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Abstract

In this paper, the existence of exponential attractors of Boussinesq equation with
strong damping is studied. The Boussinesq equation, as an important model, has
been widely used to describe some atmospheric physical flows, such as turbulence
encountered by fluids in the atmosphere and fluids in the ocean, and has also been
widely used in practical life such as weather forecasting and shipping. First of all,
in this article, the existence of bounded absorption set in space H () x Hj(Q) and
L*(Q) x (H*(Q) N Hj(Q2)) is proved by energy estimation method; Secondly, we obtain
the existence of the exponential attractor by the method of operator decomposition.

As a byproduction, we achieve that the global attractor has a finite fractal dimension.
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1. 5|8

AL RN T A #RPELJB (1) Boussinesq 5 R4 W 5| T IIAEAETE,

g — Au + A%u + A?uy — Auy — Ag(u) = f(z), 2€Q, teRy, Ry =[0,+00),
U(QZ, 0) = uO(‘r) ) Ut(l‘,O) = Ul(l’), T e Qa (11)

ulag = Au|dQ = 0, Vi 2 0,

Hoo u = u(e, t) RRERE, TR E BRITIES, Q C RY (N > 3) & EA LR R AKX
B, AN F() € Vit

18724, Boussinesq [1] TERF LR /KB K H B AL R IE R b, SR i 1 — 423 (8] i HE Ltk 7K U
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PR,

Utg — Ugg T AUgges = b(u2>a::v7 (12)

Horpw FoRi A E R B3, W a, b AT IRARBR UK B RE R . 2 a > 0 I, T718
(1.2) #MR " 4F7 [¥) Boussinesq J7H%; 2 a < 0 B, J7HE (1.2) #H N IR 1) Boussinesq 77 F#. fE3C
R [2,3] 1, BF9E T R A BHJE ) Boussinesq J7 R I (A1 3) 77 %, @57 7 HARRE &2 18] 4 R 5|
AFREW 5] T BIAFAENE. STHR [4, 5] W58 T Kirchhoff-Boussinesq 7 #2. STk [6-9] 7T 7 B A FH
JEH))™ X Boussinesq J7 #2H) Cauchy [7]#8, 3K1TF 1 77 T AR O A77E A LUK AE BAT IR 8] 28 A R A AH 5
A AR TR, 4 R 51T B AR BT B W S| ) AT R AR R AT B AT AR, I
H B 4T ReJoBR. AR E0 5] 7tk XL m @, & ARG AR o 48, I B )E
FOERIRECUM, BRI, Bk, 23CHk [10] H, #E R 5 T KB 1) Boussinesq 77 %,

up + A%u — Auy — Ag(u) = f(z), (1.3)

A TRAT N, £ g(u) i 2 AR IR SR 25 1F NGB 1 X RIS 7 2 R W 51 1 S AR B0 51 1 1
FAAENE. FESCHR [11] HHKIESE AT T 1 BA B M 210 52514 /1 Boussinesq 7772,

uy — Au + A*u — Ay — Ag(u) = f(z), (1.4)

AT T ITRE (1.4) T8O 51 T RIAAENE. BRI 32 SR 70T 10, 11) BORIE R, JAT] 500 BoA s FE a4 14
() Boussinesq 77 % (1.1) 880 5| 1 HIAEEME.

2. T EIR

AN — e, X FAEREM s € R, & LHHEF A AWK Hilbert 25 [[jE V, = D(AT), X NI

SRS NV
(u,0)s = (Afu, ATv), ully, = [ATul,
R,

[ullv, = A% ul| = [[Vaull, |ullv, = [|AZu] = ||Au].
Hrh Az = A Vy — Vo BARELT As(s € R) &% IEH).

Bs=0M,BEILH =V, = L2Q), A || - || #(,-) Fm HBABRTEE, &V =
H (), Vo = H*(Q) N H(Q), AR N EATEE S 5 58 SO

(o) = [ u@pioyde, [l = [ jua)Pds

(uv)v, = (Au, A20), Jullf, = [A2ul® = | Aul?®.
H || Au|| 7= D(A) Hiad, Hrh

D(A) = {U S H4(Q) : UlaQ = AU|QQ = O}
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s H=Y Vit Vo b ar il H Vi Vo ORI ZsTE], R AR
VoacVicHCH 'cVv eVt
HHEZEHRAN V,, € V., (Vs; < sp) Fl Poincaré A~ 553

S0 —

2751
“lul?,, Vue Vi,

lulZ, <Ay

R, #R¥YE Poincaré A4, AL
JAZu]? > Agflull?, [|A2u]® > /\%HAiUHQ, Vu € Vs.

