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Abstract

In this paper, the existence of exponential attractors of Boussinesq equation with

strong damping is studied. The Boussinesq equation, as an important model, has

been widely used to describe some atmospheric physical flows, such as turbulence

encountered by fluids in the atmosphere and fluids in the ocean, and has also been

widely used in practical life such as weather forecasting and shipping. First of all,

in this article, the existence of bounded absorption set in space H−1(Ω) × H1
0 (Ω) and

L2(Ω) × (H2(Ω) ∩ H1
0 (Ω)) is proved by energy estimation method; Secondly, we obtain

the existence of the exponential attractor by the method of operator decomposition.

As a byproduction, we achieve that the global attractor has a finite fractal dimension.
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1. Úó

�©�ÄXe�kr{Z� Boussinesq �§�êáÚf��35,
utt −∆u+ ∆2u+ ∆2ut −∆ut −∆g(u) = f(x), x ∈ Ω, t ∈ R+, R+ = [0,+∞),

u(x, 0) = u0(x) , ut(x, 0) = u1(x), x ∈ Ω,

u|∂Ω = ∆u|∂Ω = 0, ∀t ≥ 0,

(1.1)

Ù¥ u = u(x, t)´��¼ê,L«6NgdL¡�$Ä, Ω ⊂ RN (N ≥ 3)´äk1w>.�k.«

�,	å� f(·) ∈ V −1
2 .

1872c, Boussinesq [1]3ïÄfYÅY¡��ÅDÂL§¥, JÑ
���m¥���5YÅ
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���§,

utt − uxx + auxxxx = b(u2)xx, (1.2)

Ù¥ uL«6NgdL¡�$Ä, ~ê a, b�6u6N��ÝÚYÅ�A��Ý. � a > 0�, �§

(1.2)�¡�”Ð”� Boussinesq�§; � a < 0�, �§ (1.2)�¡�”�”� Boussinesq �§. 3©

z [2,3]¥, ïÄ
äk{Z� Boussinesq �§���mÄåÆ, ïá
g,Uþ�m¥�ÛáÚf

Ú�êáÚf��35. ©z [4, 5]ïÄ
 Kirchhoff-Boussinesq.�§. ©z [6–9]ïÄ
äk{

Z�2Â Boussinesq�§� Cauchy¯K, ¼�
�§)��35±93äk�m)��»��'

^�. �ïÄuy, �ÛáÚfäk��"�:áÚ��m¥?¿k.8��Ç�U´?¿ú�, ¿

�§�©/�ê�UÃ�. 
�êáÚf)û
ù
¯K, §Ø=äkk��©/�ê, ¿�áÚ�

Ç´¥�ê.�, �´�ÿ�. Ïd, 3©z [10]¥, 
�jïÄ
ä{Z� Boussinesq�§,

utt + ∆2u−∆ut −∆g(u) = f(x), (1.3)

)���m1�, 3 g(u)÷v���.^�e��
éA)�f�+�ÛáÚf9�êáÚf�

�35.3©z [11]¥ñ��<ïÄ
äk{ZÚ�½>.^�� Boussinesq�§,

utt −∆u+ ∆2u−∆ut −∆g(u) = f(x), (1.4)

¼�
�§ (1.4)�êáÚf��35. ÏdÌ�Äu© [10, 11]�ïÄ, ·�'5äkrÑÑ(�

� Boussinesq�§ (1.1)�êáÚf��35.

2. ý��£

Ø���5,éu?¿� s ∈ R,½Âd�f A)¤� Hilbert�mx Vs = D(A
s
4 ),éA�SÈ

��ê©OP�

(u, v)s = (A
s
4u,A

s
4 v), ‖u‖Vs

= ‖A s
4u‖,

AO/,

‖u‖V1
= ‖A 1

4u‖ = ‖∇u‖, ‖u‖V2
= ‖A 1

2u‖ = ‖∆u‖.

Ù¥ A
1
2 = −∆ : V2 → V −1

2 ,w,�f As(s ∈ R)´î���.

� s = 0 �, Ï~P H = V0 = L2(Ω), ©O^ ‖ · ‖ Ú (·, ·) L« H �SÈÚ�ê, - V1 =

H1
0 (Ω), V2 = H2(Ω) ∩H1

0 (Ω),�A�SÈÚ�ê©O½Â�

(u, v) =

∫
Ω

u(x)v(x)dx, ‖u‖2 =

∫
Ω

|u(x)|2dx;

(u, v)V2
= (A

1
2u,A

1
2 v), ‖u‖2V2

= ‖A 1
2u‖2 = ‖∆u‖2.

^ ‖Au‖L« D(A)��ê, Ù¥

D(A) = {u ∈ H4(Ω) : u|∂Ω = ∆u|∂Ω = 0}.
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b� H−1, V −1
1 , V −1

2 ©O´ H, V1, V2�éó�m§Kw,k

V2 ⊂ V1 ⊂ H ⊂ H−1 ⊂ V −1
1 ⊂ V −1

2 ,

¿�k;i\ Vs2 b Vs1 , (∀s1 < s2)Ú PoincaréØ�ª

‖u‖2Vs1
≤ λ−

s2−s1
2

1 ‖u‖2Vs2
, ∀u ∈ Vs2 ,

AO/, �â PoincaréØ�ª, ¤á

‖A 1
2u‖2 ≥ λ1‖u‖2, ‖A

1
2u‖2 ≥ λ

1
2
1 ‖A

1
4u‖2, ∀u ∈ V2.

Ù¥ λ1 > 0´ ∆2÷v	ó>.^� u|∂Ω = ∆u|∂Ω = 0�1�A��.

