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Abstract

In this paper, the p(x)-Kirchhoff problem with sign-changing weight functions is studied. Based on
variational method and Nehari manifold, it is proved the existence and multiplicity of positive so-
lutions of the problem.
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1. 5l
A 24 p(x)-Laplacian 571 Kirchhoff 77 &

ik

-M UQ ! |Vu|p(x) dxjAp(x)u =Af (x)|u|q(x)72 u+ g(x)|u|h(x)72 u  xeQ, O

p(x)

u=0, X e oQ
ERIAFEESZHME, S0P QR N2 RIHAKE, A, =dv(vu* vu) & p(o-

Laplacian 55, Z%4>0, p(x),q(x),h(x),s,(x).s,(x)eC(Q) .
AR SL I T R R A
(H) %Fk>0, M(t)=a+bt", te[0,0).
(Hy) f(x)el™™(Q), f(x)=0.
(Hy) g(x)el?(Q), g(x)£0.
(Ha) 1<q(x)<p(x)<h(x)<N <min(s,(x),s,(x)), HhxeQ,

1<p =infp(x)< p(x)<p*:=supp(x),

1<g <q"<p <p"<p'(k+l])<h <h’.

Xf T Kirchhoff S8R 72 (AT 58— B Wi or 75 A2 b B B8 22 PR, Huang 45 7 [1] R FH Ll % 51 B I8
TITREQ)TE p(x)=p FIELERBEE 7SO0 T I RO ENE . AR 2L f(X), 900 i, [2] [3]+FIH] Nehari
WIE AR TTER R T IEMIAAAETE S Z2 Bk . X T A 728 S AR 2L p(x)-Laplacian 77 F2 1E fig (A7 2E 1
HZ B2 W[4] [5].

AR LR

SR 1.1 AR (H)~(H) L, WIAEFE A, >0, 1324 1(0,4 ) B TR (D) AR A IEME
2. MRS THES

i p(x)eC, (Q), Z&HH%L Lebesgue (i L (Q) & X Hv:

10 (0) = {u s mrmszate, [ ™ dx<oo],

p(x)
dx <1;.

u(x)

A

|u|p(x) =inf {/1 >0: J'Q
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it E 7 Sobolev Z i Wy P (Q2), HLiEH |u, = =[Vul,,» ZEI E 2 B RT3 Banach % .
fﬁ;@Zl[G] B p(x) A q(x) A2 TR UL ae. xGQﬁ p(x)eLl”(Q) LK 1< p(x)g(X) <0, &
UELq (Q)’ D—”Jﬁ

" (%) -
g <121 <1l w0 <M5anco
L “”|p <|“|£(x>q(x)
#rfl 2.2 [6] #a(x)eC.(Q), Ha(x)<p*(x), wxel, MW (Q)- L™ (Q) & EiAN Hifs:

i

R 25 1 (Ha) » %%uxmegﬁsl( )a(x)< *( ) LR s, (x)h(x) < p™(x) s 5 ) 52 s,
5 s, (IEHIIE A BRI E — L1000 (Q) At E — L2000 (@) LR N FLESL.

HH Holder A~5¢3X & Sobolev ik AFT LA#3E], 4 u e E B FHIASER AL

_L, f (x)|u|q(x) dx<2|f |Sl(x) |q(x)

< max {c1||u|r'* C,u” } (21)
si(x)
jQ 9 (X)|U|h(X) dx < 2|g|sz(x)

|h(X)

X 23 #0ER e R, TFHRUMEERMAL, WU eEZITFEQ) 5

< el .l | 2.2)

k
a'fQ|Vu|p(x)72 VuV pdx + b['fQﬁWur’(x) de _|'Q|Vu|p(x)72 VUV pdx
= /1J' f (x)[ul* (-2 uqodx+_|'Q g (x)|u|h(x)72 ugax.

