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Abstract

In this paper, we study a class of fractional order boundary value problem solution of the coupled
system existence and Ulam type stability, in the integral boundary conditions by giving appropri-
ate assumptions using compression mapping principle and Schauder fixed point theorem for the
existence and uniqueness of the solution of the system, to give the conclusion of the boundary
value problem of Ulam type stability. Example is given to illustrate the conclusion feasibility.
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1. 5l

SN T TTRE R T TARMB RSV 2 IR, BlanEse, e, AV, KUt i
WL ES ARG, 580715 RS BRI R, B s AR EA T 2R A,
AHISCHER WL[L]-[9]. HA BT BN T 2oy T B IR S B TP R S, WS SCHR10] [11].
BN T R SR R R, 420% F 21/ S 808 Riemann-Liouville S%0f1 Caputo %1, HTER S
B B FEO) R, KER S BN 2014 SRR 2 S8R0 2 WF 90, A2 STk W[12]
[13]o LMoo 5 REAR AP AE T FOME— 1t D8 R =W IT, MHOCLE 8 WS SCHR[14] [15]. Hyers-Ulam
Feae i R H BT R O FE . 1940 4, Ulam 7 SCHR[16] 7 25— R 32 H T “Ulam Stability problem” . 1941
L (ESCER[L7] X — 1 @ik Hyers D H 7E Banach Z8[AIfFf# e T, [ kLA X Fhfa i M4 AR N
Hyers-Ulam fa e P, FEIFaa#E 12058 AHOGSCHR IL[17] [18] [19] [20] [21]. HEl, fEEMSET, AX
BN #A RS Ulam BUEE MR FERABER R KA SCEO 0 57871 B il 44 1 3%
T BN T AR & R G0 Ulam TR s M DL R Sl B FEAE e — e

AT ARG R4t

il

*DUX, (t)+ 4 ° D% x, (t)= f ( x (1), %, (t)),te(0,1),
spatly ( )+/lz D% x ( ): ( Xi( ) (t)),te(O,l),

=0, Xl _[ gl (S) (1)
X, (0) =0, X2 =fogz S,Xl(S))dS

fRBIAEAEME—PELUR Ulam BYAREYE, e, *D*™, ° D% R BIRRIN 0N o +1, o USRS B0 S48
O<q <1, 4 eR*(i=12), f,f,:[01]xR* > RZEESERE, g,,9, eC([0,1]xR,R).
2. AR

EX 2.1 (W[12]) iy e(nn+1], u:[0,0) >R, M Tt>0, usdnBralfm. Wy M-S
HOE SN
u®™ (t+gt”*l’7)—u(”) (1)

&€

D'u(t) = lim

Pl s IO A AR BRATAE o
WIRAE (0,2) b u 2y Brariet, Hda>0, lim *Du(t) f£7E, #RJ5 X °D"u(0) = lim *D’u(t).

t—0" t—0*
R A=1, WDu(t)=u'(t), WSHCHR[12].
5IE 2.1 (W[13]) #ye(01], Ht>0rF, f,g2yBrarfm, W
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D" (fg)=f°D"(g)+g°D’"(f).
51322 (W[22]) ©t>0, E&Hu(t) ey Bl HACY u & (n+1) Brad iy, #E—24d, T~
9% ZR UL
D7 (u) =t"7u" Y (1).
513 2.3 (J[13]) 4 f:[a,0) >, fE(a,0) LEPIKAE, 0<y, 7, <1fifGl<y+y,<2, N
A AR R AL
D77 f (1) =(*D” *D £ )(t) - (1-7,)(t—a) 7 *D™ f (t).

EARLFO0<y, <1, p, =LHRO0<y, 1, <1, 1<y +7,<2, HI°D**f(t1)=("D"°D'f)(t)
SESL 2.2 (W[12]) FELREL T :(0,0) > Ry e (n,n+1) o35 SO

N7 f (1) =1 (ty‘”‘lf (t)) :%E(t—s)" s " (s)ds

Ho s I™ 2 n+ 1w E T
318 2.4 (L[12]) By e(nn+l), f:(0,0)—>R&ELE, Mt>0m D *17f(t)=f(t).
513 2.5 (W[22]) #ye(nn+l), ueC(0,+o) A yBirTH, N

17°D7u(t) =u(t)+cy +Ct+---+c,t",

XHc eR, k=01-n
51326 ¥ h,h,eC[01], abeR, NZEIs KB 7 FEILAH 7 7

"D (t)+ 4 ° D% x, (1) =hy(t),te(0,1),
"D x, (1) + 4, ° D% X, (1) =h, (t),t £ (0,1), @
¥ (0)=0,x(1)=a,