�§ (1.1)¥���5� g(u)´ LipschitzëY�, �÷vXe�^�µ

(Q1) lim inf
|s|→∞

g(s)
s
≥ −λ1, G(s) =

∫ s
0
g(r)dr, ∀s ∈ R;

(Q2) |g′(s)| ≤ k0(1 + |s| 2
N−2 ), N ≥ 3.

d(Q1)��, �3ü��~êM1, M29 σ = σ(λ1) > 0,¦�

(Q3) g(s)s+ σs2 +M1 ≥ 0, ∀s ∈ R;

(Q4) G(s) + σs2 +M2 ≥ 0, ∀s ∈ R.

�
Ö��B, ½ÂXe� Hilbert�m��ê:

W = V1 × V −1
1 , ‖z‖W = ‖(u, ut)‖W = (

1

2
(‖A 1

4u‖2 + ‖A− 1
4ut‖2))

1
2 ,

V = V2 ×H, ‖z‖V = ‖(u, ut)‖V = (
1

2
(‖A 1

2u‖2 + ‖ut‖2))
1
2 .

½Â 2.1 [12, 13] (�êáÚf) b� {S(t)}t≥0 ���Ýþ�m X ¥��+, XJ÷ve�^

�:

(i) 8ÜM3 X ¥´;�, �äkk��©/�ê;

(ii) 8ÜM��ØC�, = S(t)M⊂M, ∀t ≥ 0;

(iii) 8ÜM⊂ X ��+ {S(t)}t≥0��êáÚ8, =éz��k.8 B ⊂ X, k

dist(S(t)B,M) ≤ D(‖B‖X)e−lt,

Ù¥�~ê lÚüN¼ê DØ�6u B,K8ÜM⊂ X ¡��+ {S(t)}t≥0��êáÚf.

½n 2.2 [13]� X ⊂ W ´�ØC;f8, � V �W ´;i\, �3�m t∗ > 0, ¦�Xe^

�¤á:

(i) N� {(t, z0) 7→ S(t)} : [0, t∗]×X → X ´ LipschitzëY�;
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(ii) N� S(t∗) : X → X kXe©)/ª

S(t∗) = S0 + S1, S0 : X → W, S1 : X → V,

Ù¥ S0÷v

‖S0(z1)− S0(z2)‖W ≤
1

8
‖z1 − z2‖W ,

� S1÷v

‖S1(z1)− S1(z2)‖V ≤ C∗‖z1 − z2‖W ,

Ù¥ C∗ > 0.@o, �+ {S(t)}�3�êáÚfM.

3. Ì�(J9Ùy²

3.1. )�·½5

Äk, ò (1.1)ª=z��f�§�/ª, ¿ò A
1
2 = −∆A^u(JL�ª, l
���du

¯K (1.1)�Ä��f�§{
A−

1
2utt + u+A

1
2u+A

1
2ut + ut + g(u) = A−

1
2 f,

u(0) = u0 , ut(0) = u1.
(3.1)

�
¼��§ (1.1)��êáÚf, �ÑXeÚn.

Ún 3.1 [11] ()��3��5)b���5� g(u)÷v^� (Q1)− (Q2) , � f ∈ V −1
2 , Kk

(1)eÐ©� u0 ∈ V1, u1 ∈ V −1
1 , K¯K (3.1)�3��) (u, ut)¿�÷v

(u, ut) ∈ C([0, T ],W), ∀T > 0,

(2)- zi = (ui, uit)´¯K (3.1)©OéAÐ� zi(0) = (ui0, u
i
1), i = 1, 2�ü�), K�3~ê

b > 0, T > 0,¦�

‖z1(t)− z2(t)‖W ≤ ebt‖z1(0)− z2(0)‖W , t ∈ [0, T ].

Ïd, �½ÂN� S(t) :W →W �

S(t)(u0, u1) = (u(t), ut), t ≥ 0,

Ù¥ (u, ut)´¯K (3.1)���), �f S(t)÷v�+�5�.

3.2. k.áÂ8

�e5$^Uþ�O (UþØ�ª)��{y²
H−1(Ω)×H1
0 (Ω)ÚL2(Ω)×(H2(Ω)∩H1

0 (Ω))

¥k.áÂ8��35.
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3.2.1. W ¥�k.áÂ8

½n 3.2b���5� g(u)÷v (Q1)− (Q2), f ∈ V −1
2 , K¥ B1 = BW(0, R0)´¯K (3.1)¤

)¤�)�+ {S(t)}t≥03W ¥�k.áÂ8.

y² :^ v = ut + σu (0 < σ < 1)3 L2(Ω)¥��§ (3.1)�SÈ§��

1
2
d
dt

(
‖A− 1

4 v‖2 + (1− σ)‖u‖2 + (1− σ)‖A 1
4u‖2

)
− σ‖A− 1

4 v‖2 + σ2(A−
1
2u, v) + ‖v‖2

+σ(1− σ)‖u‖2 + σ(1− σ)‖A 1
4u‖2 + ‖A 1

4 v‖2 + (g(u), v)−
(
A−

1
2 , v
)

= 0.
(3.2)

�â Young, HölderÚ PoincaréØ�ª, ��

−σ‖A− 1
4 v‖2 + σ2(A−

1
2u, v) + ‖v‖2 + σ (1− σ) ‖u‖2 + ‖A 1

4 v‖2

≥
(
λ1 +

√
λ1 − σ

)
‖A− 1

4 v‖2 + σ (1− σ) ‖u‖2 − σ2‖A− 1
4u‖‖A− 1

4 v‖

≥
(
λ1 +

√
λ1 − σ

)
‖A− 1

4 v‖2 + σ (1− σ) ‖u‖2 − σ3

2
‖A− 1

4u‖2 − σ
2
‖A− 1

4 v‖2

≥
(
λ1 +

√
λ1 − 3σ

2

)
‖A− 1

4 v‖2 + σ
(

1− σ − σ2

2
√
λ1

)
‖u‖2,

(3.3)

|^^� (Q1)9SÈ½Â, ��

(g(u), v) = (g(u), ut + σu)

= (g(u), ut) + (g(u), σu)

