
Pure Mathematics nØêÆ, 2024, 14(4), 229-239

Published Online April 2024 in Hans. https://www.hanspub.org/journal/pm

https://doi.org/10.12677/pm.2024.144130

��5����±Ï>�¯K�)��35

���¬¬¬ààà

Ü����ÆêÆ�ÚOÆ�§[�=²

ÂvFÏµ2024c3�5F¶¹^FÏµ2024c3�28F¶uÙFÏµ2024c4�26F

Á �

�©ïÄ
�a��±Ï>�¯K
−u′(t) + a(t)g(u(t))u(t) = λb(t)f(u(t− τ(t)))− ε, t ∈ (0, 1),

u(0) = u(1)

(P )

�)��35§Ù¥ λ��ëê§ε´���ê§a, b ∈ C(R, [0,∞))´ 1-±Ï¼ê�
∫ 1

0
a(t)dt >

0§
∫ 1

0
b(t)dt > 0§f, g ∈ C([0,∞), [0,∞))§τ(t) ´ëY 1-±Ï¼ê"$^þe)�{ÚÿÀÝn

Ø§���3~ê λ∗ > 0§¦�� λ ∈ (0, λ∗)�§¯K (P )�3ü��)"
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Abstract

We are concerned with the existence of positive solutions for a class of semi-positive

periodic boundary problems
−u′(t) + a(t)g(u(t))u(t) = λb(t)f(u(t− τ(t)))− ε, t ∈ (0, 1),

u(0) = u(1),

(P )

where λ is a positive parameter, ε is a positive constant, a, b ∈ C(R, [0,∞)) is a 1-periodic

function,
∫ 1

0
a(t)dt > 0,

∫ 1

0
b(t)dt > 0. f, g ∈ C([0,∞), [0,∞)) , τ(t) is a continuous 1-periodic

function. By using the method of upper and lower solutions and topological degree

theory, we show that there exists a constant λ∗ > 0, such that the problem (P ) has two

positive solutions for λ ∈ (0, λ∗).
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1. Úó9Ì�(J

~�©�§±Ï>�¯K3²LÆ,)�Æ,)ÔÆ�+�¥kX2�A^.Ïd,~�©�§

±Ï>�¯KÉ�Æö��2�ïÄ [1–12].~X, Cheng� [1]ïÄ
��±Ï>�¯K
−u′(t) + a(t)u(t) = λb(t)f(u(t− τ(t))), t ∈ (0, T ),

u(0) = u(T ),
(1.1)

�)��35,Ù¥ λ´�ëê.¦�$^ KrasnoselskiiØÄ:½n,��Xe(J:
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½n A ( [1],½n 2.10)�^�

(A1) a, b ∈ C(R, [0,∞))´ T -±Ï¼ê�� t0 ∈ [0, T ]� a(t0) > 0, τ(t)´ëY T -±Ï¼ê;

(A2) f ∈ C([0,∞), [0,∞)).� un → 0� f(un) > 0, n = 1, 2, ...

¤á.e

f0 = lim
u→0

f(u)

u
=∞, f∞ = lim

u→+∞

f(u)

u
=∞,

K�3 λ¦�é?¿ λ ∈ (0, λ)�,¯K (1.1)��kü��).

��, Wang3 [1]�Ä:þïÄ
��±Ï>�¯K −u
′(t) + a(t)g(u(t))u(t) = λb(t)f(u(t− τ(t))), t ∈ (0, ω),

u(0) = u(ω),

(1.2)

�)��35,Ù¥ λ´�ëê.¦$^ØÄ:�ênØ,��Xe(J:

½n B ( [2],½n 1.1)�^�

(B1) a, b ∈ C(R, [0,∞))´ ω-±Ï¼ê�
∫ ω
0
a(t)dt > 0,

∫ ω
0
b(t)dt > 0, τ(t)´ëY ω-±Ï¼ê;

(B2) f, g ∈ C([0,∞), [0,∞)).� u > 0� f(u) > 0.� u ≥ 0� l ≤ g(u) < L,Ù¥ l, L��~

ê

¤á.e

f0 = lim
u→0

f(u)

u
=∞, f∞ = lim

u→+∞

f(u)

u
=∞,

K� 0 < λ < 1−σl

M(1)
∫ ω
0
b(s)ds

�, ¯K (1.2) kü� ω-�±Ï). Ù¥ σ = e−
∫ ω
0
a(t)dt, M(r) =

max
0≤t≤r

{f(t)}.