X,(0)=0,x, (1)=b

TFAEME—fif
a(l e’“t)
(t)=-[.G, (t.5)h (s)ds +———— s
b(1-e "
jG (t,s)h, (s)ds + ——— ° )
1-e*
Hrp

gl (e”"’—e""‘)(l—e”*s), O<s<ts<l,
Gi(t,S)Im (l—eilit)(l—el'(&l)), 0<t<s<i =12

B T D™ x (1) + 4, D x (t)=h, (1), HR4ETIHE 2.3 75
"D x (1) + 4, *D x (1) = *D (* D'+ 4, ), (t) = h, (1)
X E SRR 1, AT
(D" + 4 )%, (t) = 1, (1) —c,.
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Al
D! (" (1)) =™ *1 ™, (1) - c,e™
Xf LM 0 B t B3 AT 45
&t (1) = 1 (0)- Gy e ds + [ ([ 7, () de s
ND]
x (t)=e "%, (0)—;—0(1—e’“)+ [0 (o7 () s
RN FZ B %, (0) = 0 T,
X, (t) = —;—0(1—e’ﬂlt)+ Joe e [y ey (7)de ds

= _C_O(l—e*/111 ) +%J§ (1— e/ll(H))rmrlh1 (7)dz.

x1<1)=—3—°1(1—e o b e
CIEE
e R GRS
M
1 1(s-t 0‘1 1 e_llt 1(s— ay a(l eillt)
t):ﬂ_lv‘:(l_el( ) l (S)ds—mj;(l—e ( l))s ! ( )ds+ 1_6711
af1-e™
=—jgel(t,s)h1(s)ds+%.
FAlnr 5
. b(l—e’ﬂz[)
=—[ G, (t;s)h,(s)ds+ e
UEEE,

51 2 2.6 W15 T A 51 BEARAL .
512 2.7 LEHBQ) SR TR

1- e—/llt

% (t)=-[ G (ts) (s,xl(s),xz(s))ds+1_ [ 0.(s. %, (s))ds,

xz(t)z—f;Gz(t,s) f,(s,% (). %, (s ))ds+1l fgz s,%(s))ds,

4
S
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I 5 5 4 51 B 2.8 JROT
518 2.8 X Tte[01], seC(01]EHEG,(t,5),G,(ts)iHE

ai-1

1) 0<G,(ts)<>— i=12
2) ‘—66' (L5) ¢ uren =12
ot
HH 51 3 2.8 T %,
1 11 g 1 ., .
OsjoGi(t,s)dsstos ds=m_Ni,|_l,2.
G, (t, A
jl—a (tS)lgg & 1o
of ot o

518 2.9 (JL[23]) (Banach JE4FMLGTFIN) ¥ (X, p) & —NTEAMERTNE, Fc X ML, B
P:F>F, MRFAEO<K <1, HEMHIERIXYeX #H

p(PX,Py)<Kp(x,y),

MIZE F ARFEME— S X, 2 PX =x, BRX ML P IASEh A, FERR P IR
5|3 2.10 (I1L[24]) (Schauder A3 & #E) 4 X & — A SERVuZe = 8], Q <« X NIESH F AN T4,
NF Q- QNaESEE T, N FEQHHARE A,

3. BHEERE—M
¥ xeC[0,1], & XL = trn[%|><(t)| , W/ C[0,1] & Banach %[, 4 X =C[0,1]xC[0,1], 5& it
()| = x|+ el 0 X 22 ]|(x,, %, )| F 9 Banach 2l

EXFETT X o X, KT (x,%,)(t) = ( ((2 i;m Forp

T, (%, % )(t) = IG (t.s) f,(s.%(s), xz(s))ds+ll jgl (s.%(s))ds,

T, (40 (0) =8, (1) (5.5 (5). % (5)) o+ 3= *ngsxm)

I3 44 T:X > X NEESLHET.

UER: B4 f, f,7E[0,1]xR® Fl g,, 9, 7E[0,1]x R L ¥R kim#, WASIHL 28, HAT: X > X,
H T RES.

L Qc X AR, FEEREHEM M, M, M,, EEMEREMte[01], (x.%)eQH

|f1(t’x1lxz)|S M, |f2 (t'xllxz)|S M, |91(t')(2)|S M, |gz (t,x1)|S M,.
—Agt

— o ha(sx(9)ds

< jO1|G1 (t, s)|| f,(s.% (), %, (s))|ds+j:|g1 (s.%, (s))|ds
<N,M, +M,.

