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Abstract

Receiver Operating Characteristic (ROC) analysis is extensively utilized in scientific and engineering
domains, particularly when dealing with binary classification problems in machine learning. How-
ever, multiclass classification issues frequently arise in practical scenarios. To tackle this issue,
scholars have introduced the concept of the Volume under the Hypersurface of the multi-class ROC
(VUHS); although fast algorithms for computing VUHS have been proposed under continuous
sample distributions, research on VUHS for discrete sample cases remains insufficient. This pa-
per presents a novel approach: a Fast and Unbiased Estimation Algorithm for VUHS based on Dy-
namic Programming (DP). This algorithm aims to enhance computational efficiency while ensur-
ing unbiasedness, capable of addressing problems derived from both continuous and discrete par-
ent populations. The experimental validation confirms the algorithm’s unbiasedness and compu-
tational efficiency, substantiating its effectiveness and reliability in handling multiclass classifica-
tion problems.
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BEUSOHL T /E 4514 (Receiver Operating Characteristic, &% ROC) /it il T — dik i 3 ) B TA SR 45
B E B TS FERWER[L]. W04, X—T RO ZNHTES. LY EWELRYE. BS54
FHLL R ML g8 3] g 2 R 5 TR 408, LD 90 4EAR, 22416 ROC BiIZE 51 N ML 8% 2 1 45,
[2], FICAVRH =32 itebt. I LUS, ROC BHERTENLAR 3] THEHIILIE S AT i SR Al 5 1
W TAE R R T EEAEH .

ROC 43T A AR A A S5 8 28 500 (1 S 368 gL, T DUARAE AN [7] £y e B 15 8 225 W) Hh 85 3 1 2 AR L P 1 2R 1)
YRR, T R T 7 T AR (AUC) RPN e o KA LS A ERE, R ERIESHIN, A
FEPSCRIEREA B 34, TR B HE b 2 A R 2 FAM A BUR RO s, 25 IE S b &
AA3E, ROC M AS=Z52mi[3].

JESR 1 ROC 3 BT 4L U 5d& F - F 2R 5 e, BEAE N T BB A & e, BF R E AT G e
ANFJRBR T PRI, TR IR R ik = 2R L= 2 2R L. Alonz £ A\ $2 1 ROC i F A& VUS,
¥ ROC /TR R 2 =288 5 F[4], LIU AR H T 5T 3h AR 1 VUS FIHGE 5%L[5] [6]. Nakas 25 A
XF 2 2RI AT TRTAE, JRRRH 7228 ROC E M N AR VUHS BIofmflith&2[7], ZHU 55 AR AN
fili L3R TEELFEA T VUHS [POE S [8]. RAFEHIEH T VUHS #E& LUK 2 K, HET 7 —
RIMHRIEF, AHH AT KH 078 A P SR AR F T AT VUHS B s AHEEZ R, BFX B
BEAR AT VUHS BITE Al H BT 78 A 520 o [ B S 1 28 1) B ) B A e T B R v . iR
KA Ak, ARSCHM T —MZME5E, HFX 2T 7 E Lok B sl &1 VUHS 347348 19 TC I
fltiit.
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Fo (%), Fy (%, ) HOBS B i (BT ) 50 A FEACSE . 11 Nakas 25 N [71R0I8 S0P TR, DA R BERIOZR AL &
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O=Pr(X,<X,<X,)

=Pr(Xl<X2<X3)+%Pr(X1:X2<X3) (2)
+%Pr(X1 <X, = X3)+%Pr(X1 =X, =X,)

PA@QFFARIL 4 F (%)=F (%)=F (%) M. 0=131=1/6, KiHIG BT T HPLH
IR, B NBEHLESE AN 260 T4 0 =1, I EMREE S B4 X, Xy, X, RSB 4. Wik,
DU SR(2) 5, VUHS T LA % R A 1 4 B T2

2.2. VUHS B ZcRiGitE

HT IR, BHFIN S . B R= (12,1~ H Xy, X, 0 FARTAL, Q AR (3
WIS, HOEEA BN S =CO v 4 CE =2, o TR Q I | AR, M o, FRiCA
A Xy, X, AR ETFHAN TARGLE, 8 oo 5 IISEH K ANELETF RS, SRR 51D

R:{1’2,...,n1’...,n1+b1_1,...,nk,...’nk +bk _1’...,r_1}
by b

a)j:{nl,---,nl+bl—1,--~,nk,---,nk+bk—1} 3)

by by
Hebn 21, n+b<r, b21. Q)T RIMEE VUHS BHES 5l &, 2.
- 1

Zl'*l nl nr
- Z{WEightwj ZZ ij (Xl,il’xz,iz R Xr,i, ):| (4)