Forbr Ay > 002 A? B REEEL A% uloq = Aulog = 0 KIS — L.
TR (1.1) R IN g(u) /& Lipschitz LM, H e W Fr2k4F:
(Q1) liminf g(ss) > =1, G(s) = [; g(r)dr, Vs € R;

|s]—o0
(Q2) 19'(s)| < ko(1+s|¥2), N >3,
H1(Qq) AT RN, AAAEM M IERE My, My Koo =o(M) > 0, 13
(Q3) g(s)s +os>+ M; >0, Vs € R;

(Q4) G(s) + 05>+ My >0, Vs € R.
NTBEIE, & X R Hilbert %5 8] 5 {540

_ 1 1 _1 1
W=V x Vi lzllw = [l u) lw = (GUATul® + A7 2 ]%)) 2,

V=V, x H, |[z]lv = [[(w, ue) |y = (%(HA%UH2 + lue]|))?.
ENX 2.1 [12,13] (FREOR G F) B3 {S(t) }iso NTBEAFER M X R, e Fo%
P
(i) &&H MIE X HREN, HAGERKS 4L
(ii) 264 M NIEARZH, B S(H)M C M, Vt > 0;
(iif) G M C X AEHE {S() im0 MTREOR SIS, BN G- MEREBC X, A

dist(S(t)B, M) < D(||B||x)e™ ",

Forp R H L AR e B D AMKET B, NS M C X FORFERE {S(t) }so FIHRER ST

EI 2213 & X CW R -ALBEFE HY B W RERA, FAENTE t, > 0, 1500 F %
RS
(i) Wbt {(t, 20) = S(t)} : [0,¢,] x X — X #& Lipschitz ZE£2H;

DOI: 10.12677/pm.2024.144105 4 PR E


https://doi.org/10.12677/pm.2024.144105

SRAFEH

(ii) MRS S(t,) : X — X Ha Rkt
S(t*>:SO+Sl, SO:X%W, 81:X—>V,

Horp S, i 2 '

|S0(21) — So(22)||w < g”zl — 22lw,
H S e

[51(21) = Si(22)[lv < Cill21 — 22w,

Hrp Cp > 0. 84, 8 {S(0)} FEFRBIRG T M.

3. ERGERNHIERA

3.1. FRAVIEE M

[N

B, R (11) AN E TR, HH A
AR (1.1) B R AT

= —A MHFERELIEX, NG 250+

{ A buy +u+ Abu+ Adu, +ug + glu) = A3 f,

3.1
u(0) = ug , u(0) = uy. (3.1)

NTHAGTTRE (1.1) BSO8R, 4 lian T 51 2.
ST 3.1 [11] (AR EUAALEME—PE) B ARENEI g(u) WM (Q1) — (Q2) . H feVy !, WA
(D)ARIURE uo € Vi, ug € Vit MIRIRR (3.1) AFAE— M (u, ue) IFHiE

(u,uy) € C([0,T], W), VT >0,

(2)% 2% = (ul,ul) &R (3.1) 23 R RYHIE 22(0) = (ud,ub), i = 1,2 PN, WIAE7EH 5L
b>0,T >0, fH5
[21(8) = 22(t)w < €”[21(0) = 22(0)lw, t € [0,T].

PRIt 775 UM S(1) : W — W Ny
S() (uo, ur) = (u(t),uy), t >0,
Forr (u, we) AW (3.1) FOME—f#, 5T S(t) W2 ERERIE R
3.2. BF RIS

ki REE M T (REE A ) BITHEIEN] T H -1 (Q) x Hy (Q) M1 L2(Q) x (H*(Q)NH(Q))
T SIS ER A AR
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3.2.1. W B F WU E

IR 3.2 AR IED g(u) W (Q1) — (Q2), f € V5 ', MIK By = Byw(0, Ro) 28 (3.1) BT

A AR RE {S (1) beso £ W HHIH TR,
WERR : A v =y +ou (0 <o < 1) 7E L2(Q) F 57 (3.1) A, 152