[T (%%, ) (t)| = —j:Gl (t.s) f, (s, % (s). %, (s))ds+11
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[AtE,

T (% %, )] < NyM, + M,
[ B,

[T, (%%, )| < N,M, + M,

B [T (%% )| < NyMy + N, M, + M+ M, BT () 2 B0 510
P e (i =1,2) £ [0,.1] LN, Fibl, e (i=12)7E[01] LR—BUES M. Fit, XTF45E

f1e>0, ﬁfﬁ<5<2Me R, €[01], |t -t|<6

1
P
<(1 e )5.

|e*/11't1 _p it
2M,

T (%) () =T (0% ) (1)

KUKM&»Gmt
— —+§=&

tf 18G1('[,S) ﬂiellt N
1 01 )i 2 )
M,e”
< R N
l-e* 2

- at 1-
FIEL [T, (%00 (6) =T, (%%, ) ()| < & « FTLAT (Q) REEELEN, i Arzela-Ascoli EFEH, T(Q)
XTSI B
Bk, TREESET.
k.
T4 DA B
(H1) fEH L, >0(j=1234), if3xtte[01], x,y,eR(i=12)H

/it —Aty

(6 %0 = £ (6 Y Y )| S W% = Yl + 1% = ¥
|f2(t’X1’X2)_f2(t Yir Yo |<| X = Yol + L[ = v,
19 (8% ) =9, (6, ¥2)| < s % = o
19 (%) =9, (8 v < I X = wal.
(H2) frfEEfiki%a b, c;,d; e'[0,1], i=012, j=01, fif}
|f X, x2)|<a0( a, (t)]x]+a, (t)[x,], (t.x,%,) € [0]xR?,
|1, (6%, %, )| < by (8) +by (1) x| +b, () [%,], (t.%,%,) € [0.1]xR?,
Jou (. X2)| G (t)+ e ()] (tx)e[01]xR,
|, (t.%)] <do (t) +d (1) x|, (tx) [01]xR.
NTITE,
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lal, = [a 0t o), = [ (e, i=012
le;]. = e (t)et, ] = [ e (), j=0.1.
Ay =agll, Ny +[lo |, N + o, + [
Az =[]l Ny + [l N +
Ag =azf, Ny + [, |, N + e
FEH 3.2 B (HL) ML, Wik
N =max {I,N; + N, +1g, [,N, +1,N, + 1.} <1,

VOS2 IV 5 (L) A7 P — A
ERH: SHMERM (x,%,), (Yo.Y,)e X, te[01]H
|T1(X11X2)(t)_T1(y1-yz)(t)|
< j:Gl (t, s)| f,(s.%(8). % ()= f. (5, Y2 (). Vs (s))| ds +I:|g1 (.:%,(5))-9,(s. Y, (s))| ds
<N (L [ = Yl + L [ = o)+ s % = ve |
LN % = Yy [+ (IN; + 16 )%, = v, .

PRt

||T1(x1,x2)—Tl(y1, Y )" <IN % =yl + (1N +15) %, = v .
eS8

”Tz (%0 %) =T, (Vs yz)" < (1N +16)[ % = [ + LN [, = v, -
M

||T(x1,x2)—T(yl,y2)||
SNy + 1N, + 16 )% = Y|+ (N + 1N, + 1) %, = v, |
< N"(xi,xz)—(yl,yz)".
BT N <1, Fril, #R4E Banach 4 b Ji 2 n 1320 AF v (4. 1) A7 A5 M — i o
==
SEHE 3.4 E(H2) ML, WH max{A,, Ay} <1, WAMEFBQ)E X 2 DAEE— M.

v N N A
WEB: B max{A,, A} <1, Bl 1-max{A,,A;}>0. é\rzl—max{iﬁAa}

B, = {(xl,x2)|(x1,x2)e X% %, )| < r} , BRI B, 7E X F&H AN,
X‘]Lﬂ:(xl,xz)e B,,t e[O,l] , BATE
|T1(x1, xz)(t)| < _.':|G1 (ts)” f,(s.%(5).%, (s))|ds+j:|gl(s, X, (s))| ds
< Ny [a], + ol + No Jau, I+ (Ne e |, + s, ) -

’

GE
[T (6% ) (0] N [+ 1] N ol e+ (N [ + ], )
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bt
A1,
T, (%0 ) (8)] < Ny g, + o, + N ], P+ (N e ], + e, ) |
+ Ny o, + o, + N e, e+ (N [, + ek, )
= Ay + Ay 3]+ Ag x|
SA1+max{A2,A3}||(x1,x2)||.
JIT A
Al

Mifi, T(B,)cB, .