FRE()MRERIZE ), E >R FRN
= CE L i ST
Jl(u)_aj o )|Vu| k+1('[9 p(X)|Vu| dxj

X a(x gx) h(x
b S,

9(x)
(x

k+1

(2.3)

iful> 1, 47
3,z

pr e

1
) i +

Jolvur o)

#(
( o’ )k+l(k +1) a

A X 1 X
—q—_fg f (x)|u|q( Jdx —h—_jg g (x)|u|h( Jdx

a p~ b p~(k+1) A q* 1 h*
=z—1u +——F|U ——C,|u ——C,|u| .
W e e
MAREBH)F Q" <p <p (k+1)<h™, HBUELA&N I, 7E2 00 E PR R A M. Bt RATET
[T f) Nehari S/ 25 & i, e SCh

N, ={ueE\{0}:(3; (u),u)=0}.
WA, KRN, MRS, FueN, HHEME
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k
1, (u)=(3; (u).u)=af, vy dx+b(J' L|Vu|v<x> de [ |7 ox

(2.4)
—/1J' f(x) |u|q Jdx — jg Mdx =0
sfueN,,
k-1
(13(0).0) o], Ol oo (] ™ o
k
+b[jﬂﬁ|Vu|p(x) dx} [ p(x)|vu/" dx—A[ f (x)q (x)|ul"™dx (2.5)

[ g(x)h(x)|u )

N; (Q)={ueN,(Q):(1;(u),u)>0},
N; (Q)={ueN,(Q):(I;(u),u)<0},
N?(Q)={ueN,(Q):(1}(u),u)=0}.

3. M&SIE

BB 3.1 fA1E 4 >0, fEf#xt 2€(0,4), N} (Q)=0 .
WEH: BN (Q)=D, A>0LKueN?(Q) |

uf>1. RHER.1), (2.2), (2.4)LLEARE(Ha) T LA

2

o
Il

(1; (u).u)=af, p(x)[vu"” dx+kb(jnﬁ|w|p“> dx] _ (Julvul ox)

+b@“ p(1X)

k
> paf [Vu"™ dx+ p~ (k+1)b ) L|Vu|p(x) dx | | vu[*™ dx—h*jﬂg(x)|u|h(x)dx
Q Q p(x) Q

k
|VU|D(X) dXJ .[Q p(X)|Vu|p(X) dX—ﬂ,IQ f (X)Q(X)|u|q(x)dx _J'Q g (X)h(x)|u|h(x)dx

X 1
-q" {aUVuP( )dx+b£jn o)

o (kD) =G" ey .
>(p —q")alu’ +Mb||u||P D (g -h ), ul

()

k
|Vu|p(x) dxj J'Q|Vu|p(x) dx—| g (x)|u|h(x)dx]

Y

1

P —q |
>C 3.1
ol 2o 2= @

IR,
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0=(1} (u).u)

k
<p‘a |Vu|p(x) dx+(k +1) p+b L|Vu|p(x) dx |Vu|p(x) dx—Aq [ f (X)|u|q(x)dx
Q Q p(x) Q a

—h" [an|Vu|p(x) dx + b[fg o 1x

(- )l + LS 2 —a ) ol

(r)

k
|Vu|p(x) dxj J'Q|Vu|p(x) dx — AIQ f (x)|u|q(x)dx}

ESY: o

1

h™—qg p-q”
lul < Cs {/i—h (ke ) PJ 3.2)

S 2 P R

Chep (k1)

= h™—q [Cej
ZerAEHMEB.2) M & u|<1l, SREFE. lfﬁﬁuﬁ:ﬂéme(o L) NI (Q)=D .
th LTSI ATRL, 2 Ae(0,4)8, N,(Q)=N; (Q)JUN;(Q). i

a; = inf J,(u), a;= inf J, (u).

ueNj(Q) ueNz(Q)