1 1 1 1
34 (A 3ol + (1= o)ljull® + (1 - o) Aul]?) — o] A= 4ol + 02(A~du,0) + o]

. . . (3.2)
+o(l = o)|ull® + o1 — o) |ATul® + [[ATv[* + (g(u),v) — (A_ﬁ,v) =0.
FR¥E Young, Holder F1 Poincaré AN2530, 714
—o|[ A 50| + 02(A"3u,0) + [v]* + o (1 — o) Ju]® + [|ATo||?
> (M + VA —0) [A 0|2+ 0 (1= o) ||ul|* — 0| A= ul[| Ao
) 1 (3.3)
> (M + VA —0) [[A 502+ 0 (1= o) [|u]* — G{|A=Ful] — §| A= v|?
> (+ v = ) A bl 4o (1-0 = 5%l
AR (Q1) KARBUE X, 715
(9(u),v) = (g(u),ur + ou)
= (9(u),ue) + (9(u), ou) (3.4)
d
= / G(u)d:v—l—a/g(u)udaz,
Al
(A_%f7 U) = (A_%f, ug + au)
. (3.5)
= /(Aéf)udx—&—a/(Aé)ud:v,
454 (3.2)-(3.5) X, 715
12 142 _1
L (JA %ol + (1= o) ull® + (1= o) A%l +2 f, Gw)dz — 2 [, (A~ fudz)
+ (VA= ) Al 4o (1= 0 = 5% ) ull (3.6)
+o(1—o0)||Aiul?+ o Jo g(u)udr — UfQ(A_%f)uda: <0.
é\
1 1 2 1
F(t) = HA’Zsz +(1—-o0) ||u||2 +(1—o0)||A%ul + Z/QG(u)dx — Q/Q(A2f)ud:c, (3.7)
DOI: 10.12677/pm.2024.144105 6 Ry


https://doi.org/10.12677/pm.2024.144105

SRAFEH

50 = (3 VA= 5 ) At o ( ) Jul?
2
W (3.8)
+o0(1—0)|Asul®+ o/ g(w)udz — o / (A7 f)udz.
Q Q
Xt (3.7)-(3.8) iz FH Sobolev #x N JEHE, Young A& XA (Qs) — (Q4), FIFF
F(t) > [|A*0]* + (1 — o) Jul* + (1 — o) | A¥ul* — 2 / (ou® + Mp)dz — 2 A £ Jul
Q
1 1 1 1
> [[A7b0ll? + (1= 30) [lull* + (1 — o) [| A ul2 = 20 10 = 2 A2 £[2 = S ulf (3.9)
1 1 1
> A4 + (5 = 30) [ull® + (1 = o) [ Al - K1,
Heh Ky = 205 Q) + 21| [,
[ EE FEX (3.8) AT, "I13
502 (3 VA=) At o (10 r) Jul?
+o(1=o) |4kl — o [ (0w + Mi)do — o] 4™ Jul
Q
—3ql2 _
> (n+ V= Z Yt o (1m0 - 00 ) 510
o (1—0) [ Abull? = o ul — oM [0 = TNAEFI = 3 ull
1o 1
> (2 Vi - 5 ) 1At +a(2—2o—2\ﬁ)n &
+0(1—0) [Aful? - K,
HA Ky = oM |Q + ¢ ||f||2v2,1. W o > 075/, nfg
1 1
5730>O,1—0>0, 0(5720 2\ﬁ ) >0, M+ VA — 7>0 o(l—0) >0,
ic D, = mln{% 30,1—0, o(3 —20 — #}1), M+VA -3, 01 —O’)}, iy
F(t) = Dy (14”50l + lul® + | A%ul?) - K (3.11)
J(t) = Dy (1A 40l + Jlu) + A% u)?) - K (3.12)
T E (3.6) 2%, 775
1d
§@F(t) < —J(t),
EalGIRE S| .
F(t) < —/ 2J(r)dr + F(0). (3.13)
0
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MR YE (3.11)-(3.13) =X, A 15

t
Dy (A~ H0) + Jlull? + [ Ato)?) - Ky < —2 / (D1 (A7 40l + lul® + A% 0]?) - K| dr+ F(0).

