
p

:= F1 + F2

Ïd, d John-Nirenberg’s Ø�ª��

F1 ≤ C
{ ∞∑
k=4

2kαp
(

exp

(
− Cλ2k(n+γ)

‖b‖BMO(Rn)

∞∑
j=0

|λj |

)
2kn
) p
q
} 1
p

≤ C
{ ∞∑
k=−∞

2k(n+γ)pexp

(
− Cλ2k(n+γ)

‖b‖BMO(Rn)

∞∑
j=0

|λj |

)} 1
p

≤ C
{∫ ∞

0

up−1exp

(
− Cλu

‖b‖BMO(Rn)

∞∑
j=0

|λj |

)
du

} 1
p

=
C

λ
‖b‖BMO(Rn)

∞∑
j=0

|λj |
(∫ ∞

0

vp−1e−vdv

) 1
p

≤ C

λ
‖b‖BMO(Rn)

( ∞∑
j=0

|λj |p
) 1
p

.

éu F2 , ·�¦^Ø�ªµ� x ≥ 4�, log2x ≤ x
2
. l·�U��e¡�Ø�ªµXJk u ≥ 1,

¿�÷véu,
 x ≥ 4�, 2x

x
≤ u, ,�·�k 2x ≤ Culog2u. y3·�A^þãªf5�O F2

,5¿�� k ≥ 4�, k(n+ γ) ≥ 4. XJ∣∣∣∣{x ∈ Ck : Ck2−k(n+γ)‖b‖BMO(Rn)

∞∑
j=0

|λj | >
λ

4

}∣∣∣∣ 6= 0,

·�k

1 <
2k(n+γ)

k(n+ γ)
<
C

λ
‖b‖BMO(Rn)

∞∑
j=0

|λj |.

l·�íäÑ

2k(n+γ) ≤
(
C

λ

∞∑
j=0

|λj |
)

log+

(
C

λ

∞∑
j=0

|λj |
)
.

b�Kλ´÷vþª����ê k, ·�k

F2 ≤ C
{ Kλ∑
k=4

2kαpmk

(
λ

4
, Ck2−k(n+γ)‖b‖BMO(Rn)

∞∑
j=0

|λj |
) p
q

+

∞∑
Kλ

2kαpmk

(
λ

4
, Ck2−k(n+γ)‖b‖BMO(Rn)

∞∑
j=0

|λj |
) p
q
} 1
p
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= C

{ Kλ∑
k=4

2kαpmk

(
λ

4
, Ck2−k(n+γ)‖b‖BMO(Rn)

∞∑
j=0

|λj |
) p
q
} 1
p

≤ C
{ Kλ∑
k=4

2k(α+n
q )p

} 1
p

≤ C2Kλ(n+γ)

≤
(
C

λ

∞∑
j=0

|λj |
)

log+

(
C

λ

∞∑
j=0

|λj |
)

≤
(
C

λ

∞∑
j=0

|λj |p
) 1
p

log+

(
C

λ

( ∞∑
j=0

|λj |p
) 1
p
)
.

Ïd, ·���e¡�Ø�ª

{ ∞∑
k=0

2kαpm̃k

(
λ, [b, T ]f

) p
q

} 1
p

≤ C

λ

( ∞∑
j=0

|λj |p
) 1
p
(

1 + log+

(
C

λ

( ∞∑
j=0

|λj |p
) 1
p

))
.

l��

{ ∞∑
k=0

2kαpm̃k

(
λ, [b, T ]f

) p
q

} 1
p

≤
C‖f‖HKα,p,0

q,Φ,b
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da Sociedade Paranaense de Matematica, 31, 129-137.

https://doi.org/10.5269/bspm.v31i2.16612
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