LR L= il =l

e, Weight, 78 o X RIFIFAFIBUR, 1RIE o 3 ST IELS: 717 51 X BRI LR 15
1 k=0
S (5)

Mgz 0

Weightwj =

X RE)E LHIBRICFEA, i 2

X1<...<Xn1:...:X <...<X :...:X

ny+by s N +oy

W, () ES% T 1, S0k 0, B, Hr=31, Q={m,0,0,0,}={{}{1}.{2}.{L2}}, XK

<X
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BUE Weight, KN 1, 1/2, 112, 6. ZHiHE Xy, < Xy, < Xy B 1, (4) T 1, BHWY 0 =L
Xl,i1 = Xz,i2 < X3,i3 E‘JL |Q,2 (-) %ﬂ: 1, 75?51”?'\3 0; ‘éﬁﬁé lei1 < x2,i2 — ij3 Eﬂ—’ I(% (.) , j'\j 1, ﬁm”j\j 0.
S E X1~i1 = sziz = X3,i3 Ly Iam (.) EFT 1, /Ao,
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Table 1. The quantities required fbr quickly estimating the Variance of the estimator of VUHS
F 1. MEHAERTIHE VUHS fiHEREEG R NEH

A FRICF A o TR ()R RIS HAE
S, {3 £(X, > % > %X, > X)) 1
S, {1} £(% > %> % =X) 1/2
S, {2 £(% > % =% >%) 112
S, {3} (X =% >% >x) 12
S, {1,2} £(X > % =X, =X ) 1/6
Ss {1,3} (X =% >X%=X) 1/4
S; 2.3} g% =% =% >x) 1/6
S, {1,2,3} (X, =% =%X=X) 1/24

FT AR 21 Un e i 3 A IR BR AT P 75 ) S AR (0 S P B

2.3.1. DP {HHER

L7, 2y N =N+, et S X, e, X, A IFAUR BB A H1 . AN FUEAT TH 5],
AT e
<<z ="-=Z(J)(=Zi)<"'<z =...=z(K) (8)

Blocky Block; Blocky

BB [X 1 Block, HHFTA TCEMEASET Z, 0 46,6, N2Mi=1 K, FEARHE X, X, 15
AT Z TR IECR . AR T r RAEELRGE r Mg, 25RRN
Cy, =[G 18k |+ Cx, =[ GO | FIEREHA Ko 45X 28 Bigfy 5 [ LT FHES, ([E55
TR BhaSRI BTH SAE R .
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Figure 1. Diagram for computing S, defined in (9), where K =7 in order to facilitate visualization

E 1 HERO)PEX S, RIZE, HP K =7 ATHETRL
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DLH1i% DP AR SR, kT B (7)E 5 O (1Y .
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Algorithm 1. Calculating the number of events S

B L ESEHIS

MN: KihArx KB 8ERE C fREFSERLEAN o
MWt BECHMotEHMS

1 begin
2 L« o REHNTRIE
3 Startldx <1
4 Endldx < K —r+1+L
5 for i=rto1 do
6 ] ifr —i+1€ ® then
7 for j = Startldx to Endldx do
B Gy« CxCu,
9 else
10 Ifi # r then
11 Startldx < Startldx + 1
12 Endldx < Endldx +1
13 for j = Startldx to Endldx
14 1 C,eC,xCy,y
15 ifr —i+2 € @ then
16 for j = Startldx +1 to Endldx do
17 L —L C,«<C +C
18 | S<C,

3. LIS KSR

N T YA ST T O (R RIS , 2556140 T2 LRI VUHS (R 6, 27) 525 T
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AL RS, (X, )"~ P(2).ke[Lr], ERATLHIESEION, RIS REREM)
AR TP A BT T (R

REM éw (11)

SLOW
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FEAEEIZAT 1000 YFEEUEC IR, J0AT 5200 4 S T P s

W 2 HEATAT BB H], T O S0E T TSR BB HATFUCTL, G, HOIE SEAT 7] B0 18 T [ RE
VXTI Ogn » ELEE T 2RISR AN, T LA BIA SRR SR e — 5000 . SO Oy o TERE
RS SR AR, FUS B T3 2 B R, B S T A £ O(n' ) .

W 3 R, EARPE SRR O, RIRIURT G s Oy AR 2 52 214 REM = 0 FITIZE,
T Oy 7 VUHS BITERAE T, BLHAES T O BUERITEMibE . 55— I, O MIMIEMIN IR, HZRE
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Figure 2. Comparison of CPU running time when calculating VUHS point estimation by three al-

gorithms
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Figure 3. The unbiased comparison between the algorithm based on DP and the method based on
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