(3.14)
LH:? Xﬂ‘ vryl > 2[I)(127 ﬁ%‘_—:‘ tO = tO(B)7 t 2 tO) ,Ti/?%
1A= 5 u(to)[1” + [lu(to)I* + A5 u(to)[* < m- (3.15)

I, 5 (u, uy) RITRE (3.1) BIfE, 2 By = U, S() By, Hrf

B = (o) €W 147 s+ ouo) | + ol + 4 o <}

By = {(u,ue) €W [[(w,u)llfy <m},

FEFHE {S(t) }izo £ W I TS,

HEIR 3.3 (RULE B 3.2 M BT, WIXHT I R > 0 BWE 20 = (uo,ur), F7E 1 = t1(R),
Hllzollw < R, [[S()z0llw < Ro, VE >t

3.2.2. V b B RNILE
NTERNY WA SRS AR, 8 75 B0 SRR 45 4

g'(s) > -1, VseR. (3.16)

EIR 3.4 BUEARLEYETN g(u) 2 (Q1) — (Q2) A1 (3.16) X, f € V1, MEK By = By(0,72) A&
B (3.1) AT IR RE {S (1) Yo 16V R HIAT AR 4L,

IERR: Fl Azo = Azu, 4+ 0A%u (0 < o < 1) ££ L2(Q) h 57778 (3.1) AR, 153

L (Il + (1= o) 1Adul? + (1 = o) AR ul?) = ollol® + 02 (u,0) + | AL

2.dt
(3.17)
o (1= o) [ Akl + 0 (1= o) [ Abul? + [ Abo)? + (g(w), Abo) — (4}, atv) =0,
A (Qr) — (Q2), BHE 3.2 H A S LA Young, Holder A1 Poincaré /5530, 7J 1§
2 9 1 2 1 2 1 2
—o|[v]]” + 0% (u,v) + o (1 = o) [A3ul|” + [|A%0]|" + [|A20]]
1 2 o3 .
> (M VA=) ol + 0 (1= o) | Atul® — % Jull® — gJolf (3.18)

2 1 2
> (A + V= %) ol + o (10— 5% ) lAtull”.
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iz Sobolev fix N HLLL K Young, Holder A&, 454 (3.16) =LA K HEW® 3.3 A 1%, I,

(9w, 430) = (Ag(), A%0) = (¢ (w)Aatu, atv)

vV

—I[|ATul|| ATo| (3.19)
Lyarop - 2R
4 0

il

(3.20)

I (3.17)-(3.20) 3, w15

1,2 12 _1 1
24 (0l + (- ol Atul’ + (1 - o) Abul” — 247 £(z), Abw)

2 1 2 1 2
SolAsu]” +o(1—o)[[A2u]

VA =)ol 01— o — 5o

~H|Afo|” - 2R2 — oA f, Abu) <0,
AT

12 12 _1 1 3/ -
%,;i(llvllzﬂl—o) [ATul|” + (1 = o) [|Azul|” — 2(A zf,Aw))+(A1+3W—%)||v\|2

4

(3.21)
2 1 2 1 2 _1 1
fo(l— 0 — 22y Abul + 0 (1= o) [ Adul’ — o(A}f, Adu) < PR3

W o 787 /1N, M

Gop=min A+ 20 -2 o(1—0— o)) A

12 1 1
L4 (Jol* + (1 = o) | 4%u) + |WVT=0Abu— A a-if|?) .
3.22
1 2 1
tou||v]? + o1 || Al + on|[VI = oA u —

2 o
AP < PR3+ 2 |1

1—0o

RIEHE 3.3 H A FEPER Holder AN%55X, 7] 19

1
—0o

14 (ol + (1 = )| ATul? + VT = o Atu— At |P)

+01 <”’U||2 + (1 — O')HA%U‘P + H /1 — O'A%U, _ \/%A—%fHQ) < ZQR% + %Hf”%/;l _ Dg,

DOI: 10.12677/pm.2024.144105 9 FRIG R 2
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i K}
4 (ol + (1 =) T—odbu— oaif|?)
(3.23)
61 (ol + (1= o) T=oAbu— oA 4|]?) < Dy.
4 Gronwall 5| £, A[1§
[o®I + (1 = o) | Atu(®)|? + VT =0 e
< (Jjur + ouol” + (1 =) T gAfu— A AT ) e 4 22 (1= 1),

FITEL, X Vg > /22, ¢ >ty JROT, i

1 1 ]. 1
0@ + (1= o) [Atu@) P + VT = oAb = ——m AP < 3, (3.24)
é\
1 1 1 1
B = {(wu) €V Jut oul? + (1= o) 4%+ [VT=oabu— LA b <.