=
d

dt

∫
Ω

G(u)dx+ σ

∫
Ω

g(u)udx,

(3.4)

Ú (
A−

1
2 f, v

)
=
(
A−

1
2 f, ut + σu

)
=

d

dt

∫
Ω

(A−
1
2 f)udx+ σ

∫
Ω

(A−
1
2 )udx,

(3.5)

(Ü (3.2)-(3.5)ª, ��

1
2
d
dt

(
‖A− 1

4 v‖
2

+ (1− σ) ‖u‖2 + (1− σ) ‖A 1
4u‖

2
+ 2

∫
Ω
G(u)dx− 2

∫
Ω

(A−
1
2 f)udx

)
+
(
λ1 +

√
λ1 − 3σ

2

)
‖A− 1

4 v‖2 + σ
(

1− σ − σ2

2
√
λ1

)
‖u‖2

+σ (1− σ) ‖A 1
4u‖2 + σ

∫
Ω
g(u)udx− σ

∫
Ω

(A−
1
2 f)udx ≤ 0.

(3.6)

-

F (t) = ‖A− 1
4 v‖

2
+ (1− σ) ‖u‖2 + (1− σ) ‖A 1

4u‖
2

+ 2

∫
Ω

G(u)dx− 2

∫
Ω

(A−
1
2 f)udx, (3.7)
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J(t) =

(
λ1 +

√
λ1 −

3σ

2

)
‖A− 1

4 v‖2 + σ

(
1− σ − σ2

2
√
λ1

)
‖u‖2

+ σ (1− σ) ‖A 1
4u‖2 + σ

∫
Ω

g(u)udx− σ
∫

Ω

(A−
1
2 f)udx.

(3.8)

é (3.7)-(3.8)ª$^ Sobolevi\½n, YoungØ�ªÚ^� (Q3)− (Q4), ��

F (t) ≥ ‖A− 1
4 v‖2 + (1− σ) ‖u‖2 + (1− σ) ‖A 1

4u‖2 − 2

∫
Ω

(σu2 +M2)dx− 2‖A− 1
2 f‖ ‖u‖

≥ ‖A− 1
4 v‖2 + (1− 3σ) ‖u‖2 + (1− σ) ‖A 1

4u‖2 − 2M2 |Ω| − 2‖A− 1
2 f‖2 − 1

2
‖u‖2

≥ ‖A− 1
4 v‖2 + (

1

2
− 3σ)‖u‖2 + (1− σ) ‖A 1

4u‖2 −K1,

(3.9)

Ù¥K1 = 2M2 |Ω|+ 2 ‖f‖2V −1
2

.

Ón, 2é (3.8)ª?1�O, ��

J(t) ≥
(
λ1 +

√
λ1 −

3σ

2

)
‖A− 1

4 v‖2 + σ

(
1− σ − σ2

2
√
λ1

)
‖u‖2

+ σ (1− σ) ‖A 1
4u‖2 − σ

∫
Ω

(σu2 +M1)dx− σ‖A− 1
2 f‖ ‖u‖

≥
(
λ1 +

√
λ1 −

3σ

2

)
‖A− 1

4 v‖2 + σ

(
1− σ − σ2

2
√
λ1

)
‖u‖2

+ σ (1− σ) ‖A 1
4u‖2 − σ2‖u‖2 − σM1 |Ω| −

σ

2
‖A− 1

2 f‖2 − σ

2
‖u‖2

≥
(
λ1 +

√
λ1 −

3σ

2

)
‖A− 1

4 v‖2 + σ

(
1

2
− 2σ − σ2

2
√
λ1

)
‖u‖2

+ σ (1− σ) ‖A 1
4u‖2 −K2,

(3.10)

Ù¥K2 = σM1 |Ω|+ σ
2
‖f‖2V −1

2
. � σ > 0¿©�, ��

1

2
− 3σ > 0, 1− σ > 0, σ(

1

2
− 2σ − σ2

2
√
λ1

) > 0, λ1 +
√
λ1 −

3σ

2
> 0, σ(1− σ) > 0,

P D1 = min
{

1
2
− 3σ, 1− σ, σ( 1

2
− 2σ − σ2

2
√
λ1

), λ1 +
√
λ1 − 3σ

2
, σ(1− σ)

}
, K

F (t) ≥ D1

(
‖A− 1

4 v‖2 + ‖u‖2 + ‖A 1
4u‖2

)
−K1, (3.11)

J(t) ≥ D1

(
‖A− 1

4 v‖2 + ‖u‖2 + ‖A 1
4u‖2

)
−K2, (3.12)

l
d (3.6)ª, ��
1

2

d

dt
F (t) ≤ −J(t),

?
���

F (t) ≤ −
∫ t

0

2J(τ)dτ + F (0). (3.13)
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��â (3.11)-(3.13)ª, ��

D1

(
‖A− 1

4 v‖2 + ‖u‖2 + ‖A 1
4 v‖2

)
−K1 ≤ −2

∫ t

0

[
D1

(
‖A− 1

4 v‖2 + ‖u‖2 + ‖A 1
4 v‖2

)
−K2

]
dτ+F (0).

(3.14)

Ïd, é ∀γ1 >
2K2

D1
, �3 t0 = t0(B), t ≥ t0, ¦�

‖A− 1
4 v(t0)‖2 + ‖u(t0)‖2 + ‖A 1

4u(t0)‖2 ≤ γ1. (3.15)

Ïd, e (u, ut)´�§ (3.1)�), - B1 =
⋃
t≥0 S(t)B′1, Ù¥

B′1 =
{

(u0, u1) ∈ W : ‖A− 1
4 (u1 + σu0)‖2 + ‖u0‖2 + ‖A 1

4u0‖2 ≤ γ1

}
,

@o

B1 =
{

(u, ut) ∈ W : ‖(u, ut)‖2W ≤ γ1

}
,

´�+ {S(t)}t≥03W ¥�k.áÂ8.