��5¿�´,¯K (1.1)´¯K (1.2)¥ g(u(t)) ≡ 1�AÏ�¹.d	,©z [1, 2]Ñ´3��

5��K��¹e��¯K (1.1)9¯K (1.2)�)��35.@o,�Ú\�~ê ε�,UÄ$^

KrasnoselskiiØÄ:½n,ØÄ:�ênØ¼���±Ï>�¯K�)��35?¯¢þ,Ú\�~

ê ε,QO\
¯K�JÝ,qò¯Kí2����/,lIþ�nØØU��¦^.Äud,�©

æ^þe)�{ÚÿÀÝnØ�Ä��±Ï>�¯K −u
′(t) + a(t)g(u(t))u(t) = λb(t)f(u(t− τ(t)))− ε, t ∈ (0, 1),

u(0) = u(1)

(1.3)

�)��35,Ù¥ λ´�ëê� ε´��¿©���ê.

�©ob½:

(H1) a, b ∈ C(R, (0,∞))´ 1-±Ï¼ê�
∫ 1

0
a(t)dt > 0,

∫ 1

0
b(t)dt > 0. τ ´ëY 1-±Ï¼ê;

(H2) g ∈ C([0,∞), [0,∞)).� u ≥ 0�, l ≤ g(u) < L, l, L > 0´~ê;

(H3) f ∈ C([0,∞), [0,∞)).� u > 0�, f(u) > 0�÷v lim
u→0+

f(u)
u

=∞, lim
u→+∞

f(u)
u

=∞.

DOI: 10.12677/pm.2024.144130 231 nØêÆ

https://doi.org/10.12677/pm.2024.144130


�¬à

�©Ì�(JXe:

½n 1.1 b� (H1)-(H3)¤á,K�3 Λ > 0, λ∗ > 0¦�� ε ∈ (0,Λ), λ ∈ (0, λ∗)�,¯K

(1.3)kü��).

2. ý��£

-�m X := C[0, 1],Ù3�ê ‖u‖ = max
t∈[0,1]

|u(t)|e�¤ Banach�m.

½Â�f L : D(L) ⊂ X → X �

Lu = −u′(t) + a(t)g(u(t))u(t), u ∈ D(L),

Ù¥

D(L) = {u ∈ C1[0, 1] | u(0) = u(1)}.

Ún 2.1 [13] � E ´�� Banach�m,� K ´ E ¥���I.éu p > 0,½Â Kp = {x ∈
K | |x| ≤ p}.b� F : Kp → K ´��;�f�÷vé x ∈ ∂Kp = {x ∈ K | |x| = p}k Fx 6= x.

(i)XJ x ∈ ∂Kp,k ‖x‖ ≤ ‖Fx‖,K

i(F,Kp,K) = 0;

(ii)XJ x ∈ ∂Kp,k ‖x‖ ≥ ‖Fx‖,K

i(F,Kp,K) = 1.

Ún 2.2 b� h��KëY¼ê,K¯K −u
′ + a(t)g(u(t))u(t) = h(t), t ∈ (0, 1),

u(0) = u(1),

(2.1)

�duÈ©�§

u(t) =

∫ 1

0

Gu(t, s)h(s)ds, (2.2)

Ù¥

Gu(t, s) =


exp(−

∫ 1
0
a(θ)g(u(θ))dθ) exp(−

∫ s
t
a(θ)g(u(θ))dθ)

1−exp(−
∫ 1
0
a(θ)g(u(θ))dθ)

, 0 ≤ s ≤ t ≤ 1,

exp(−
∫ s
t
a(θ)g(u(θ))dθ)

1−exp(−
∫ 1
0
a(θ)g(u(θ))dθ)

, 0 ≤ t ≤ s ≤ 1,

� Gu(t, s) > 0, t, s ∈ [0, 1].

y² (¿©5) ¯K (2.1)1���§ü>Ó¦ e−
∫ t
0
a(θ)g(u(θ))dθ,�n�
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(−u(t)e−
∫ t
0
a(θ)g(u(θ))dθ)′ = h(t)e−

∫ t
0
a(θ)g(u(θ))dθ. (2.3)

é (2.3)l 0� tþÈ©�

u(0) =

∫ t

0

h(s) exp(−
∫ s

0

a(θ)g(u(θ))dθ)ds+ u(t) exp(−
∫ t

0

a(θ)g(u(θ))dθ),

é (2.3)l t� 1þÈ©�

u(1) =
u(t) exp(−

∫ t
0
a(θ)g(u(θ))dθ)−

∫ 1

t
h(s) exp(−

∫ s
0
a(θ)g(u(θ))dθ)ds

exp(−
∫ 1

0
a(θ)g(u(θ))dθ)