FEERE (S (1) hiso £V RS FIRIEE.

3.3. IEHWEIFHFEM

BNk EE T (— DNERMEE TSI T IR S) TR 1%
R TR HOW 5] 7 A LETE.

512 3.5 XAERIIVIMME 21 = (u10,u11), 22 = (ug0,u21) € W RAEEM R > 0, 13 ||2]|w <
R(i=1,2). WAFEHES H > 0, {13

||S(t)21 - S(t)ZQHW S th”Zl — ZQHW, YVt € R+. (325)

Hh H 25 Ry, M1, ko BRIEL
HERR: B 2! = (u',up) M 22 = (u?,u?) L 21, 20 € W ONPIHMEIIE. 2 u=u' —u?, H

ATHy + T+ ABT+ AR 4T+ g(u?) — g(u?) =0, (3.26)

H @, 5 (3.26) AR, Arf3

1d 1_ _ _
52 (IATY I + all? + Al ) + AT 2 + ) = (9(u?) — g(u'), ), (3:27)

DOI: 10.12677/pm.2024.144105 10 PR E
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a5 EH 3.2 DA Sobolev #k N EH, Young, Holder Fil Poincaré N5, W15

|(g(u?®) = g(u'), ) | < llg(u®) — g(u")|[|[a|

< / ko (14 |75 + 2753 - [a] - 7 |da
Q

1
N
N N — —
< ol -l + o ([ (11925 4 ) )l g, -
Q

< hollal - 1l + ko ([lut| 755, + [l

2N
N-2 N-2
L L

2
N—-2
2N

) Il g, - Il (3.28)
< kollal - 1] + ko (I4¥ |72 + [ A%a?|7*2) - | AT a] - Ja

— 2 k(% —12 1 1 1,2 1 9, _2 1_ 2
<l + 2l + 5 (ko (4TI 7= + atu?| 7)) - Ata] )

k2 _4
< [f]* + 30||ﬂ||2 +2k3 R || Avalf?.

I (3.27)-(3.28) AT

Ld
2dt
i AT AT

1 _ 1_ 1_ k2. s 4Ll
(I\A_Zutll2 + |lal® + ||A4ut||2) + AT < 5°HUH2 +2k5 Ry | AT al?, (3.29)

d _1_ — 1_ _1_ — 1__
= (am)? + @l + |ata)?) < B (A4 + @) + | Ata)?) (3.30)

b H 25 Ry, Ay, ko, N A 509550 BUR TR Gronwall 5| FH ] 4581 451 7.
5132 3.6 fAEH AL K > 0, fif5

sup [|z:(t)|lw < K, Vt > 0. (3.31)

20€V

MERR: & u = w,, JEXTIHE (3.1) KT, WIETTEAT 5 N

A3y + T+ AT+ APT + Ty + g (w)T = 0, (3.32)

Mo =1, +o0u5 (3.32) RN, 7JE

s (147500 + (1= o)lfalP + (1 = o) 4kal?) — ol A4 + 0%(4-H D)

(3.33)
@l + o1 = o)|al]? + o(1 — o) [|ATa|]? + [|A15]]? + (¢ (u)u, v) =
FIH (3.16) 5w 3.2 LA K Young, Holder A1 Poincaré A4 5K, 713
—0||A=35|2 + 02(A 2w, D) + o(1 — o) |[ul?
1 2 (334)
> —Z[ATT|? + o1 - 0 — 57l
DOI: 10.12677/pm.2024.144105 11 HB R
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A
(¢'(w7.7) = (o (w)A}T, A~H7)