íØ 3.3 b�½n 3.2�^�¤á, Ké?¿� R > 09Ð� z0 = (u0, u1), �3 t1 = t1(R),

�‖z0‖W ≤ R �, ‖S(t)z0‖W ≤ R0, ∀t ≥ t1.

3.2.2. V ¥�k.áÂ8

�
��V ¥�k.áÂ8��35, �I�Xe[üN^�:

g′(s) > −l, ∀s ∈ R. (3.16)

½n 3.4b���5� g(u)÷v (Q1)− (Q2)Ú (3.16)ª, f ∈ V −1
2 , K¥ B2 = BV(0, γ2)´¯

K (3.1)¤)¤�)�+ {S(t)}t≥03 V ¥�k.áÂ8.

y²: ^ A
1
2 v = A

1
2ut + σA

1
2u (0 < σ < 1)3 L2(Ω)¥��§ (3.1)�SÈ, ��

1
2
d
dt

(
‖v‖2 + (1− σ) ‖A 1

4u‖2 + (1− σ) ‖A 1
2u‖2

)
− σ‖v‖2 + σ2 (u, v) + ‖A 1

4 v‖2

+σ (1− σ) ‖A 1
4u‖2 + σ (1− σ) ‖A 1

2u‖2 + ‖A 1
2 v‖2 +

(
g(u), A

1
2 v
)
−
(
A−

1
2 , A

1
2 v
)

= 0.

(3.17)

(Ü^� (Q1)− (Q2), ½n 3.2¥�k.5±9 Young, HölderÚ PoincaréØ�ª, ��

−σ‖v‖2 + σ2 (u, v) + σ (1− σ) ‖A 1
4u‖

2
+ ‖A 1

4 v‖
2

+ ‖A 1
2 v‖

2

≥
(
λ1 +

√
λ1 − σ

)
‖v‖2 + σ (1− σ) ‖A 1

4u‖
2
− σ3

2
‖u‖2 − σ

2
‖v‖2

≥
(
λ1 +

√
λ1 − 3σ

2

)
‖v‖2 + σ

(
1− σ − σ2

2
√
λ1

)
‖A 1

4u‖
2
.

(3.18)
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$^ Sobolevi\½n±9 Young, HölderØ�ª, ¿(Ü (3.16)ª±9íØ 3.3¥�k.5, ��,(
g(u), A

1
2 v
)

=
(
A

1
4 g(u), A

1
4 v
)

=
(
g′(u)A

1
4u,A

1
4 v
)

≥ −l‖A 1
4u‖‖A 1

4 v‖

≥ −1

4
‖A 1

4 v‖2 − l2R2
0,

(3.19)

Ú (
A−

1
2 f,A

1
2 v
)

=
(
A−

1
2 f,A

1
2ut + σA

1
2u
)

=
d

dt

(
A−

1
2 f,A

1
2u
)

+ σ
(
A−

1
2 f,A

1
2u
)
.

(3.20)

�n (3.17)-(3.20)ª, ��

1
2
d
dt

(
‖v‖2 + (1− σ)‖A 1

4u‖
2

+ (1− σ)‖A 1
2u‖

2
− 2(A−

1
2 f(x), A

1
2u)
)

+(λ1 +
√
λ1 − 3σ

2
)‖v‖2+ σ(1− σ − σ2

2
√
λ1

)‖A 1
4u‖

2
+ σ(1− σ)‖A 1

2u‖
2

− 1
4
‖A 1

4 v‖
2
− l2R2

0 − σ(A−
1
2 f,A

1
2u) ≤ 0,

l
��

1
2
d
dt

(
‖v‖2 + (1− σ) ‖A 1

4u‖
2

+ (1− σ) ‖A 1
2u‖

2
− 2(A−

1
2 f,A

1
2u)
)

+ (λ1 + 3
√
λ1

4
− 3σ

2
)‖v‖2

+σ(1− σ − σ2

2
√
λ1

)‖A 1
4u‖

2
+ σ (1− σ) ‖A 1

2u‖
2
− σ(A−

1
2 f,A

1
2u) ≤ l2R2

0.

(3.21)

� σ¿©�, K

λ1 +
3
√
λ1

4
− 3σ

2
> 0, σ(1− σ − σ2

2
√
λ1

) > 0,

- σ1 = min
{
λ1 + 3

√
λ1

4
− 3σ

2
, σ(1− σ − σ2

2
√
λ1

)
}

, k

1
2
d
dt

(
‖v‖2 + (1− σ) ‖A 1

4u‖
2

+ ‖
√

1− σA 1
2u− 1√

1−σA
− 1

2 f‖2
)

+σ1‖v‖2 + σ1‖A
1
4u‖

2
+ σ1‖

√
1− σA 1

2u− 1√
1−σA

− 1
2 f‖

2
≤ l2R2

0 + σ1

1−σ ‖f‖
2
V −1

2
.

(3.22)

�âíØ 3.3¥�k.5Ú HölderØ�ª, ��

1
2
d
dt

(
‖v‖2 + (1− σ)‖A 1

4u‖2 + ‖
√

1− σA 1
2u− 1√

1−σA
− 1

2 f‖2
)

+σ1

(
‖v‖2 + (1− σ)‖A 1

4u‖2 + ‖
√

1− σA 1
2u− 1√

1−σA
− 1

2 f‖2
)
≤ l2R2

0 + σ1

1−σ‖f‖
2
V −1

2

= D2,
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?�Ú��

d
dt

(
‖v‖2 + (1− σ) ‖A 1

4u‖
2

+ ‖
√

1− σA 1
2u− 1√

1−σA
− 1

2 f‖2
)

+σ̃1

(
‖v‖2 + (1− σ) ‖A 1

4u‖
2

+ ‖
√

1− σA 1
2u− 1√

1−σA
− 1

2 f‖2
)
≤ D3.