B12 3.2 12 J, (I N, (Q) LA 3RBIRI T 74 T,
WEH: WueN,(Q), ul>1. @R, (2.2)B0 R E R (H) T

k
a (x) b 1 (x) (x) A (x)
Jl(u)zFJ}JVuV’ dx + +1)(j9 IO(X)|VU.|p dx} [ [vul® dx—qunf(x)|u|q dx

pr(k
k
1 () 1 () (%) ()
_h__[ajﬂ|vu|p dx+b[_[ﬂm|vu|p dx] [ [vul™ dx=af £ (x)]uf dX]

a a e 1. b P (k1) 11 e
S e W}@ﬁww (L

h™—p k+1)
g
(p7) " (k+1)h

AR BE(H,), FTRMGE |u| > o B, I, > oo BEIBLIZER I, fEIIE N, (Q) LA SREIF T 756 A1 .
SEH 3.3 Ry /& I, FERIE N, (Q) LR AME SRS, Houy e NJ (Q), Muy & J, Ml
Ft e
VERH: #u, /& J, FERE N, (Q) B R#{E, i Lagrange SR 41, fE1E 1 e RAEAF
35 (ug)=plf (uy) o B,

h™—q"

L

<‘]/’1 (uo)*uo>:ﬂ<u (uo)'uo>
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]

T Uy €N, (Q), (31(Ug) ) =0, iUy & N2 (), (15 (Up) g ) # 0. LT =0, B} (uy) =0,
51# 34 #2€(0,4), ueN;(Q), MJ,(u)<0,
VB HTFueN;(Q), ALlEs
k
“af VU™ dx+ p* (k+1)b| [ ——|vul™™ dx vul"™ dx
Ay >UQ v x| [ -
—Aq‘f f(x)[u]™dx—h- J' g (x)|u[™dx > 0

HATH(2.4) x (a7 )F HAG3)MIN, w1F

k
(p* —q’)aJ'Q|Vu|p(x) dx+[p* (k +1)—q]b[ . ®) dxj [ Ivul™ dx

(q —h)jg x> 0

ES):d

k
X g X p+ k+1 —q7 1 X X
[oo (" )dx<[ﬁ_gjan|Vul”( dx+ (h_) b[jﬁ p(x)W“'p( )de (JLlvu® ax)

q

)I_I\Uﬁ’

k
R R (e R e s U
p

p-(k+1

1 p(x) 1
——1lal| [Vu " dx+b
q+[ .[Q| | [.[n p(x)

+ p(x 1 1 b o(x k+1
s[qp S jaf vy dX+|:(p)(k+l)_q_+](p)k (IQIVU| (>dx)

(75 Jhaco
S(p’—q*)(p’—h*)a"u”p, +[(k+1) p’—q+][(k+1) pi_hqb"u"p’(kﬂ) <0.

p-q*h (k+1)pgh*

k
|Vu|p(x) dx] jQ|Vu|p(X) dx — J'Q g (x)|u|h(x)dx]

BIEE35 #Ae(04), W I, (u)7EN;(Q) dr et/ ME Yy, H I, (ug)=0f
ER: HISIEE 32 WD, 16 N, (Q) ERA TG, PTUEERFS{u) < Ni(Q)

!ij‘;-]a(u )— inf J,(u)=ea; <0.

ueNj (@)

T J, R, uy FEE A E A S, FAMRBAE E Hhuy, ——ug , H4E Sobolev ik AT LA

7 L0090 (@) e, ur > ug
DL
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7E L2 (Q) o, uf g
Bk, BANEHAZREF U >ul » BRAEEF U Hul, WEH