> 1|l Aval|[| A~ (3.35)
g 1 12R2
> _Ja-ig|)2 — 2o
> —Zjja-to) - =2,
I (3.33)-(3.35) A1,
14 (JA39)2 + (1= o)l + (1 - o)l A¥Tl?) - A5 + o1 - 0 — 52|l
7l + (1 = o)l Ata? + [ Alo]? - §]A- o) - B <o,
Al
L4 (1474907 + (1= )l + (1= )| ATT|?) + (O + VAL = T[4~
ul|? 77112 2 P2 (3.36)
+o(l— 0 — 32 [@l]2 + o (1 — o) A%l < 2R3,
% oy = min{\; + VA — %‘7, o(l—0o— 2\7}1), o(1—0o)}, W o 7857/, W
L4 (JA 1ol + (L= o)l + (1 - o) A%T]?)
03| A=H72 + oal[T]]* + 0| A¥T|? < 2RE,
RAEHEL 3.3 A Ak, A4
L4 (147490 + (1 = o) @l + (1 - o)l| At
2dt
+os (I1A=#91 + [l + | A%T]?) < Ds.
Hvp Dy =1PR:. %
P(t) = | A70)* + (1 - o) [ull® + (1 — o) Atal?,
i 1
5 (147492 + [l + | A%al?) < P(6) < A1l + al® + | Ata)® (3.37)
R (3.37) ka3
4 (1A~ 4o)2 + Jal? + |1 4ta)?)
+6> (JlA=H3 + 1all* + | A%ul?) < Ds.
454 Gronwall 5| ¥, B _F3{n 15
lA=3o@)? + lae)|? + |4t a(e))?
< (1A 5O + [@O)|? + [ ATa(0)][2) efd ~53ir 4 [ Dyel! ~oxir g
= (1A= + [GO) | + |4 @(0)][2) e + L= (1 - e=72)..
HR A

DOI: 10.12677/pm.2024.144105 12


https://doi.org/10.12677/pm.2024.144105

SRAFEH

FEL, X VE > /B2, St >ty JRO7, 45
IA=50(0)|1” + [[a() > + [ ATw()|? < K, (3.38)
Horb K Jywdg, kvl 43
12015 = [A=T0(0)|1” + [@(®)|* + |ATa)| < K, (3.39)

Elll
sup [[z:(t)[lw < K.

20€V

W5 3.6 1RHE.

N, CRHEIIR S TR, R E X = BiN By fE AW A REAE, W X /£ W
R, Y FRA RN, £ Xy B SCGERE {S(1) }ezo , AS()X C A .

EIB 3.7 WL T > 0, WL (¢, 20) = S(t)20, BI [0, T] x Xy — Xp & Lipschitz #4E 1.
i.l-.EHH! Xﬁ’ff%ﬁg 21,72 € Xo U& t1,t2 € [O,T], ')_'JH:EJ

[S(t1)z1 = S(t2)z2llw < [[S(t1)z1 — S(t1) z2llw + [1S(t1) 22 — S(t2) 22w (3.40)
YT (3.40) U EE 1, B 5| B 3.6 T 45
15(t1)z2 — S(t2)z2llw = [|2(t1) — 2(t2)[lw < /: [2¢(7) [wdT < Clt1 — ta],
HHFEH5H 3.5, /AN (3.40) R, AI#3

[S(t1)21 — S(ta)zallw < K([t1 — t2| + [l21 — 22lw),

Heh s K = K(T) 2 0. -

EE 3.8 Xy CcW—ATETE HY RERAZW. WAFEE L, > 0F C, > 0, 15
S(te) : Xo — Xo BN

S(t*):SO+Sl, S():Xol—)w, SliXoi—)V,

Forr So W R T S

~ 1

1Za() [l = [1S0(21) — So(z2)[lw < g”zl — zallw, V21,220 € &, (3.41)
Sy 2

[Ze(@ )l = 151(21) = S1(22)[lv < Cullz1 — 22llw, V1,22 € Ap, (3.42)
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KA

MERR: & 2! = (ul,uf), 22 = (u?,u?) Bl 21, 20 € Xy AVIERIfE. 2

— 2% = (u, ),

%
)
<
=
=

Ho 5 e
A %0y + 0+ A2+ A2, + 9, = 0,
(3.43)
2a(0) = 21 — 2z
1M @ il A2
A5G0y + O+ ATQ 4+ A3Q + O + g(ut) — g(u?) = 0,
(3.44)
2.(0)=0