(3.23)

2d GronwallÚn, ��

‖v(t)‖2 + (1− σ) ‖A 1
4u(t)‖2 + ‖

√
1− σA 1

2u− 1√
1−σA

− 1
2 f‖2

≤
(
‖u1 + σu0‖2 + (1− σ) ‖A 1

4u0‖
2

+ ‖
√

1− σA 1
2u− 1√

1−σA
− 1

2 f‖2
)
e−σ̃1t + D3

σ̃1

(
1− e−σ̃1t

)
.

¤±, é ∀γ2 >
√

D3

σ̃1
, � t ≥ t1¤á, ¦�

‖v(t)‖2 + (1− σ) ‖A 1
4u(t)‖2 + ‖

√
1− σA 1

2u− 1√
1− σ

A−
1
2 f‖2 ≤ γ2, (3.24)

-

B2 =

{
(u, ut) ∈ V : ‖ut + σu‖2 + (1− σ) ‖A 1

4u‖
2

+ ‖
√

1− σA 1
2u− 1√

1− σ
A−

1
2 f‖2 ≤ γ2

}
,

´�+ {S(t)}t≥03 V ¥�k.áÂ8.

3.3. �êáÚf��35

�e5òÏL�f©) (���5�f©)�ü�½A��5�f�EÜ)��{¼�
T¯

K��êáÚf��35.

Ún 3.5 é?¿�Ð©� z1 = (u10, u11), z2 = (u20, u21) ∈ W 9?¿� R > 0,¦� ‖zi‖W ≤
R (i = 1, 2).K�3~ê H > 0, ¦�

‖S(t)z1 − S(t)z2‖W ≤ eHt‖z1 − z2‖W , ∀t ∈ R+. (3.25)

Ù¥ H ´� R0, λ1, k0k'�~ê.

y²: b� z1 = (u1, u1
t )Ú z2 = (u2, u2

t )©O´± z1, z2 ∈ W �Ð��). - u = u1 − u2, �

A−
1
2utt + u+A

1
2u+A

1
2ut + ut + g(u1)− g(u2) = 0, (3.26)

^ ut� (3.26)ª�SÈ, ��

1

2

d

dt

(
‖A− 1

4ut‖2 + ‖u‖2 + ‖A 1
4u‖2

)
+ ‖A 1

4ut‖2 + ‖ut‖2 = (g(u2)− g(u1), ut), (3.27)
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Ü�j

(Ü½n 3.2±9 Sobolevi\½n, Young, HölderÚ PoincaréØ�ª, ��∣∣(g(u2)− g(u1), ut
)
| ≤ ‖g(u2)− g(u1)‖‖ut‖

≤
∫

Ω

k0

(
1 + |u1| 2

N−2 + |u2| 2
N−2

)
· |u| · |ut|dx

≤ k0‖u‖ · ‖ut‖+ k0

(∫
Ω

(
|u1| 2N

N−2 + |u2| 2N
N−2

)
dx

) 1
N

· ‖u‖
L

2N
N−2
· ‖ut‖

≤ k0‖u‖ · ‖ut‖+ k0

(∥∥u1
∥∥ 2

N−2

L
2N

N−2
+
∥∥u2
∥∥ 2

N−2

L
2N

N−2

)
· ‖u‖

L
2N

N−2
· ‖ut‖

≤ k0‖u‖ · ‖ut‖+ k0

(
‖A 1

4u1‖ 2
N−2 + ‖A 1

4u2‖ 2
N−2

)
· ‖A 1

4 ū‖ · ‖ut‖

≤ ‖ut‖2 +
k2

0

2
‖u‖2 +

1

2

(
k0

(
‖A 1

4u1‖ 2
N−2 + ‖A 1

4u2‖ 2
N−2

)
· ‖A 1

4 ū‖
)2

≤ ‖ut‖2 +
k2

0

2
‖u‖2 + 2k2

0R
4

N−2

0 ‖A 1
4 ū‖2.

(3.28)

�n (3.27)-(3.28)ª��

1

2

d

dt

(
‖A− 1

4ut‖2 + ‖u‖2 + ‖A 1
4ut‖2

)
+ ‖A 1

4ut‖2 ≤
k2

0

2
‖u‖2 + 2k2

0R
4

N−2

0 ‖A 1
4 ū‖2, (3.29)

?�Ú� �C/�

d

dt

(
‖A− 1

4ut‖2 + ‖u‖2 + ‖A 1
4u‖2

)
≤ H

(
‖A− 1

4ut‖2 + ‖u‖2 + ‖A 1
4u‖2

)
, (3.30)

Ù¥ H ´� R0, λ1, k0 , N k'�~ê. ��2�â GronwallÚn���(Ø¤á.

Ún 3.6�3~êK > 0, ¦�

sup
z0∈V
‖zt(t)‖W ≤ K, ∀t ≥ 0. (3.31)

y²: - u = ut, ¿é�§ (3.1)¦�, K��§���

A−
1
2utt + u+A

1
2u+A

1
2ut + ut + g′(u)u = 0, (3.32)

^ v = ut + σu� (3.32)ª�SÈ, ��

1
2
d
dt

(
‖A− 1

2 v‖2 + (1− σ)‖u‖2 + (1− σ)‖A 1
4u‖2

)
− σ‖A− 1

4 v‖2 + σ2(A−
1
2u, v)

+‖v‖2 + σ(1− σ)‖u‖2 + σ(1− σ)‖A 1
4u‖2 + ‖A 1

4 v‖2 + (g′(u)u, v) = 0.
(3.33)

|^ (3.16)ª�½n 3.2±9 Young, HölderÚ PoincaréØ�ª, ��

−σ‖A− 1
4 v‖2 + σ2(A−

1
2u, v) + σ(1− σ)‖u‖2

≥ − 3σ
2
‖A− 1

4 v‖2 + σ(1− σ − σ2

2
√
λ1

)‖u‖2,
(3.34)
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Ú

(g′(u)u, v) =
(
g′(u)A

1
4u,A−

1
4 v
)