.

u´k

u(t)=

∫ t

0

exp(−
∫ 1

0
a(θ)g(u(θ))dθ) exp(−

∫ s
t
a(θ)g(u(θ))dθ)

1− exp(−
∫ 1

0
a(θ)g(u(θ))dθ)

h(s)ds+

∫ 1

t

exp(−
∫ s
t
a(θ)g(u(θ))dθ)

1− exp(−
∫ 1

0
a(θ)g(u(θ))dθ)

h(s)ds,

K (2.2)ª¤á.

(7�5) éª (2.2)üà¦��

u′(t) =
exp(−

∫ t
0
a(θ)g(u(θ))dθ)h(t)− h(t)

1− exp(−
∫ 1

0
a(θ)g(u(θ))dθ)

+
a(t)g(u(t))

∫ 1

t
h(t) exp(−

∫ s
t
a(θ)g(u(θ))dθ)ds

1− exp(−
∫ 1

0
a(θ)g(u(θ))dθ)

+
a(t)g(u(t)) exp(−

∫ 1

0
a(θ)g(u(θ))dθ)

∫ t
0
h(t) exp(−

∫ s
t
a(θ)g(u(θ))dθ)ds

1− exp(−
∫ 1

0
a(θ)g(u(θ))dθ)

.

Kk

−u′ + a(t)g(u(t))u(t) = h(t),

�k

u(0) =

∫ 1

0

exp(−
∫ s
0
a(θ)g(u(θ))dθ)

1− exp(−
∫ 1

0
a(θ)g(u(θ))dθ)

h(s)ds = u(1).

l (2.1)ª¤á. �

P σ = exp(−
∫ 1

0
a(θ)g(u(θ))dθ),K

σ

1− σ
≤ Gu(t, s) ≤ 1

1− σ
, (t, s) ∈ [0, 1]× [0, 1]. (2.4)

3. �¯K�)��35

�!�Ä¯K −u
′(t) + a(t)g(u(t))u(t) = λb(t)f(u(t− τ(t))), t ∈ (0, 1),

u(0) = u(1)

(3.1)
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�)��35,Ù¥ a(t), b(t), τ(t)÷v (H1), g÷v (H2), f ÷v (H3)� λ´�ëê.

½n 3.1 b� (H1)-(H3)¤á,K�3 λ∗ > 0,¦�� 0 < λ < λ∗�,¯K (3.1)kü��).

y² ¯K (3.1)�du:

u(t) = λ

∫ 1

0

Gu(t, s)b(s)f(u(s− τ(s)))ds , Tu. (3.2)

½Â

K = {u ∈ X | u(t) ≥ 0, u(t) ≥ σ‖u‖, t ∈ [0, 1]}, (3.3)

KK ´ X ¥�I.é?¿� u ∈ K,dª (2.4)Ú (3.2)�,

Tu(t) = λ

∫ 1

0

Gu(t, s)b(s)f(u(s− τ(s)))ds

≥ σ

1− σ
λ

∫ 1

0

Gu(t, s)

Gu(t, s)
b(s)f(u(s− τ(s)))ds

≥ σλ
∫ 1

0

Gu(t, s)b(s)f(u(s− τ(s)))ds

= σ‖Tu‖.

Ïd T (K) ⊂ K.d	,d Arzèla-Ascoli½n��, T : K → K ´�ëY�.

du b(t)´ 1-±Ï¼ê,K�3mb ≤Mb ¦�mb ≤ b(t) ≤Mb.d lim
u→0+

f(u)
u

=∞,K ∃ r > 0,

¦�� 0 ≤ u ≤ r �,k

f(u(t− τ(t))) ≥Mu, (3.4)

Ù¥M > 0�÷v λmbσ
2

1−σ M > 1.

é ∀ u ∈ ∂Kr,dª (3.2)-(3.4)k

‖Tu‖ = max
0≤t≤1

λ

∫ 1

0

Gu(t, s)b(s)f(u(s− τ(s)))ds

≥ λ σ

1− σ

∫ 1

0

mbMuds

≥ λmbσ
2

1− σ
M‖u‖

> ‖u‖.

�âÚn 2.1�

i(T,Kr,K) = 0. (3.5)

XJ lim
u→+∞

f(u)
u

=∞,K ∃ N > 0,¦� u ≥ N �k f(u(t− τ(t))) ≥Mu.- R = max{2r, N
σ
}.