IS H 3.1 WA, T2 AELL Y, i Schauder A3 € B R] F1IA AR in] (1) 1E X &/ DAEAE — ANl

HHEMRER—AT T

.

4. fREY Ulam BIREE™

X - A ST A4 19 (1) Y Ulam-Hyers 2 5€ 4: A1 Ulam-Hyers-Rassias 25 74 .
AL &Z £,6,>0, ¢,0 eC([O,l],R+) » il e=max{e, &} >0, ot)= max{gol(t),go2 (t)} ,

peC([01,R"), %E:

Zil

D"z, (t)+4,°D" 7, (1)~ f, (t.z(t).2, (t))‘ <&,0<a <1, te[0,1],

D (014 D74 (1) £ (14 (0) 2 (1) <6 0<a <110,

1 3
2,(0)=0,2,(1) = |, 9,(s.2,(5))ds,
z,(0)=0, z,(1)= _[:gz (s.2,(s))ds,
D7, (1)+ 4 °D 2 (1) - (6.2, (1), 2, (t))‘ <ap(1), 0<a <1 tef0],
D"z, ()+ 4, "D 2, (1)~ , (1.2, (1), 2, (1))| < 220 (1), 0 <, <Lt [0,1], “

2,(0)=0,2,(1) = [ 9,(5.2,(s))ds,
2,(0)=0,2,(1)= [ 9,(s.2,(s))ds.

E 4L B (7,2,) € X RAGFRAEG) I —MEL BACS/EE— A% e C([0.4].R),i=12, i
1) | (1) <z tef0];

2) D"z <>+z D" z(>=f(t z1(> ) 0 e[0)

3) 7,(0)=0,2, (1)= _[ 9,(5.2,(s))ds, z, —f;gz(s,zl(s))ds.

¥ 4.2 ﬁ_@ﬁz(z z )ex ET%—QQEM)E/J Aﬁ#éﬂﬁ%ﬁ@l?ﬂiﬂlﬁ(t)eC([O,l],R),i:1,2, 15
1) | (t )|35i¢i(t),te[01]

2) D"z (t)+4,°D"z ()= f,(t,z () +h, (t
3) 7,(0)=0,2,(0)=0,7(1)= g(s ZZ( )) 2,(1)

[N

()te[Ol]
:j 9,(s,2,(s))ds.
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X AL FAEHHK, >0, HEMEEM >0, (2,2,)e X HERERAG), 17 (x,%,)e X N
TAE IR FE (L) AR, 845

||(le Zz)—(xl,xz)"S K,e.

B A 1) AL i 1 P Ulam-Hyers £ bk
X 42 BERBK, >0, BEMERH >0, 9(0) <C(O1R'). (2,2) X HEAEAL),
T (%, %,) € X LM R, 115

|7, (t)- % (1) < K,ep(t), te[0,1],i=1,2

WUFRIZAE 7] (1) K T o (t) FAT Ulam-Hyers-Rassias f& € k.

AT IR, A =(1-LN)(L=1,N, )= (N, +15) (1N, +1g)

EH 4.1 BEEMHD) AL, BN <1, MA{E A1) 2 Ulam-Hyers F25& /.

MEH: 4 (z,2,)e X RASRAE)MM, HTHDBL, HN<1, HEH 3.2 wAF, LR HL)
AME—fR 2 (X%, ) e X ALE R FRQ)RIE—E, M 4.1 AT E1IA(E A
"Dz (t)+4 D%z (t) = (tq() o (1)) +h(t),te(0,1),
D™z ()% D" 7, (t) = , (t.z.(t), 2, (1)) + by (1)t  (0,2),

1)=[19,(s.2,(s))ds

Z, (O)ZO' Zz :.[092 s,zl(s))ds

AT DA -
——[16,(65)(fu(s2:(5). 22 (5)) + (s ))ds+11 e P (5.2,(5)) s,
7,(t)=-[G, (t,s)(fz(s,zl(s),zz(s))+h2(s))ds+11__iZt [0, (s.2,(s))ds.
T te[01] A
201 (0] [ 8 05) (1 (5.2(5),2 (5) +h (5)ds 3= © g (24(5))ds