≥ −l‖A 1
4u‖‖A− 1

4 v‖

≥ −σ
4
‖A− 1

4 v‖2 − l2R2
0

σ
,

(3.35)

�n (3.33)-(3.35)��,

1
2
d
dt

(
‖A− 1

4 v‖2 + (1− σ)‖u‖2 + (1− σ)‖A 1
4u‖2

)
− 3σ

2
‖A− 1

4 v‖2 + σ(1− σ − σ2

2
√
λ1

)‖u‖2

+‖v‖2 + σ(1− σ)‖A 1
4u‖2 + ‖A 1

4 v‖2 − σ
4
‖A− 1

4 v‖2 − l2R2
0

σ
≤ 0.

=
1
2
d
dt

(
‖A− 1

4 v‖2 + (1− σ)‖u‖2 + (1− σ)‖A 1
4u‖2

)
+ (λ1 +

√
λ1 − 7σ

4
)‖A− 1

4 v‖2

+σ(1− σ − σ2

2
√
λ1

)‖u‖2 + σ(1− σ)‖A 1
4u‖2 ≤ l2R2

0,
(3.36)

- σ2 = min{λ1 +
√
λ1 − 7σ

4
, σ(1− σ − σ2

2
√
λ1

), σ(1− σ)}, � σ¿©�, K

1
2
d
dt

(
‖A− 1

4 v‖2 + (1− σ)‖u‖2 + (1− σ)‖A 1
4u‖2

)
+σ2‖A−

1
4 v‖2 + σ2‖u‖2 + σ2‖A

1
4u‖2 ≤ l2R2

0.

�âíØ 3.3¥�k.5, ��

1
2
d
dt

(
‖A− 1

4 v‖2 + (1− σ)‖u‖2 + (1− σ)‖A 1
4u‖2

)
+σ2

(
‖A− 1

4 v‖2 + ‖u‖2 + ‖A 1
4u‖2

)
≤ D4.

Ù¥ D4 = l2R2
0.-

P (t) = ‖A− 1
4 v‖2 + (1− σ)‖u‖2 + (1− σ)‖A 1

4u‖2,

Kk
1

2

(
‖A− 1

4 v‖2 + ‖u‖2 + ‖A 1
4u‖2

)
≤ P (t) ≤ ‖A− 1

4 v‖2 + ‖u‖2 + ‖A 1
4u‖2. (3.37)

ÏL|^ (3.37)ª?
��

d
dt

(
‖A− 1

4 v‖2 + ‖u‖2 + ‖A 1
4u‖2

)
+σ̃2

(
‖A− 1

4 v‖2 + ‖u‖2 + ‖A 1
4u‖2

)
≤ D5.

2(Ü GronwallÚn, dþª��

‖A− 1
4 v(t)‖2 + ‖u(t)‖2 + ‖A 1

4u(t)‖2

≤
(
‖A− 1

4 v(0)‖2 + ‖u(0)‖2 + ‖A 1
4u(0)‖2

)
e
∫ t
0
−σ̃2(τ)dτ +

∫ t
0
D5e

∫ t
s
−σ̃2(τ)dτds

=
(
‖A− 1

4 v(0)‖2 + ‖u(0)‖2 + ‖A 1
4u(0)‖2

)
e−σ̃2t + D5

σ̃2

(
1− e−σ̃2t

)
.
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¤±, é ∀K >
√

D5

σ̃2
, � t ≥ t1¤á, ¦�

‖A− 1
4 v(t)‖2 + ‖u(t)‖2 + ‖A 1

4u(t)‖2 ≤ K, (3.38)

Ù¥K �~ê, dd��

‖zt(t)‖2W = ‖A− 1
4 v(t)‖2 + ‖u(t)‖2 + ‖A 1

4u(t)‖2 ≤ K, (3.39)

=

sup
z0∈V
‖zt(t)‖W ≤ K.

�Ún 3.6�y.

e¡, òy²áÚf��35. ½Â8Ü X0 = B1 ∩ B2 ��W ¥�ØC;8, K X0 3W ¥
´;�, 3 V ¥´k.�, 3 X0þ½Â�+ {S(t)}t≥0 , kS(t)X0 ⊂ X0 .

½n 3.7é?¿� T > 0, N� (t, z0) 7→ S(t)z0, = [0, T ]×X0 → X0´ LipschitzëY�.

y²: é?¿� z1, z2 ∈ X0±9 t1, t2 ∈ [0, T ], Kk

‖S(t1)z1 − S(t2)z2‖W ≤ ‖S(t1)z1 − S(t1)z2‖W + ‖S(t1)z2 − S(t2)z2‖W . (3.40)

éu (3.40)ª�1��, dÚn 3.6��

‖S(t1)z2 − S(t2)z2‖W = ‖z(t1)− z(t2)‖W ≤
∫ t2

t1

‖zt(τ)‖Wdτ ≤ C|t1 − t2|,

¿�2dÚn 3.5 , �\ (3.40)ª, ��

‖S(t1)z1 − S(t2)z2‖W ≤ K(|t1 − t2|+ ‖z1 − z2‖W),

Ù¥~ê K = K(T ) ≥ 0. �

½n 3.8� X0 ⊂ W ´�ØC;f8, � V ´;i\�W. K�3 t∗ > 0Ú C∗ > 0, ¦�N�

S(t∗) : X0 7→ X0kXe©)

S(t∗) = S0 + S1, S0 : X0 7→ W, S1 : X0 7→ V,

Ù¥ S0÷vXe^�

‖ẑd(t∗)‖ = ‖S0(z1)− S0(z2)‖W ≤
1

8
‖z1 − z2‖W , ∀z1, z2 ∈ X0, (3.41)