(%)

af_ |Vu0 d lim dx.
1 (x) ‘ (x) (%) ‘ (%)
4 [P(x 4 |P(x . +[Plx +[Plx
b(fnguo dx} LJVUO dx<brl]|_r)ro10|nf(_|‘gm de o dx.
M4 Sobolev BN, H
[f( q”dx—nmmfjf uz [ i
X_Ilmlnff g(x h(X)dx.
*E%E<J;(u§),un+>=0u&ﬁ(z.l),
N 1 p(x) 1 1 4900
Jl(un)Za(F——] dx+/1(h——q—]jgf(x) u’ ™y
k
1 1 1 p(x) p(x)
bl ————— || | ——|Vu;| d o dx,
' L*(kﬂ) h-hp(x)' ’ ] el o
limJ (u+)2a N BT dx+ﬂ —_— Ilmj f( q(X)dx
noe A AN pJr h™ o> h q o=
k
1 1], 1 p(x) P(x)
b| —————|I — d o dx,
+ |:p+(k+1) h‘:lnm[.[n p( ) X] IQ n X
(Al it
1 1 P 1 1 1 P (k+1)
+ == + b _ +
a; UINTZQ)J ( )>a[p+ hjuo + {p*(k+l) hi|(p+)k u,
S R T
+lcl[h——q—) Uy ‘
MRAEFAF(HL), 2
a; :ueanf( )J ,(u)>0.
M5 3.4 WL ueN; (Q)rJ,(u)<0, HHEETFE.
PrAfEZS[E] E Hruy —ug LU
Ji(ug):limJl(un)— |nf )J 2 (u).
BRI, ug A2 3, 78 NG (Q) iR/ -
51236 #74€(0,4), ueN;(Q), MJ,(u)>0.
EH: HueN, (Q), @it d, & LaR.3)A KR (2.4) 115
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a p(x) b 1 p(x) p(x) A a(x)
J > [|v d v d v dx—=[ f d
l(u)> p+ .[Q| U| X+ p+(k+1)(jg p(X)| U| X] IQ| U| X qf _[Q (X)|U| X

k
‘hi[aUVUV(X) dX+b(jQﬁ|Vu|”(x) dxj [ vulP™ dx-af_f (x)|u|Q<X>dx}
h™ - p+ p- 1 1 b p~(k+1) (q —h~ ] q*
-+ T u + AC, ||u
p'h j" " [(p+)(k+1) h‘](p+)k uf o Gl

> ah__p++ 1 _lb fa-h ul”
( T [(p*)(kﬂ) h‘](w)k = ]‘Q]" |
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C,p (h-a)

I

W3, (U)>0, BTN, (Q)=N; (Q)UN; (Q)LLE N! (Q)NN; (Q)=0, sl H 3.4 14l

UEN_(Q)
BIE 37 % 4<(0.4), M, (u) N, (Q) PRy . 1, (45)=a; .

UEHH: H513 3.2 AIA1J, 7E N, (Q) LA T, Fﬁuﬁ%’ﬂ&d\vﬁﬁu{u;}g N; (Q) 13

mJﬂ(u;)zueknf( )J ,(u)=a; >0.

BT 3, I, ur 7EASI E R A T, BRETE E du; —>u;, KR4 Sobolev A BT LA F]

72 L0090 (Q) i, uy > g

PR

7E L2 (Q) o, ur g

Fiug NS (Q), MIAFTERKt>0 gty e N, (Q) L& I, (ug)2 3, (tug ) -
R (2.5), A

k-1
<I; (tug),tug> = ajﬂ p(x)|Vtu0 | dx + kb( |Vtu0 | ! dxj (Ig|Vtug|p(x) dx)2

‘|p(x) de IQ p(x)|Vtug|p(X) dx

+b[
Q

~AJ, f (a0 Q(X)dx_f g(x)h(x |tu6|h(x)dx

)k+l

stp+p+an|Vuo| dx+tP (Y k+1 (j [vu, |”

_tq’q*,‘t.[gf(x)|u0—|q(x)dx_t h’J'Qg (x) |ug| dx
FRAE A (R, FTLAEE] 1) (tu) <0 BILHRAE N, (Q) B9 3L, fituy e NS (Q).
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SEEE 1.1 ROIERH: Wit 51 3.4 15| 3.6 Al AIAFEAE Uy e N (Q) LI ug e N (Q) 75
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