é u ∈ ∂KR,k u(t) ≥ σ‖u‖ ≥ N .Kk
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‖Tu‖ = max
0≤t≤1

λ

∫ 1

0

Gu(t, s)b(s)f(u(s− τ(s)))ds

≥ λ σ

1− σ

∫ 1

0

mbMuds

≥ λmbσ
2

1− σ
M‖u‖

> ‖u‖.

u´

i(T,KR,K) = 0. (3.6)

,��¡,d f(u(t− τ(t)))�ëY5�,é ∀ u(t− τ(t)) ∈ [r,R], ∃Mf > 0,k |f(u(t− τ(t)))| <
Mf .� p ∈ (r,R),÷v

λ

1− σ
MbMf ≤ p,

= λ ≤ p(1−σ)
MbMf

, λ∗.Ké?¿� u ∈ ∂Kp

‖Tu‖ = max
0≤t≤1

λ

∫ 1

0

Gu(t, s)b(s)f(u(s− τ(s)))ds

≤ λ 1

1− σ

∫ 1

0

b(s)f(u(s− τ(s)))ds

<
λ

1− σ
MbMf

≤ p

= ‖u‖.

dÚn 2.1��

i(T,Kp,K) = 1. (3.7)

dØÄ:�ê��\5Ú (3.5)–(3.7)k

i(T,KR\Kp,K) = i(T,KR,K)− i(T,Kp,K) = −1

Ú

i(T,Kp\Kr,K) = i(T,Kp,K)− i(T,Kr,K) = 1.

Ïd, T 3KR\Kpþk��ØÄ: u1,3Kp\Kr þk��ØÄ: u2. �

4. Ì�(J�y²

Äk,½Â¯K (3.1)�þe).
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½Â 4.1 [10] XJ α ∈ C1[0, 1]�÷v
α′(t) + λb(t)f(α(t− τ(t)))− a(t)g(α(t))α(t) ≥ 0, t ∈ (0, 1),

α(0) ≥ α(1),

K¡ α´¯K (3.1)�e).

½Â 4.2 [10] XJ β ∈ C1[0, 1]�÷v
β′(t) + λb(t)f(β(t− τ(t)))− a(t)g(β(t))β(t) ≤ 0, t ∈ (0, 1),

β(0) ≤ β(1),

K¡ β ´¯K (3.1)�þ).

e�E¯K (3.1)�üéþe).

éu�½� 0 < λ < λ∗,�3 η > 0,¦� 0 < λ− η < λ∗,d½n 3.1��
−u′(t) + a(t)g(u(t))u(t) = (λ− η)b(t)f(u(t− τ(t))), t ∈ (0, 1),

u(0) = u(1)

kü�) α1, α2,Ø���5,- α1 > α2 � α1, α2 ´¯K (3.1)�î�e).Ón,�3 γ > 0¿©

�,¦� 0 < λ+ γ < λ∗,K¯K
−u′(t) + a(t)g(u(t))u(t) = (λ+ γ)b(t)f(u(t− τ(t))), t ∈ (0, 1),

u(0) = u(1)

kü�) β1, β2, Ø���5, - β1 > β2 � β1, β2 ´¯K (3.1) �î�þ). 5¿: α1 � β1 Ú

β2 � α2.

½Â�f

F (ε, u) =

∫ 1

0

Gu(t, s)(λb(s)f(u(s− τ(s))− ε)ds.

½Â X �k.mf8:

Uβ1
α1

= {u ∈ X : α1 � u� β1, ‖u‖ < 1},

Uα2

β2
= {u ∈ X : β2 � u� α2, ‖u‖ < 1},

K

deg(I − F (0, ·), Uβ1
α1
, 0) = 1,
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deg(I − F (0, ·), Uα2

β2
, 0) = −1.

-
∑

:= {(λ, u)|(λ, u) ∈ (0,∞)×X, u´ (3.1)�)}.K�3��ëÏ©| ξ ∈
∑

,¦�

ξ ∩ {(λ, u) ∈
∑
| 0 < λ < λ∗, ‖u‖ = ρ0} = ∅,

Ù¥ λ∗, ρ0´ü�~ê.