S1÷v

‖ẑc(t∗)‖ = ‖S1(z1)− S1(z2)‖V ≤ C∗‖z1 − z2‖W , ∀z1, z2 ∈ X0, (3.42)
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y²: � z1 = (u1, u1
t ), z

2 = (u2, u2
t )©O´± z1, z2 ∈ X0�Ð��). -

ẑ = z1 − z2 = (û, ût),

ò ẑ©)¤

ẑ = ẑd + ẑc = (v̂, v̂t) + (ω̂, ω̂t),

Ù¥ v̂÷v  A−
1
2 v̂tt + v̂ +A

1
2 v̂ +A

1
2 v̂t + v̂t = 0,

ẑd(0) = z1 − z2.
(3.43)


 ω̂÷v  A−
1
2 ω̂tt + ω̂ +A

1
2 ω̂ +A

1
2 ω̂t + ω̂t + g(u1)− g(u2) = 0,

ẑc(0) = 0.
(3.44)

w,, ẑd(t) = S0(t)z1 − S0(t)z2, ẑc(t) = S1(t)z1 − S1(t)z2. ^ v̂t + σv̂� (3.43)ª�SÈ, ��

1
2
d
dt

(∥∥∥A− 1
4 v̂t

∥∥∥2

+ (1 + σ) ‖v̂‖2 + (1 + σ)
∥∥∥A 1

4 v̂
∥∥∥2

+ 2σ(A−
1
2 v̂t, v̂)

)
−σ
∥∥∥A− 1

4 v̂t

∥∥∥2

+ σ‖v̂‖2 + σ
∥∥∥A 1

4 v̂
∥∥∥2

+
∥∥∥A 1

4 v̂t

∥∥∥2

+ ‖v̂t‖2 = 0.

(3.45)

(Ü PoincaréØ�ª, ��

−σ
∥∥∥A− 1

4 v̂t

∥∥∥2

+ σ‖v̂‖2 +
∥∥∥A 1

4 v̂t

∥∥∥2

+ ‖v̂t‖2

≥
(
λ1 +

√
λ1 − σ

) ∥∥∥A− 1
4 v̂t

∥∥∥2

+ σ‖v̂‖2.
(3.46)

�n (3.45)-(3.46)ª, ��

1
2
d
dt

(∥∥∥A− 1
4 v̂t

∥∥∥2

+ (1 + σ) ‖v̂‖2 + (1 + σ)
∥∥∥A 1

4 v̂
∥∥∥2

+ 2σ(A−
1
2 v̂t, v̂)

)
+σ
∥∥∥A 1

4 v̂
∥∥∥2

+
(
λ1 +

√
λ1 − σ

) ∥∥∥A− 1
4 v̂t

∥∥∥2

≤ 0,

(3.47)

-

Υ(t) =
∥∥∥A− 1

4 v̂t

∥∥∥2

+ (1 + σ) ‖v̂‖2 + (1 + σ)
∥∥∥A 1

4 v̂
∥∥∥2

+ 2σ(A−
1
2 v̂t, v̂).

(Üþª, � σ¿©�, � b > 0�, k

1

2
‖(v̂, v̂t)‖2W ≤ Υ(t) ≤ 2b‖(v̂, v̂t)‖2W , (3.48)

- Π1 = min{σ, λ1 +
√
λ1 − σ}, Kd (3.47)k

1

2

d

dt
Υ(t) + Π1‖(v̂, v̂t)‖2W ≤ 0,
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(Ü (3.48)ª, ��
d

dt
Υ(t) +

Π1

b
Υ(t) ≤ 0,

2|^ GronwallÚnÚ (3.48)ª, ��

‖(v̂, v̂t)‖2W ≤ Υ(t) ≤ e−
Π1
b tΥ(0) ≤ 2be−

Π1
b t‖(v̂(0), v̂t(0))‖2W ,

=

‖ẑd(t∗)‖W = ‖(v̂, v̂t)‖W ≤
√

2be−
Π1
b t∗‖(v̂(0), v̂t(0))‖W ,

K (3.41)ª¤á, Ù¥ t∗ = b
Π1
ln128b.

Ón, ^ A
1
2 ω̂t� (3.44)ª�SÈ, ��

1

2

d

dt

(
‖ω̂t‖2 + ‖A 1

2 ω̂‖2 + ‖A 1
4 ω̂‖2

)
+ ‖A 1

2 ω̂t‖2 + ‖A 1
4 ω̂t‖2 +

(
g(u1)− g(u2), A

1
2 ω̂t

)
= 0. (3.49)

$^½n 3.2Ú (3.16)ª, l
k

(
g(u1)− g(u2), A

1
2 ω̂t

)
≥ − l

2

2
‖A 1

4 ω̂‖2 − 1

2
‖A 1

4 ω̂t‖2, (3.50)

ÏL (3.49)-(3.50)ª, ��

1

2

d

dt

(
‖ω̂t‖2 + ‖A 1

2 ω̂‖2 + ‖A 1
4 ω̂‖2

)
+ ‖A 1

2 ω̂t‖2 +
1

2
‖A 1

4 ω̂t‖2 ≤
l2

2
‖A 1

4 ω̂‖2, (3.51)

K?�ÚÏL� ÚÚn 3.5k

d

dt

(
‖ω̂t‖2 + ‖A 1

2 ω̂‖2 + ‖A 1
4 ω̂‖2

)
≤ Θ1

(
‖A− 1

4 ût‖2 + ‖û‖2 + ‖A 1
4 û‖2

)
≤ Θ1e

Kt‖z1 − z2‖2W .
(3.52)

Ù¥ Θ1´� l, λ1k'�~ê.