+I:Gl(t,s) f,(s.2,(s). 2, (s ))ds—l1 Z’l jgl 5, %, (s))ds
sj;|Gl(t,s)||hl(s)|ds+J';|Gl(t,s || (5%, (s). %, (3))- fl(s,zl(s),zz(s))|ds

+ [l (.2 (5)) = 9y (5.5 (5))] ds

<Ny + Ny (1% = 2]+ 1, %, = 2,]]) + 15 |%, = 2,
M
(L=LNY)|% = 2] = (LN, +15)[x, = 2, < &N, (5)
FeAUH,
(1=1,N, )%, = 2| = (1N, + 1 ) [, — 2] < &,N,. (6)
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BT N<1, FrA1-LN, >LN, +1;>0, 1-I,N, >I,N,+l;>0. #A>0.

H(5) Al 15,
1
"Xl_21"Sm(glN1+(lzN1+|5)||X2_22”)' )
—h'M
HH(6) 43,
1
||x2—zz||31 I,N (2N + (1N, +1) % —z,]). ®)
14N
R4ET). (8)FI 14,
1 1
e CR e CUS SRR )
1 INg 47%2

_ N - N, (I,N, +15) 52+<I2N1+I5)(I3N2+|6)||x1—zl||.
1-LN, T (L-LN) (21N, T (=N (2-1,N,)

FiteA,
LN, +1) (LN, +1 N, (I,N, +1
(1_(21—1| NS)(13—I2N 6)]||X1_21"S1—I1N ar 1—|21512 i—lslzl fr
( 1 1)( 4 2) 1N ( 1 1)( 4 2)
RfI
A N N, (LN, +1
T Ll ey 81+(1—I:lfllz)(i—ljlzl2)gz'
NITE
1-1,N,)N I,N, +1;)N
"Xl_zl”S( AAZ) 1€1+(2 1A5) 252
1
£Z((1—I4N2)N1+(I2N1+I5)N2)g.
AONCDEES
1
||x2—zz||§Z((I3N2+I6)Nl+(l—IlN1)N2)g.
#,

"(Xl*xz)_(zb22)||:”X1_Zl||+"X2_22"
si((l—th+I3N2+I6)N1+(1—I1N1+I2N1+I5)N2)g
=Ke.

XE Kl=%((1—I4N2+I3N2+I6)Nl+(1—I1N1+I2N1+I5)N2), BRIk, #E R 50(1) 2 Ulam-Hyers £ 5E 1.
EEE.

5ER 4.1 UEWRART 45 € BE 4.2 BT,
B 4.2 REHL)MOL, WIRMEE K >0, 5 f:|¢i (z')|dr <k (t), HN<1, WAMHERBQ)RKT
() & Ulam-Hyers-Rassias %2 & ] o
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5. BlF
Bl 1 R R HLEIA 50 S A R G548 )

3 1

*Dex, (t)+100°D2x () = xl(t)+%cos %, (t)+1, te (0,1),
DX, (1) + 200D, ()=2% (t)+3sinx1(t)+%, te(0.),
1(0) =01 1) = [} % 1)1,

1

X,(0)=0, %, (1) = '[1(100 X (t )+10nj ds.

(4.4)

Lg =1, azzé, 4,=100, 4, =200,
1 T . 1
fl(t,xl,xz):xl+Ecosx2+l, fz(t,xl,xz):5x2+35|nxl+5,

1
gl(t,xz):£x2+1, gz(t,xl):mx1+10n

0(t) cost al(t)—%cost a,(t)= loloocost,

bo(t):%sint,bl(t)zﬁsm b, (t) = Oloosmt

1 1 1
C (t)=t,cl(t)=5t,d0(t):5t, dl(t):mt.
CIES]
1 1 1 . 1 . 1
ZZOOLZ:OOOS’ "aO"l :ESInl’ ||a1||l ZRSInl’ ||a'2||1 1000 Slnl
1
oo, = 1 cosl), [by, = 1 cosl), [b,|, = 1000(1 cosl), el =5

e[, :Z’ I, = 55 il :270_

M N, =0.02, N,=0.015.
X,

1
|f1(t,X1, Xz)_ fl(tv Yo YZ)| S |X1 - y1|+E|COSX2 —Cos y2|
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100

N = max {,N, +,N, +1g,1,N; +1,N, +1,} = max {0.0750,0.0656} = 0.0750 < 1.
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