AR, Zy(t) = So(t)z1 — So(t)za, Ze(t) = S1(t)z1 — Si(t)zo. H 0+ 00 5 (3.43) AR, 7115

2 1.~ 2 1~ o~
Y (1+o) 3]+ (1+0) HAZU n QU(AQW,U)>

14 ([|4-35
2 dt (HA U

, , , (3.45)
—o|la=4a| +olal? +of|ate]| +||ata| + 1w =0.
254 Poincaré A&, 7115
1~ 2 ~112 1~ 2 ~
—JHA’th +ol|o]]” + HAth + |[o¢])?
T (3.46)
> (M + VA - o) |4 1a| + ol
#21R (3.45)-(3.46) X, W15
1 .~ 2 ~ 1.~ 2 1~ o~
LZ(HA—4W +(1+0) [ + (14 o) || 4% +2auyvvhm)
e e (3.47)
+0HAZ@‘ + M+ VA —o) HA*Z@ <0,
é\
1~ 2 ~112 1. 2 1 o~
T(t) = HA_ZUt +(1+o) |0 +1+0) HAZU ‘ + 20 (A 270, 0).
git B, Wowp/, Ho>0m, FH
1, I
§|l(v,vt)||3v < T(t) < 26]1(0,30) 13y (3.48)

4 T, = min{o, \; + v — o}, W (347) A

1d ~
52T + T (3,5 By <0,

=
&
%
4
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gE4 (3.48) 3, AT1S
d I,
—T(t) 4+ —T() <
7 (t) + 5 (t) <0,

FiA A Gronwall 51#A1 (3.48) =, T4

1@ )5y < T(t) < e 7 T(0) < 2be™ + 1 (3(0), 04(0)) I3y,

—~ o~ o~ II
Za(t)llw = 1@, B lw </ 2be™ 75"

M (3.41) pkor, Hep ¢, = Hillnlzsb.
FHE, FH A20, 5 (3.44) KA, 7175

(©(0), 7(0)) [l

1d

57 (1@l + 14312 + | A10]1) + 4302 + | A1Ei )12 + (g(u") — g(u?), A3G,) = 0. (3.49)
iEHE 3.2 A1 (3.16) I, WA
1 2y Agin P 1o
(g9(u) = gu), A¥3) = ~ S| 4TaI - A, (3.50)
T (3.49)-(3.50) R, AT
1d ~ 2 L ~n2 1~02 1~2 1 1~2 5 L ~n2
- 2 1 2 — 1 < — 1 .
5o (18 + 143212 + | A10)) + aba + SlAate)® < Satel, @5
3t — Ll R AE AN 51 B 3.5
d ~ 2 1 ~n2 1~2 —1~2 ~2 1~2
— 2 1 < P 1
= (1P + 142317 + 1 4%3)7) < 00 (4~ + @l + | ata)?) 552
<0121 — 2y
Hrbh o, 251, M ARIFHL
¥ (3.52) B FKAFIEAE (0,t.) BBy, AT45
2 1 1 b
&)1 + [[A2]* + |AT B S/ 01 |21 — 2o|[3ydt
0
0
< et -zl (8.53)
= C.lz1 — 2|y,
;H\:EP C* = %elct*a ﬁ&
[S1(21) = Si(22)llv < Cullz1 — 22lw-
BP (3.42) =pkar.
PRIk, AR e B 2.2, € B 3.7 FE B 3.8 RV AT 43 B AR S 3 L4 IR
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KA

TEIE 3.9 (FREM S| T) BBARLMETT g(u) W2 5% (Q1) — (Q2) 1 (3.16) 3K, IFH f e V7,
TR (1.1) BB ORI RE {S(6) }eso 1E W EAFAEFREORS] 7 M. BAR, HIF8H0R 5] 111 5E X,
M BAHUN R

(1) MTEW 2 %I

(i) M HAA R oYL,

(iii) M AIEAZER), B S(H)M C M;

(iv) M EEE {S(t) }eso MTEEOR S, ISR — N F4E B C W, fRAEH Lk = k(B), 1 > 0,

dist(S(t)B, M) < ke ™.

RETE 3.10 7E5EHE 3.9 MUALIIALE R, JAT BLA I A (L.1) 94 RIS T IR0 A TR BORAT IR ).
E&E

[ % H AR FHF 343 (11961059).
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