ò (3.52)ª(ÜÐ©^�¿3 (0, t∗)þÈ©, ��

‖ω̂t‖2 + ‖A 1
2 ω̂‖2 + ‖A 1

4 ω̂‖2 ≤
∫ t∗

0

Θ1e
Kt‖z1 − z2‖2Wdt

≤ Θ1

K
eKt∗‖z1 − z2‖2W

= C∗‖z1 − z2‖2W ,

(3.53)

Ù¥ C∗ = Θ1

K e
Kt∗ ,�

‖S1(z1)− S1(z2)‖V ≤ C∗‖z1 − z2‖W .

= (3.42)ª¤á.

Ïd, �â½n 2.2, ½n 3.7Ú½n 3.8=����©�Ì�(J:

DOI: 10.12677/pm.2024.144105 15 nØêÆ

https://doi.org/10.12677/pm.2024.144105
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½n 3.9 (�êáÚf)b���5� g(u)÷v^� (Q1) − (Q2)Ú (3.16)ª, ¿� f ∈ V −1
2 ,

K¯K (1.1)¤)¤�)�+ {S(t)}t≥0 3W þ�3�êáÚfM. w,, d�êáÚf�½Â,

M äkXe�5�:

(i) M3W ¥´;�;

(ii) Mäkk��©/�ê;

(iii) M ��ØC�, = S(t)M⊂M;

(iv)M ��+ {S(t)}t≥0��êáÚ8,=éz��k.8 B ⊂ W, �3~ê k = k(B), l > 0,

¦�

dist(S(t)B,M) ≤ ke−lt.

½n 3.103½n 3.9¤á�^�e, K�±��¯K (1.1)��ÛáÚf�©/�ê´k��.
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55-108.

[2] Li, K. and Yang, Z.J. (2015) Asymptotic Behavior for the Singularly Perturbed Damped

Boussinesq Equation. Mathematical Methods in the Applied Sciences, 38, 1557-1567.

https://doi.org/10.1002/mma.3167

[3] Yang, Z.J., Ding, P.Y. and Liu, X.B. (2019) Attractors and Their Stability on Boussinesq

Type Equations with Gentle Dissipation. Communications on Pure and Applied Analysis, 18,

911-930. https://doi.org/10.3934/cpaa.2019044

[4] Feng, N. and Yang, Z.J. (2020) Well-Posedness and Attractor on the 2D Kirchhoff-Boussinesq

Models. Nonlinear Analysis, 196, 111-139. https://doi.org/10.1016/j.na.2020.111803

[5] Yang, Z.J., Feng, N. and Li, Y.N. (2020) Robust Attractors for a Kirchhoff-Boussinesq Type

Equation. Evolution Equations and Control Theory, 9, 469-488.

https://doi.org/10.3934/eect.2020020

[6] Di, H.F. and Shang, Y.D. (2016) Cauchy Problem for a Higher Order Generalized Boussinesq-

Type Equation with Hydrodynamical Damped Term. Applicable Analysis, 95, 690-714.

https://doi.org/10.1080/00036811.2015.1026811

DOI: 10.12677/pm.2024.144105 16 nØêÆ

https://doi.org/10.1002/mma.3167
https://doi.org/10.3934/cpaa.2019044
https://doi.org/10.1016/j.na.2020.111803
https://doi.org/10.3934/eect.2020020
https://doi.org/10.1080/00036811.2015.1026811
https://doi.org/10.12677/pm.2024.144105


Ü�j

[7] Hang, J.H. and Gao, A.Y. (2020) Blow-Up for Generalized Boussinesq Equation with Double

Damping Terms. Mediterranean Journal of Mathematics, 17, 182-191.

https://doi.org/10.1007/s00009-020-01604-5

[8] Mohammadi, H.B. and Esfahani, A. (2019) Blowup and Decay Behavior of Solutions to the

Generalized Boussinesq-Type Equation with Strong Damping. Mathematical Methods in the

Applied Sciences, 42, 2854-2876. https://doi.org/10.1002/mma.5556

[9] Zhou, J. and Zhang, H. (2021) Well-Posedness of Solutions for the Sixth-Order Boussinesq

Equation with Linear Strong Damping and Nonlinear Source. Journal of Nonlinear Science,

31, 76-131. https://doi.org/10.1007/s00332-021-09730-4

[10] Yang, Z.J. (2013) Longtime Dynamics of the Damped Boussinesq Equation. Journal of Math-

ematical Analysis and Applications, 399, 180-190. https://doi.org/10.1016/j.jmaa.2012.09.042

[11] Geng, F., Li, R.Z., Zhang, X.J. and Ge, X.Y. (2016) Exponential Attractor for the Boussinesq

Equation with Strong Damping and Clamped Boundary Condition. Discrete Dynamics in

Nature and Society, 2016, Article ID: 5036048. https://doi.org/10.1155/2016/5036048

[12] Eden, A., Foias, C., Nicolaeko, B., et al. (1994) Exponential Attractors for Dissipative Evolu-

tion Equations. John Wiley and Sons, Ltd., Chichester.

[13] Miranville, A. and Zelik, S. (2008) Attractors for Dissipative Differential Equations in Bounded

and Unbounded Domains. In: Handbook of Differential Equations: Evolutionary Equations,

Vol. 4, Elsevier, Amsterdam, 103-200. https://doi.org/10.1016/S1874-5717(08)00003-0

DOI: 10.12677/pm.2024.144105 17 nØêÆ

https://doi.org/10.1007/s00009-020-01604-5
https://doi.org/10.1002/mma.5556
https://doi.org/10.1007/s00332-021-09730-4
https://doi.org/10.1016/j.jmaa.2012.09.042
https://doi.org/10.1155/2016/5036048
https://doi.org/10.1016/S1874-5717(08)00003-0
https://doi.org/10.12677/pm.2024.144105

	1 引言
	2 预备知识
	3 主要结果及其证明
	3.1 解的适定性
	3.2 有界吸收集
	3.2.1 W 中的有界吸收集
	3.2.2 V 中的有界吸收集

	3.3 指数吸引子的存在性