Ún 4.1b� U1 = {u| (λ, u) ∈ ξ� ‖u‖ > ρ0}Ú U2 = {u| (λ, u) ∈ ξ}\U1,@o U1, U2 ´k�

8.

y² d [14] �� U1, U2 6= ∅ � U1 ∩ U2 = ∅. Äkb� U1 ´��k�8. ÄK�?¿:

u1 ∈ U1 � A1 := {u1}, B1 := U1\A1.K A1, B1 ´
∑
�4f8� A1 ∩ B1 = ∅.d [15]���3ü

��ëÏ;f8 Ã1, B̃1 ⊂ U1,¦� A1 ⊂ Ã1, B1 ⊂ B̃1Ú d(Ã1, B̃1) > 0.

,�, �?¿ u2 ∈ B̃1 Ú A2 := {u2}, B2 := B̃1\A2. aq/, �3ü�Ø���;f8

Ã2, B̃2 ⊂ U1,¦� A2 ⊂ Ã2, B2 ⊂ B̃2� d(Ã2, B̃2) > 0.

EþãÚ½,�3��S� {Ãn}÷v Ãn+1 ⊂ Ãn � d(Ãn, Ãn+1) > 0.ù� U1 ´��Ã�

8gñ.Ón��, U2´��k�8. �

dÚn 4.1�,oUé�ü�) u1 ∈ U1, u2 ∈ U2 �d [15]���3 u1 ��� <1 Ú u2 ���

<2÷v <1 ∈ Uβ1
α1

, <2 ∈ Uα2

β2
� <1 ∩ <2 = ∅,¦�

deg(I − F (0, ·),<1, 0) = 1,

deg(I − F (0, ·),<2, 0) = −1,

deg(I − F (0, ·), ∂<1, 0) = deg(I − F (0, ·), ∂<2, 0) = 0.

½n 1.1�y² Äky² ∃ ε1 > 0¦�� 0 ≤ ε ≤ ε1� deg(I − F (ε, ·),<1, 0) = 1.

éu ∀u ∈ ∂<1 ÷v 0 ≤ ε ≤ ε1,Ñk (I − F )(ε, u) 6= 0.ÄK,�3��S� {(εj , uj)}Ù¥
εj → 0, uj ∈ ∂<1, ¦� uj = F (εj , uj). �â Arzèla-Ascoli ½n, e7�K�fS�¿#IP,

uj → u, u ∈ ∂<1.Ï� F (ε, ·)´��;�f,¤± u = F (0, u).ù� deg(I − F (0, ·), ∂<1, 0) = 0g

ñ,K ∃ ε1 > 0¦�

deg(I − F (ε, ·),<1, 0) = 1, 0 ≤ ε ≤ ε1.

Ón��, ∃ ε2 > 0¦�

deg(I − F (ε, ·),<2, 0) = −1, 0 ≤ ε ≤ ε2.

(Ü Leray-Schauder òÿ½n�� F (ε, u) = u, ε > 0 �)�3ü�ëÏf8 Γ1, Γ2, ¦�

(0, u1) ∈ Γ1, (0, u2) ∈ Γ2.�, ∃ Λ := min{ε1, ε2} > 0¦� 0 < ε ≤ Λ�)��. �
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5. A^

~ �Ä¯K −u
′(t) + u(sin 2πt+ 1) cosu = λ(cos 2πt+ 1)eu(t−sin 2πt) − ε, t ∈ (0, 1),

u(0) = u(1),

(5.1)

�)��35,Ù¥ λ´�ëê� ε´���ê.

) � a(t) = sin 2πt+ 1, b(t) = cos 2πt+ 1, τ(t) = sin 2πt, g(u) = cosu, f(u) = eu.

éu¯K (5.1)ó,w, f ´ëY��K¼ê,�k

f0 := lim
u→0

f(u)

u
= lim

u→0

eu

u
=∞, f∞ := lim

u→∞

f(u)

u
= lim

u→∞

eu

u
=∞.

K f ÷v (H3). g(u) = cosu k.K g ÷v (H2). τ(t) = sin 2πt ∈ C([0, 1],R) ´ 1-±Ï¼ê,

a(t) = sin 2πt+ 1, b(t) = cos 2πt+ 1 ∈ C([0, 1], [0,∞))´ 1-±Ï�,�∫ 1

0

a(t)dt =

∫ 1

0

(sin 2πt+ 1)dt = 1 > 0,

∫ 1

0

b(t)dt =

∫ 1

0

(cos 2πt+ 1)dt = 1 > 0

K÷v (H1).nþ,�â½n 1.1,�3 Λ > 0, λ∗ > 0¦�� ε ∈ (0,Λ), λ ∈ (0, λ∗)�,¯K (5.1)�

3ü��). �
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